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Exercise set 9

Mandatory problems

1 a) Compute 3 iterations by hand of Newton's method to approximate a solution

to the system of equations

x2 + y2 = 4

xy = 1

starting with x0 = 2, y0 = 0.

b) Find an approximation to the solution by using the function newton_sys. You
can also use this to con�rm that your hand calculations were correct.

c) Use newton_sys to solve the slightly perturbed system.

x2 + y2 = 2

xy = 1

with the same initial values. How does the method behave now? Explain the

results.

2 Consider the data points

xi −2 −1 1 2

f(xi) −7 0 2 9

a) Use Lagrange interpolation to �nd the polynomial of minimal degree interpo-

lating these points. Express the polynomial in the form

pn(x) = anx
n + · · ·+ a1x+ a0.

b) Use your result to �nd an approximation to f(0).

3 a) Given the points

xi −1 0 1

yi 2 0 0

Set up the table of divided di�erences, and write down the second order inter-

polation polynomial in the Newton form.

b) Find the interpolation polynomial interpolating the points from a) and one

extra point, x3 = 2 and y3 = −4.
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Exercise set 9

Additional exercises

These additional exercises are completely optional and should not be handed in. The student

assistants will not grade these problems.

4 We shall derive the Chebyshev polynomials

a) De�ning κ := cos−1(x) for x ∈ [−1, 1], show that Tn(x) = cos(nκ) solve the

Chebychev di�erential equation

(1− x2)d
2y

dx2
− xdy

dx
+ n2y = 0

for n = 0, 1, 2, 3, 4, . . .. The Tn(x) are called Chebyshev polynomials of the 1st

kind of degree n.

b) Show that Tn(x) = cos(nκ) satis�es the recurrence relation

Tn+1(x) = 2xTn(x)− Tn−1(x).

That is, the Chebyshev polynomials T0(x) and T1(x) imply all other polynomials

by means of this recurrence formula. (Hint: use the trigonometric identities on

cos((n± 1)κ).)

c) Write down the �rst 4 Chebyshev polynomials as polynomials in x.

d) Compute the integral ∫ 1

−1

Tn(x)Tm(x)√
1− x2

dx.

One says that the Chebyshev polynomials form an orthogonal set on the interval

[−1, 1] with a so-called weight function 1/
√
1− x2 (Hint: recall the computation

of the integral
∫ π
0 cos(nλ) cos(mλ)dλ for integers m,n.)
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