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Exercise set 10

Mandatory problems

Exercises supposed to be done by hand are marked with an (H).
Exercises in which you are supposed to use/modify code in the Jupyter notebook is marked
with a (J).

1 Consider the integral ∫ 3

1
e−xdx.

a) Find numerical approximations to the integral using Simpson's method over 1
and 2 intervals, that is S1(1, 3) and S2(1, 3). Find an error estimate for S2(1, 3),
and compare with the real error. (H)

b) Find the number of intervals m that guarantees that the approximation of the
integral by the composite (sammensatt) Simpson's method is less than 10−8.
NB: h = (b− a)/(2m). (H)

c) Find the numerical approximation of the integral by using the function simp-
son, and m from point b). Verify that the error is less than 10−8. (J)

2 The error expression for the composite Simpson's formula is given by

Em(a, b) =

∫ b

a
f(x)dx− Sm(a, b) = −(b− a)h4

180
f (4)(ξ), h =

b− a
2m

.

Thus, the method is of order 4, and the error can be expected to behave like

Em ≈ Ch4.

This can be veri�ed numerically by using the technique and code described in the
Jupyter notebook Preliminaries, the section on Convergence of h-dependent approx-

imations.

a) Given the integral ∫ 1

−1
xexdx =

2

e
.

Use this to verify numerically the order of the composite Simpson's formula.
Include a convergence plot. (J)
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b) Repeat the experiment in point a) on the integral∫ 1

−1

√
1− x2exdx = 1.7754996892121809469 . . . .

Compare the result with the ones from a), and comment on and try to explain
the discrepancies.
Hint: Plot the integrand, and see if that will give you some ideas. (J)

3 The aim of this exercise is to repeat the exercise done on Simpson's method in the
note, but now with a Gauss-Legendre quadrature, which is described at the end of
the note.

a) Find the Gauss-Legendre quadrature over the interval [−1, 1] with n = 3. Recall
that the nodes of this quadrature are the three roots of the Legendre polynomial
L3(t) =

d3

dt3
(t2 − 1)3. (H)

b) Con�rm that the quadrature has degree of precision 5. (H)

c) Transfer the quadrature over to some arbitrary interval [a, b]. Try to express the
quadrature more elegantly, e.g., by introducing c = (b+a)/2 and h = (b−a)/2,
and the nodes in terms of c and h. Use it to �nd an approximation to

∫ 3
1 e

−xdx.
What is the error? (H)

The error of this Gauss-Legendre quadrature over one interval is given by

E(a, b) =

∫ b

a
f(x)dx−Q(a, b) =

(b− a)7

2016000
f (6)(η), η ∈ (a, b).

d) Use this to �nd an error expression for the composite Gauss-Legendre quadra-
ture

Qm(a, b) =
m−1∑
i=0

Q(Xi, Xi+1),

where Q(Xi, Xi+1) is the basic quadrature over the interval [Xi, Xi+1], Xi =
a + ih, i = 0, 1, . . . ,m and H = (b − a)/m. Based on this expression, �nd the
number of intervals m that guarantees that the error in the composed method
is less than 10−8 when applied to the problem in point c). Compare with the
similar result for Simpson's method. (H)

e) Based on Q1(a, b) and Q2(a, b), �nd an error estimate for Q2(a, b) (you may
assume that f (6)(x) is almost constant over the interval). (H)

f) Write a function gauss_basis (similar to simpson_basis) implementing the
Gauss-Legendre quadrature with error estimate. Check your function by en-
suring that all polynomials of degree 5 or less are exactly integrated. Use the
function to con�rm your result from point c). Compare the exact error and the
error estimate. (J)
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Additional exercises

This additional exercise is completely optional and should not be handed in. The student

assistants will not grade this problem.

4 Sometimes there is a certain factor of the integrands that causes trouble. This can
be solved by including this factor in the weights of the quadrature. Given an integral∫ b

a
v(x)f(x)dx,

where we expect the factor v(x) to be the problematic one. Choose n + 1 distinct
nodes on the interval [a, b] and let pn(x) be the interpolation polynomial of f through
these nodes, written in Lagrange form. Then∫ b

a
v(x)f(x)dx ≈

∫ b

a
v(x)pn(x)dx =

n∑
i=0

wif(xi),

with

wi =

∫ b

a
v(x)`i(x)dx.

The functions `i(x) are the cardinal functions. In this exercise, we consider integrals
of the form ∫ 1

−1

√
1

1− x2
f(x)dx,

and we will use ∫ 1

−1

√
1

1− x2
exdx = 3.9774632605064226373

as a test problem.

a) Plot the integrand
√

1
1−x2 e

x over the interval (−1, 1) (avoid the boundaries,

where the function is singular). It should be clear why the standard quadrature
rules like the trapezoidal rule or Simpson's formula will fail when applied to this
integral. (J)

b) Choose the nodes {−1, 0, 1} and construct a quadrature formula for such inte-
grals as explained above. Test your rule on the problem above. Write down the
numerical approximation and the error. Write down the numerical solution as
well as the error. (H)

c) Repeat b), but now with three Chebyshev nodes xCheb, i = 0, 1, 2. (see Polyno-

mial Interpolation). (H)

NB: The computations of the the weights wi in these cases are a bit cumbersome.
Feel free use whatever tools you have for symbolic computations to �nd them.
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