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Important!

Remember to use check-in for this room!
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Plan for the day

After today'’s lecture, you should be familiar with
» use and definition of the Laplace transform
» how to compute the Laplace transform
» first shifting theorem (s-shifting)
> existence of Laplace transforms.
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Solving linear ODEs and related initial value problems
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kg - Lunchon
What is a transform? outpac - funchin
The idea of a transform is that it turns a given function into another function
that may not be in the same domain. We are already acquainted with several
transforms:
1. The derivative@takes a differentiable function f (defined on some
interval (a,b)) and assigns to it a new functio@
2. The integral@takes a continuous function f (defined on some interval
[a, b]) and assigns to it a new function

3. The multiplication operator /4, which multiplies any given function f on
the interval [a, b] by a fixed function@on [a, ], is a transform:

Mg f(t) := o(t) - f(2).

@ \T \ l ‘ Kunnskap for en bedre verden



We are particularly interested in transforms that are linear. A transform 7' is
linear if for some functions f, g and constants a, 3 € R

Tlaf +Bg) = oT(f) + ﬁT(g)-ﬁ
In particular (taking a = 8 = 1),

Tif +4gl=T(f) +T(9),

and (taking g = 0)
Tlaf] = oT'(f).
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Definition: Laplace transform ~\54ve”~ ltz0)
Givena functlon (t =time, f: R+ — R), its Laplace transform is defined

as D/WCQ
L6 =L /‘ Hrw

The given function f(?) is called the inverse transform of F'(s) and is denoted
by L~!(F). Note that the above integral is an improper integral, which is
evaluated according to the rule

/OO e S f(t)dt := lim /@B_Stf(t)dt
0 T—oo Jo

-
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Laplace Transform (Bs) = L) = /°° Pt dt
0

Remark 1
The Laplace transform is only concerned with f(t) for ¢ > 0. Thus, we can set

f(t)=0fort <o.

Remark 2

Original functions are denoted by lowercase letters and their transforms by
the same letters in capital, so that F'(s) denotes the transform of f(¢), and@(s)
denotes the transform of@, and so on.
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Laplace Transform

» named after Pierre-Simon, marquis de Laplace, who used a similar
transform on his additions to the probability theory

Figure: Pierre-Simon, marquis de Laplace, 23 March 1749 - 5 March 1827, French
astronomer and mathematician.
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Example
Let f(t) = 1whent 2 0. Find F(s )
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F(s):=L(f) = /Ot

Example
Let f(¢ ) =e whent=0,w h(ere aisa constant Find F(s).
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Figure: Visual verification that the Laplace transform of ¢! exists only if s > a:

@ R § Withamgand £(1) = e witha = 2. -



Figure: Visual verification that the Laplace transform of ¢4 does not exists if s < a:
Functions e* with s = 2 and f(¢) = " with a = 5. —_—
— —
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A Non-Working Example

Example

Does the Laplace transform of f(t) = e’ exist?
£(¢)= Ee'” et oLk L
- 1‘:(6*() £ >0, at ent Wk, & will b L1YgY
Se oLt ( S 4""
=
v —st
= ot peene, much farrw 0w e " decere,
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Figure: Functions f(t) = ¢!” and e~ for s = 2.
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L), £Laf)
Theorem: Linearity of the Laplace Transform

The Laplace transform is a linear operation; that is, for any functions f and ¢
whose transforms exist and any constants a and b the transform of
af(t) + bg(t) exists, and

L{af(t) +bg(t)} = aL{f ()} + bL{g(t)}-
ook . LT fe)e 69600 = ST @)+ bye)) oE

= apfgbe 'fé{ece)dw_ éc}f&é &éfj;ﬁ) A&
=a L E) * b Llg) &
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Example
Find the transforms of cosh at and sinh at.
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' = at -a€
g{(/]hQé_%_(C-’@/

£ at )= g L(Y) - L)

- =
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Example prkpeolion &y P15

Derive the formulas S = gk~ ot
L(coswt) = i
32+w2
and w
. L(sinwt) = T l
L Ccovwe) = Sé_it coowd de
o g' /@ -
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W\) o - o
=L 3 £ o~

- [-dcStuwel + ] %Q—Sﬁ@ﬂi ke

i~

- 0-(- £40) ¢ W Plemwe)

- @ Lleet )

i

N T
= A1 [Ve) - 1 = o
Lcgor, Ta-dowt ol ge
2= 2 p Toslewt g
s
> P - 4. s5 - s
© £osEYT s
=D =
fg _o% L. = W, & - W i
R A

Ki kap f bed d
B \T \ l ‘ unnskap for en bedre verden 20



Some Functions f(t) and Their Laplace Transforms L(f)

I £(f) I £(f)
ot 3 T(s- a)
1 1 1/s 7 cos wt
— - 5% + w?
2 t 1/s2 8 sin wt =
—_— 52 + w?
3 I 21/s* 9 cosh at 5
z 2! —_— § —a®
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Example
Find the Laplace transform of the function

f(t) =5t — 2.

£p)= s L(£5) — 2. 2(ef)
_ 2/ 1
. < e <~/
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Recap

What we have learned so far

» Introduction of Laplace transform; computing of the Laplace transform; a
first property (linearity)

» Laplace transform is a technique for solving differential equations

» differential equation of time domain form is first transformed to algebraic
equation of frequency domain form. After solving the algebraic equation
in frequency domain, the result then is finally transformed to time domain
form to give the solution of the differential equation
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What's Ahead

What we will cover in the remainder of today’s lecture

> A first shifting theorem
» Existence and uniqueness of Laplace transform
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Theorem: First Shifting Theorem, s-Shifting

If £(t) has the transform F(s) (where s > k for some k), then(é® f(t) has the
transform Ii! (Where s—a>k)In formulas

E{@ = F(s —a),

or, if we take the inverse on both sides,

)= £HFG — ).

t e —————.
Foof - L4 e” @Cé—)j SC %m\) d L S e (=) EL) dt
%f\/
sea) Flsza)

¥ TC) exnd Cre, iy Pioike) P s> Hn  F(0-a)
exah for s-a - p
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Example
Find the inverse of the transform
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ure: Function f(t) = e~ - (3 cos 20t — 7 sin 20t).

Figb
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Existence and Uniqueness of Laplace Transforms

1. f(t) should satisfy the growth restriction

Mkstw>0 ]()\<Mektj (2)

2. f(t) should be piecewise continuous on a finite interval a = t = bwhere f
is defined. That is, this interval can be divided into finitely many

subintervals in each of which é is continuous and has finite limits as ¢
. . = ‘%
approaches either endpoint of such a subinterval from the interior.

—_—
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J
- — * +
Figure: A piecewise continuous function . . . . .
f(%) P Figure: f(t) is not piecewise continuous.
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Theorem: Existence Theorem for Laplace Transforms

If £(¢) is defined and piecewise continuous on every finite interval on the
semi-axis t = 0 and satisfies (2) for all ¢t = 0 and some constants M and k, then
the Laplace transform L(f) exists for all s > k.

i iz N - 73 —
[£cel=(Se “ece)ac | = Df/ﬁ(t){-e de = e ye

[}
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Uniqueness

If the Laplace transform of a given function exists, it is uniquely determined.
Conversely, it can be shown that if two functions (both defined on the positive
real axis) have the same transform, these functions cannot differ over an
interval of positive length, although they may differ at isolated points. Hence
we may say that the inverse of a given transform is essentially unique. In
particular, if two continuous functions have the same transform, they are
completely identical.
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Conclusion

F(s):=L(f) = /000 e St f(t)dt

What we have learned today
» Introduction of Laplace transform; computing of the Laplace transform; a
first property (linearity)
» Laplace transform is a technique for solving differential equations

» differential equation of time domain form is first transformed to algebraic
equation of frequency domain form. After solving the algebraic equation
in frequency domain, the result then is finally transformed to time domain
form to give the solution of the differential equation

> A first shifting theorem
» Existence and uniqueness of Laplace transform
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Next Lecture

Chapter 6.2 in Kreyszig

» Laplace transforms of derivatives and integrals
» ODEs
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