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Exercise set 11

Mandatory problems

Exercises supposed to be done by hand are marked with an (H).
Exercises in which you are supposed to use/modify code in the Jupyter notebook are
marked with a (J).

1 The classical 4th order Runge–Kutta method is given as
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a) Implement this method in Python. (J)

b) Verify numerically that this method has convergence order p = 4.
You may use the example problem

y′ = −2xy, y(0) = 1,

which is also used in the Jupyter notes. Recall that the analytic solution is
y(x) = e−x

2 . (J)

2 Consider the initial value problem

y′ = −2xy2, y(0) = 1.

a) Find the exact solution to the equation, then compute y(0.3). (H)
Hint: You should obtain that y(0.3) = 100/109.
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b) Perform 3 steps of Euler’s method with h = 0.1. Compute the error at the last
step, that is e3 := |y3 − y(0.3)|. (H)

c) Perform 2 steps of Heun’s method with h = 0.15. Compute the error at the last
step, that is e2 := |y2 − y(0.3)|. (H)

d) Perform 1 step of the classical 4th order Runge-Kutta method (as described in
the problem avove) with h = 0.3. Compute the error e1 := |y1 − y(0.3)|. (H)

In each case, 4 function evaluations were needed. Which of the methods performed
best?

3 We consider the coupled mass-spring system

m1u
′′ = −k1u+ k2(v − u),

m2v
′′ = −k2(v − u),

with initial conditions
u(0) = a, u′(0) = b,

v(0) = c, v′(0) = d.

Here u and v describe the (purely vertical) displacements of the masses m1 and m2

from the equilibrium position, and k1, k2 > 0 are the spring constants:

m2
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u

v

a) Rewrite this second order system as a system of four first-order ODEs. (H)

b) Perform one step of Heun’s method with step length h = 0.1 for the solution of
this system. Use the following parameters:

k1 = 100, k2 = 200, m1 = 10, m2 = 5,

a = 0, b = 1, c = 0, d = 1.

(H)

c) Use both Euler’s method and Heun’s method in order to find a numerical ap-
proximation of the solution of this problem (with the parameters as above) on
the interval [0, 3]. Test the step lengths 0.1, 0.01, and 0.001, and plot the results.
(J)
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d) From the principle of convervation of energy, it follows that the total energy in
this mass-spring system remains constant for all times. For this system, this
total energy is given as

E =
m1(u

′)2

2
+

m2(v
′)2

2
+

k1u
2

2
+

k2(u− v)2

2
.

Test numerically, to which extent the energy E is conserved in the different
numerical solutions which you have obtained in the previous step. (J)

Additional exercises

These additional exercises are completely optional and should not be handed in. The student
assistants will not grade these problems.

4 Consider two charges (in one dimension), with positions u1(x) and u2(x) at time
x > 0. The positions of the charges is described by a system of two second order
differential equations:

u′′1(x) = −
1

(u1(x)− u2(x))2
,

u′′2(x) =
1

(u1(x)− u2(x))2
,

(1)

with initial values u1(0) = 0, u′1(0) = 1, u2(0) = 1, u′2(0) = 0.

a) Rewrite (1) to a system of first order differential equations. (H)

b) Perform one step by Heun’s method, using h = 0.1 to solve this system of
equations.
Hint: This is messy, and it is easy to make mistakes. To check your hand
calucations, feel free to perform one step with the function heun in the Jupyter
notebook, and print out all intermediate vectors. But do remember that this
notebook is not available at a written exam! (H)

c) Solve the problem numerically over the interval [0, 1] by a method of your own
choice. (J)
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