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Exercise set 12

Mandatory problems

Exercises supposed to be done by hand are marked with an (H).
Exercises in which you are supposed to use/modify code in the Jupyter notebook are
marked with a (J).

1 Implement an ODE solver with step size control based on the Bogacki–Shampine pair
of Runge–Kutta methods. This method is given by its Butcher tableau:

0 0 0 0 0
1/2 1/2 0 0 0
3/4 0 3/4 0 0
1 2/9 1/3 4/9 0

2/9 1/3 4/9 0
7/24 1/4 1/3 1/8

The lower order method, which is used for the step size control, has a convergence
order of p = 2.

Use your implementation in order to solve the Lotka–Volterra equation with tolerance
Tol = 10−3. Plot the solutions as well as the step sizes, and compare your results
with those obtained with the Heun–Euler pair of methods.

You may use the same set-up as in the note ODE.ipynb: Adapt the function heun_euler
to the Bogacki–Shampine pair, and then call this method from ode_adaptive.

(J)

2 Consider the Runge–Kutta method given by the following Butcher-tableau:

0 0 0 0
1/3 1/3 0 0
2/3 0 2/3 0

1/4 0 3/4

a) Determine the convergence order of this method. (H)

b) Write a python implementation of this method and verify numerically the con-
vergence order obtained in the previous part of this exercise. (J)
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c) Find the stability function for this method, and show that it is not A(0)-stable.
(H)

3 Recall that the trapezoidal rule is the implicit method given by

~yn+1 = ~yn +
h

2

(
~f(xn, ~yn) + ~f(xn+1, ~yn+1)

)
.

a) Find the stability function for this method, and show that it is A(0)-stable. (H)

b) We consider now in particular ODEs of the form

~y′ = A~y + ~g(x).

Write a python program based on the trapezoidal rule for the solution of these
equations. Test your implementation on the system of ODEs

y′1 = −2y1 + y2 + 2 sin(x), y1(0) = 2,

y′2 = 998y1 − 999y2 + 999(cos(x)− sin(x)), y2(0) = 3.

Verify numerically that your methods remains stable for all step sizes. You
may use the code from the function trapezoidal_ieuler in StiffODE in your
implementation. (J)

Additional exercises

These additional exercises are completely optional and should not be handed in. The student
assistants will not grade these problems.

4 Prove that the implicit midpoint rule

~yn+1 = ~yn + h~f
(
xn +

h

2
,
1

2
~yn +

1

2
~yn+1

)
is A(0)-stable. (H)

5 Consider the 3rd order Runge–Kutta method

~k1 = f(xn, ~yn),

~k2 = ~f
(
xn +

h

2
, ~yn +

h

2
~k1

)
,

~k3 = ~f
(
xn +

3h

4
, ~yn +

3h

4
~k2

)
,

~yn+1 = ~yn +
h

9

(
2~k1 + 3~k2 + 4~k3

)
.
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a) Write down the Butcher tableau of this method and determine its convergence
order. (H)

b) Find the stability function R(z) for this method. (H)

c) Given the system of ODEs

~y′ = A~y with A =

(
−41 38
19 −22

)
,

find the largest step-size that still results in a stable solution. (H)

d) Implement the method and verify your results numerically. Use, for instance,
~y(0) = [1, 1]T as initial value and integrate over the interval [0, 5]. (J)
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