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In the exam one could obtain 100 points and the exam was graded using the usual
grading scheme, i.e.

A B C D E F

100–89 88–77 76–65 64–53 52–41 40 and less

Every problem has the total points mentioned in the header and points spread out
throughout the solution to indicate which parts of the proposed solution yield which
points.
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Problem 1. (Interpolation, 10 points)

The following interpolation points (𝑥𝑖, 𝑦𝑖), 𝑖 = 0, . . . , 3 are provided

𝑖 0 1 2 3

𝑥𝑖 0 1 2 3
𝑦𝑖 3 0 −3 0

We aim to investigate the interpolation polynomial 𝑝 (𝑥) with 𝑝 (𝑥𝑖) = 𝑦𝑖, 𝑖 = 0, . . . , 3.

a) Compute all Lagrange polynomials necessary for the interpolation.

b) What is the degree 𝑘 of the interpolation polynomial interpolating the data at
most?

c) The interpolation polynomial has the general form

𝑝 (𝑥) =
𝑘∑︁
𝑖=0

𝑎𝑖𝑥
𝑖,

where 𝑘 is the answer from task b). Compute the coefficient with this highest
index 𝑎𝑘 .

d) We get the additional point to interpolate (𝑥4, 𝑦4) = (4, 15).
In order to compute the interpolation polynomial 𝑝 that also includes this point,
what do we have to update if we want to reuse the results from before?
(you do not have to compute the update nor 𝑝 (𝑥))

Solution.

a) Originally, we would have to compute 4 Lagrange polynomials ℓ𝑗 , 𝑗 = 0, . . . , 3.
But since 𝑦0 = 𝑦2 = 0, we will not need these two later on. These two are still
provided here for completeness, but with the reasoning above they can also be
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skipped. (4 P.)

ℓ0(𝑥) =
𝑥 − 𝑥1

𝑥0 − 𝑥1
· 𝑥 − 𝑥2

𝑥0 − 𝑥2
· 𝑥 − 𝑥3

𝑥0 − 𝑥3
=
𝑥 − 1
−1

𝑥 − 2
−2

𝑥 − 3
−3

= − 1
6
(𝑥3 − 6𝑥2 + 11𝑥 − 6) = − 1

6
𝑥3 + 𝑥2 − 11

6
𝑥 + 1

ℓ1(𝑥) =
𝑥 − 𝑥0

𝑥1 − 𝑥0
· 𝑥 − 𝑥2

𝑥1 − 𝑥2
· 𝑥 − 𝑥3

𝑥1 − 𝑥3
=
𝑥

1
𝑥 − 2
−1

𝑥 − 3
−2 =

1
2
(𝑥3 − 5𝑥2 + 6𝑥) = 1

2
𝑥3 − 5

2
𝑥2 + 3𝑥

ℓ2(𝑥) =
𝑥 − 𝑥0

𝑥2 − 𝑥0
· 𝑥 − 𝑥1

𝑥2 − 𝑥1
· 𝑥 − 𝑥3

𝑥2 − 𝑥3
=
𝑥

2
𝑥 − 1
1

𝑥 − 3
−1 = − 1

2
(𝑥3 − 4𝑥2 + 3𝑥) = − 1

2
𝑥3 + 2𝑥2 − 3

2
𝑥

ℓ3(𝑥) =
𝑥 − 𝑥0

𝑥3 − 𝑥0
· 𝑥 − 𝑥1

𝑥3 − 𝑥1
· 𝑥 − 𝑥2

𝑥3 − 𝑥2
=
𝑥

3
𝑥 − 1
2

𝑥 − 2
1

=
1
6
(𝑥3 − 3𝑥2 + 2𝑥) = 1

6
𝑥3 − 1

2
𝑥2 + 1

3
𝑥

b) We have 4 interpolation points. The degree is one less than that, so 𝑘 = 3. This
can also be argued by looking at the degree of the Lagrange polynomials (2 P.)

c) We can either compute 𝑝 (𝑥) = 3ℓ0(𝑥)−3ℓ2(𝑥) = 𝑥3−3𝑥2−𝑥+3 and read off 𝑎3 = 1
or argue that the highest monomials are − 1

6𝑥
3 and − 1

2𝑥
3 in those polynomials

and hence 𝑎3 = − 3
6 −

−3
2 = − 1

2 +
3
2 = 1. (2 P.)

d) We have to “update” the (two) Lagrange polynomials ℓ0, ℓ2 with an additional
factor 𝑥−𝑥4

𝑥 𝑗−𝑥4 . We also have to compute ℓ4.

Alternatively one can take the polynomial 𝑝 (𝑥) we computed and evaluate it at
𝑥4 = 4, compute ℓ4 and add (15 − 𝑝 (4))ℓ4(𝑥) to 𝑝 (𝑥). (2 P.)
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Problem 2. (Fixed-point iteration, 7 points)

Consider the fixed-point equation

𝑥 =
2𝑥 + 5
𝑥 + 2

.

a) Find a fixed-point function 𝑔(𝑥) and its nonnegative fixed point.

b) Does the fixed-point iteration converge for any 𝑥0 ≥ 0?

Solution.

a) We have 𝑔(𝑥) = 2𝑥+5
𝑥+2 . (1 P.)

For a fixed point we need 𝑥 = 𝑔(𝑥) and hence

𝑥 =
2𝑥 + 5
𝑥 + 2

⇔ 𝑥 (𝑥 + 2) = 2𝑥 + 5 ⇔ 𝑥2 = 5

Its nonnegative fixed point is hence 𝑥∗ =
√
5. (2 P.)

b) For
𝑔(𝑥) = 2𝑥 + 5

𝑥 + 2
.

the quotient rule yields

𝑔′(𝑥) = 2 · (𝑥 + 2) − 1 · (2𝑥 + 5)
(𝑥 + 2)2 =

2𝑥 + 4 − 2𝑥 − 5
(𝑥 + 2)2 = − 1

(2 + 𝑥)2

For convergence we check that 𝑔 ∈ 𝐶1( [𝑎, 𝑏]), 𝑔( [𝑎, 𝑏]) ⊂ [𝑎, 𝑏], and |𝑔′(𝑥) | ≤
𝐿 < 1 on [𝑎, 𝑏].
We just computed the derivative and for 𝑥 ≥ 0 this is continuous. (2 P.)
For any 𝑥 ≥ 0 both 5+2𝑥 and 𝑥+2 are positive, so we stay within the nonnegative
numbers. (1 P.)
Finally, for |𝑔′(𝑥) | < 𝐿 we consider

|𝑔′(𝑥) | = 1
(𝑥 + 2)2 ≤ 1

4
= 𝐿 < 1

since 𝑥 ≥ 0. Hence, the method converges for all nonnegative starting points 𝑥0.
(1 P.)
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Problem 3. (Newton’s method, 7 points)

Consider the system of nonlinear equations(
𝑥2 + cos(𝑦)
sin(𝑥) + 𝑦3

)
=

(
𝑥

𝑦

)
.

Perform one step of the multivariate Newton method starting from (𝑥0, 𝑦0) = (0, 0).

Solution.

We rearrange the system so that we look for a zero of (1 P.)

F(𝑥, 𝑦) =
(
𝑥2 − 𝑥 + cos(𝑦)
sin(𝑥) + 𝑦3 − 𝑦

)
!
=

(
0
0

)
We first need its Jacobian (2 P.)

𝐽𝐹 (𝑥, 𝑦) =
(
2𝑥 − 1 − sin(𝑦)
cos(𝑥) 3𝑦2 − 1

)
For the step we have the following. At our starting point we have

F(0, 0) =
(
0 + 1
0

)
=

(
1
0

)
and 𝐽𝐹 (0, 0) =

(
−1 0
1 −1

)
So for the next step we get (2 P.)

𝐽𝐹 (𝑥0, 𝑦0)
(
𝛿𝑥

𝛿𝑦

)
=

(
−1 0
1 −1

) (
𝛿𝑥

𝛿𝑦

)
= −

(
1
0

)
= −F(0.0)

Thus 𝛿𝑥 = 1 from the first equation, and since 𝛿𝑥 − 𝛿𝑦 = 0 in the second equation, we
get the same 𝛿𝑦 = 1. Hence, (𝑥1, 𝑦1) = (𝑥0, 𝑦0) + (𝛿𝑥, 𝛿𝑦) = (1, 1). (2 P.)
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Problem 4. (Fourier Series, 12 points)

a) Consider the 2𝜋-periodic function

𝑓 (𝑥) = 2 cos(4𝑥) + 3e6i𝑥 + 8e9i𝑥 + 5e−7i𝑥 .

Find all coefficients 𝑐𝑘 (𝑓 ), 𝑘 ∈ Z, of the complex Fourier series of 𝑓 .

b) Consider the 2𝜋-periodic function

𝑔(𝑥) = 2
(
cos(2𝑥)

)2 + sin(5𝑥) + 2 cos(5𝑥) + sin(9𝑥).

Find all coefficients 𝑎0(𝑔), 𝑎𝑛 (𝑔), 𝑏𝑛 (𝑔), 𝑛 ∈ N of the real Fourier series of 𝑔

c) Let ℎ = 𝑓 ∗𝑔 denote the convolution of the two functions from Item a) and Item b).
Compute all coefficients of the real as well as the complex Fourier series of ℎ. Use
these to find the function ℎ.

Solution.

a) We can rewrite 2 cos(4𝑥) = e4i𝑥 + e−4i𝑥 . Then the whole function is already in
the form of a (complex) Fourier series with only a few summands being nonzero,
namely with the coefficients (2 P.)

• 𝑐±4(𝑓 ) = 1
• 𝑐6(𝑓 ) = 3
• 𝑐9(𝑓 ) = 8
• 𝑐−7(𝑓 ) = 5

and all other coefficients are zero. (1 P.)

b) We can write 2(cos(2𝑥))2 = cos(4𝑥) + 1. (1 P.)
Hence, the function reads

ℎ(𝑥) = 1 + cos(4𝑥) + sin(5𝑥) + 2 cos(5𝑥) + sin(9𝑥),

and one can directly read off the real coefficients 𝑎0 = 1, 𝑎4 = 1, 𝑏5 = 1 𝑎5 = 2,
𝑏9 = 1, and all others are zero. (3 P.)

c) In order to employ the convolution theorem, we first need both previous functions’
𝑐𝑘 coefficients. We have that (2 P.)
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• 𝑐0(𝑔) = 𝑎0 = 1
• 𝑐±4(𝑔) = 1

2 (𝑎4 ± i𝑏4) = 1
2

• 𝑐5(𝑔) = 1
2 (𝑎5 + i𝑏5) = 1 + i

2 ,

• 𝑐−5(𝑔) = 1
2 (𝑎5 − i𝑏5) = 1 − i

2 ,

• 𝑐9(𝑔) = −𝑐−9 = − i
2 (since 𝑎9 = 0)

• all other coefficients are zero.

The convolution theorem states that for ℎ = 𝑓 ∗ 𝑔 the Fourier coefficients are
given by 𝑐𝑘 (ℎ) = 2𝜋𝑐𝑘 (𝑓 )𝑐𝑘 (𝑔). Here, we get only nonzero coefficients of both
functions “survive”. We obtain (2 P.)

• 𝑐±4(ℎ) = 2𝜋 1
2 · 2 = 2𝜋

• 𝑐9(ℎ) = −2𝜋 · 8 · i
2 = −8𝜋 i

• and all others are zero.

Hence, using the same idea of combining 𝑐±4(ℎ) into a cosine as before, the
function ℎ reads (1 P.)

ℎ(𝑥) = 4𝜋 cos(4𝑥) − 8𝜋 ie9i𝑥
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Problem 5. (Discrete Fourier Transform, 10 points)

Let a signal
f̂ = (𝑓0, 𝑓1, 𝑓2, 𝑓3, 𝑓4, 𝑓5) = (2, 1, 0, 0, 0, 1) ∈ C6

of length 𝑁 = 6 be given. It is the result of the Fourier transform f̂ = F6f of some
unknown real-valued signal f = (𝑓0, . . . , 𝑓5) ∈ R6, that was sampled from a 2𝜋-periodic
function 𝑓 , i.e. 𝑓 𝑗 = 𝑓

( 2𝜋
6 𝑗

)
, 𝑗 = 0, . . . , 5.

A function 𝑔 is called bandlimited if there exists some 𝐵 ∈ N such that the Fourier
coefficients 𝑐𝑘 (𝑔), 𝑘 ∈ Z, fulfil

𝑐𝑘 (𝑔) = 0 if |𝑘 | > 𝐵.

a) Let the sampled function 𝑓 be bandlimited with 𝐵 = 4. Is it possible to reconstruct
the 𝑐𝑘 (𝑓 ), 𝑘 ∈ Z, from the 𝑓 𝑗 , 𝑗 = 0, . . . , 5?
If so, state the values of the Fourier coefficients.

b) Let the sampled function 𝑓 be bandlimited with 𝐵 = 2. Is it possible to reconstruct
the 𝑐𝑘 (𝑓 ), 𝑘 ∈ Z, from the 𝑓 𝑗 , 𝑗 = 0, . . . , 5?
If so, state the values of the Fourier coefficients.

c) For the cases from Item a) and Item b) where a reconstruction is possible, compute
the resulting function 𝑓 .

Solution.

a) No, a unique reconstruction is not possible.
The aliasing lemma for example states that

𝑓 𝑗 =
∑︁
𝑘∈Z

𝑐 𝑗+𝑘𝑁 (𝑓 ),

where here 𝑁 = 6. But then, for example

𝑓2 = . . . + 𝑐−10(𝑓 ) + 𝑐−4(𝑓 ) + 𝑐2(𝑓 ) + 𝑐8(𝑓 ) + . . . ,

where we can conclude from the bandlimited function 𝑓 that 𝑓2 = 𝑐4(𝑓 ) + 𝑐2(𝑓 ).
Similarly, 𝑓3 = 𝑐−3(𝑓 ) + 𝑐3(𝑓 ) and 𝑓4 = 𝑐−2(𝑓 ) + 𝑐4(𝑓 ). These do not allow for a
unique reconstruction for 𝑐𝑘 (𝑓 ). (3 P.)
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b) Here, the aliasing lemma yields that 𝑐0(𝑓 ) = 𝑓0, 𝑐1(𝑓 ) = 𝑓1 and 𝑐−1(𝑓 ) = 𝑓5. All
others are zero, either since |𝑘 | > 2 or since the corresponding 𝑓 𝑗 = 0. (3 P.)

c) We obtain from the results in Item b) that the real coefficients are 𝑎0 = 𝑐0(𝑓 ) =
𝑓0 = 2 and we can combine 𝑐±1 = 1 into 𝑎1 = 2. Since these are the only coefficients
present, all other 𝑎𝑛 and all 𝑏𝑛 are zero. (2 P.)
Hence, the function 𝑓 reads (2 P.)

𝑓 (𝑥) = 2 + 2 cos(𝑥).
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Problem 6. (Solving a PDE with Separation of Variables, 14 pts)

Let the following PDE

𝜕2𝑢

𝜕𝑡2
= 4

𝜕2𝑢

𝜕𝑥2
, where − 1 < 𝑥 < 1 and 𝑡 > 0,

be given with boundary conditions

𝑢 (−1, 𝑡) = 𝑢 (1, 𝑡) = 0 where 𝑡 ≥ 0.

a) Classify the PDE and state its name if it has one.

b) Using separation of variables 𝑢 (𝑥, 𝑡) = 𝐹 (𝑥)𝐺 (𝑡) to show that all solutions of this
PDE are of the following two forms

𝑢𝑛 (𝑥, 𝑡) =
(
𝐴𝑛 cos(𝜆𝑛𝑡) + 𝐵𝑛 sin(𝜆𝑛𝑡)

)
sin(𝜋𝑛𝑥), 𝑛 = 1, 2, . . . ,

𝑣𝑚 (𝑥, 𝑡) =
(
𝐶𝑚 cos(𝜇𝑚𝑡) + 𝐷𝑚 sin(𝜇𝑚𝑡)

)
cos

(𝜋 (2𝑚−1)
2 𝑥

)
, 𝑚 = 1, 2, . . . .

Find both 𝜆𝑛 and 𝜇𝑚 .

c) Find the specific solution for the initial conditions

𝑢 (𝑥, 0) = sin(4𝜋𝑥)+3 sin(7𝜋𝑥) and
𝜕

𝜕𝑡
𝑢 (𝑥, 0) = 0, where −1 < 𝑥 < 1.

Solution.

a) The PDE is a second order linear homogeneous PDE, namely the wave equation
with 𝑐 = 2. (2 P.)

b) We insert the equation 𝑢 (𝑥, 𝑡) = 𝐹 (𝑥)𝐺 (𝑡) into the PDE and obtain the equation
(1 P.)

𝐹 (𝑥)𝐺′′(𝑡) = 4𝐹 ′′(𝑥)𝐺 (𝑡).
Dividing by 4𝐺 (𝑡) and 𝐹 (𝑥) yields the equation (1 P.)

𝐺′′(𝑡)
4𝐺 (𝑡) =

𝐹 ′′(𝑥)
𝐹 (𝑥) = 𝑘,

where 𝑘 is some constant. From this we obtain the two ODEs (1 P.){
𝐹 ′′(𝑥) = 𝑘𝐹 (𝑥)
𝐺′′(𝑡) = 4𝑘𝐺 (𝑡)

We consider now the possible solutions of the equation for 𝐹 . We have three
possibilities:
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𝑘 > 0: Denote 𝑝 =
√
𝑘 > 0. Then we have the solution

𝐹 (𝑥) = 𝐴e𝑝𝑥 + 𝐵e−𝑝𝑥 .

From the boundary conditions 𝐹 (1) = 𝐹 (−1) = 0 we get

𝐹 (1) = 𝐴e𝑝 + 𝐵e−𝑝 = 0 and 𝐹 (−1) = 𝐴e−𝑝 + 𝐵e𝑝 = 0

Which is equivalent to 𝐴 = −𝐵e−2𝑝 , plugging this into the second yields
𝐵 = 0 and hence with the first 𝐴 = 0. So this only yields the trivial solution
𝐹 ∼ 0, which we are not interested in. (1 P.)

𝑘 = 0: Here we have the ODE 𝐹 ′′ = 0, which has the general solution

𝐹 (𝑥) = 𝐴 + 𝐵𝑥.

Now we get from the boundary conditions that

𝐹 (−1) = 𝐴 − 𝐵 = 0,
𝐹 (1) = 𝐴 + 𝐵 = 0.

Adding both yields 2𝐴 = 0 and hence 𝐴 = 0 subtracting both yields 2𝐵 = 0
and hence 𝐵 = 0.
We again only obtain the trivial solution. (1 P.)

𝑘 < 0: Denote 𝑝 =
√
−𝑘 > 0. Then we have the solution

𝐹 (𝑥) = 𝐴 cos(𝑝𝑥) + 𝐵 sin(𝑝𝑥).

Now the boundary conditions become (1 P.)

𝐹 (−1) = 𝐴 cos(−𝑝) + 𝐵 sin(−𝑝) = 0,
𝐹 (1) = 𝐴 cos(𝑝) + 𝐵 sin(𝑝) = 0.

Because the cosine is an even function and the sine is an odd function, we
can rewrite this as

𝐴 cos(𝑝) − 𝐵 sin(𝑝) = 0,
𝐴 cos(𝑝) + 𝐵 sin(𝑝) = 0.

If we subtract the second equation from the first, we get that 𝐵 sin(𝑝) = 0,
which holds if either 𝐵 = 0 or sin(𝑝) = 0, the latter implying that 𝑝 = 𝜋𝑛

with 𝑛 = 1, 2, 3, . . .
If we now add the two equations, we get that 𝐴 cos(𝑝) = 0. Thus, either
𝐴 = 0 or cos(𝑝) = 0. Moreover, cos(𝑝) = 0 if and only if 𝑝 =

𝜋 (2𝑚−1)
2 with

𝑚 = 1, 2, 3, . . ., since these yield arguments 𝑟
2𝜋 with 𝑟 odd.

We thus have two different types of solutions:
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– On one hand, we have the solutions

𝐹 (𝑥) = sin
(
𝜋𝑛𝑥

)
for 𝑛 = 1, 2, 3, . . .

Here 𝑝𝑛 = 𝜋𝑛 we have 𝑘 = −𝜋2𝑛2 and hence in the second PDE

𝐺′′(𝑡) = 4𝑘𝐺 (𝑡) = −4𝜋2𝑛2𝐺 (𝑡) = −(2𝜋𝑛)2𝐺 (𝑡)

so that for each 𝑝𝑛 we have a 𝜆𝑛 = 2𝜋𝑛 (1 P.)
– On the other hand, we have the solutions

𝐹 (𝑥) = cos
( (2𝑚 − 1)𝜋

2
𝑥
)

for𝑚 = 0, 1, 2, . . .

Here 𝑝𝑚 =
𝜋 (2𝑚−1)

2 we have 𝑘 = −
(
𝜋 (2𝑚−1)

2

)2
and hence in the second

PDE

𝐺′′(𝑡) = 4𝑘𝐺 (𝑡) = −4
(𝜋 (2𝑚 − 1)

2

)2
𝐺 (𝑡) = −(𝜋 (2𝑚 − 1))2𝐺 (𝑡)

so that for each 𝑝𝑚 we have a 𝜇𝑚 = (2𝑚 − 1)𝜋 . (1 P.)
Each of these cases yields one of the solution families stated in the task.

c) At 𝑡 = 0 we have 𝑢𝑛 (𝑥, 0) = 𝐴𝑛 sin(𝜋𝑛𝑥) and 𝑣𝑚 (𝑥, 0) =𝐶𝑚 cos( 𝜋 (2𝑚−1)
2 𝑥).

Since the initial conditions are given in sine-terms, the second family of solutions
does not contribute to the solution, all 𝐶𝑚 are zero and also all 𝐷𝑚 . (1 P.)
Comparing coefficients for the first, we get 𝐴4 = 1 and 𝐴7 = 3. (1 P.)
Since the derivative is zero, all 𝐵𝑛 = 0. (1 P.)
Hence the solution reads (1 P.)

𝑢 (𝑥, 𝑡) = 1 · cos(8𝜋𝑡) sin(4𝜋𝑥) + 3 · cos(14𝜋𝑡) sin(7𝜋𝑥)
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Problem 7. (Discretize a PDE, 10 points)

Consider the 2-dimensional unit square Ω = [0, 1]2 ⊂ R2, the 2-dimensional Laplace
equation

Δ𝑢 (𝑥, 𝑦) = 0, where Δ𝑢 (𝑥, 𝑦) = 𝜕2

𝜕𝑥2
𝑢 (𝑥, 𝑦) + 𝜕2

𝜕𝑦2
𝑢 (𝑥, 𝑦).

We consider equidistant grid points {(𝑥𝑖, 𝑦 𝑗 )}, 𝑖, 𝑗 = 0, . . . , 𝑁 for some 𝑁 ∈ N that
uniformly subdivide each axis into 𝑁 subintervals.

a) Use finite differences to discretize the Laplace equation on the points (𝑥𝑖, 𝑦 𝑗 ) from
the grid by values 𝑈𝑖, 𝑗 ≈ 𝑢 (𝑥𝑖, 𝑦 𝑗 ). State the discrete two-dimensional Laplace
operator at all suitable discretization points.

b) How large is the discretization error?

c) To extend the Laplace equation, we consider the 3-dimensional unit cube Ω̃ =

[0, 1]3 and the 3-dimensional Laplace equation

Δ𝑢 (𝑥, 𝑦, 𝑧) = 0, where Δ𝑢 (𝑥, 𝑦, 𝑧) = 𝜕2

𝜕𝑥2
𝑢 (𝑥, 𝑦, 𝑧)+ 𝜕2

𝜕𝑦2
𝑢 (𝑥, 𝑦, 𝑧)+ 𝜕2

𝜕𝑧2
𝑢 (𝑥, 𝑦, 𝑧).

We use a similar discretization as before but now construct it on all three axes to
obtain the equidistant grid (𝑥𝑖, 𝑦 𝑗 , 𝑧𝑘), 𝑖, 𝑗, 𝑘 = 0, . . . , 𝑁 .

Formulate the corresponding discretization for the 3-dimensional Laplace operator
Δ, and give a short rationale on how you arrived at the formula.

Solution.

a) We use the second order finite difference

𝑓 ′′(𝑥) ≈ 𝑓 (𝑥 − ℎ) − 2𝑓 (𝑥) + 𝑓 (𝑥 + ℎ)
ℎ2

in both the 𝑥 and the 𝑦 axis. (1 P.)
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Plugging in𝑈𝑖 𝑗 ≈ 𝑢 (𝑥𝑖, 𝑦 𝑗 ) we obtain (3 P.)

𝜕2

𝜕𝑥2
𝑢 (𝑥𝑖, 𝑦 𝑗 ) +

𝜕2

𝜕𝑦2
𝑢 (𝑥𝑖, 𝑦 𝑗 ) ≈

𝑢 (𝑥𝑖 − ℎ, 𝑦 𝑗 ) − 2𝑢 (𝑥𝑖, 𝑦 𝑗 ) + 𝑢 (𝑥𝑖 + ℎ, 𝑦 𝑗 )
ℎ2

+
𝑢 (𝑥𝑖, 𝑦 𝑗 − ℎ) − 2𝑢 (𝑥𝑖, 𝑦 𝑗 ) + 𝑢 (𝑥𝑖, 𝑦 𝑗 + ℎ)

ℎ2

≈
𝑈𝑖−1, 𝑗 − 2𝑈𝑖, 𝑗 +𝑈𝑖+1, 𝑗

ℎ2
+
𝑈𝑖, 𝑗−1 − 2𝑈𝑖, 𝑗 +𝑈𝑖, 𝑗+1

ℎ2

=
𝑈𝑖−1, 𝑗 +𝑈𝑖+1, 𝑗 +𝑈𝑖, 𝑗−1 +𝑈𝑖, 𝑗+1 − 4𝑈𝑖, 𝑗

ℎ2
,

where 𝑖, 𝑗 = 1, . . . , 𝑁 − 1, since at the boundary at least one of the neighbors does
not exist. (1 P.)

b) For the discretization error, we have to compare the second derivative to the
second order finite difference. (1 P.)
We have (1 P.)

𝑓 ′′(𝑥) = 𝑓 (𝑥 − ℎ) − 2𝑓 (𝑥) + 𝑓 (𝑥 + ℎ)
ℎ2

+ O(ℎ2)

so that overall there error is as well O(ℎ2). (1 P.)

c) We have to perform a third finite difference in 𝑧-direction. (1 P.)
We obtain the so-called 7-stencil (1 P.)

𝑈𝑖−1, 𝑗,𝑘 +𝑈𝑖+1, 𝑗,𝑘 +𝑈𝑖, 𝑗−1,𝑘 +𝑈𝑖, 𝑗+1,𝑘 +𝑈𝑖, 𝑗,𝑘−1 +𝑈𝑖, 𝑗,𝑘+1 − 6𝑈𝑖, 𝑗,𝑘

ℎ2
,

where (again) 𝑖, 𝑗, 𝑘 = 1, . . . , 𝑁 − 1, since we have to exclude the boundary.
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Problem 8. (A Differential Equation, 10 points)

Using the Laplace transform, solve the ordinary differential equation

𝑦′′ + 9𝑦 = 45𝑡,

with initial conditions 𝑦 (0) = 0 and 𝑦′(0) = 8.

Solution.

Applying the Laplace transform to the ODE, we get (3 P.)

𝑠2𝑌 (𝑠) − 𝑠𝑦 (0) − 𝑦′(0) + 9𝑌 (𝑠) = 𝑠2𝑌 (𝑠) − 0 − 8 + 9𝑌 (𝑠) = 45
𝑠2

that is, (2 P.)

(𝑠2 + 9)𝑌 (𝑠) = 8 + 45
𝑠2

=
8𝑠2 + 45

𝑠2

which yields (2 P.)

𝑌 (𝑠) = 8𝑠2 + 45
𝑠2(𝑠2 + 9)

We could do a partial fraction decomposition, but an easier way here is to see that
8𝑠2 + 45 = 5(𝑠2 + 9) + 3𝑠2 exactly cancels out one of the factors, so we get (2 P.)

𝑌 (𝑠) = 5
1
𝑠2

+ 3
𝑠2 + 9

In this form we also see the inverse transforms of 𝑓 (𝑡) = 𝑡 and 𝑓 (𝑡) = sin(3𝑡) and
obtain (1 P.)

𝑦 (𝑡) = 5𝑡 + sin(3𝑡).
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Problem 9. (An Integro-Differential Equation, 10 points)

Using the Laplace transform, solve the integro-differential equation∫ 𝑡

0
sin(4𝜏)𝑦′′(𝑡 − 𝜏) d𝜏 + 16𝑦 (𝑡) = 20 sin(3𝑡),

with initial conditions 𝑦 (0) = 0, 𝑦′(0) = 0.

Solution.

The following solution is a bit more complicated than a usual exam task due toa small
typo in the original question. For the grading this means, that a few more points are spent
on knowledge in the first part and we are a bit more generous in the second part.

The integral on the left is a convolution, this turns into a multiplication of the individual
Laplace transforms. (1 P.)
We obtain (3 P.)

4
𝑠2 + 16

·
(
𝑠2𝑌 (𝑠) − 𝑦 (0)𝑠 − 𝑦′(0)

)
+ 16𝑌 (𝑠) = 20

3
𝑠2 + 9

,

since 𝑦 (0) = 0 and 𝑦′(0) = 0 we get (2 P.)

4𝑠2

𝑠2 + 16
𝑌 (𝑠) + 16(𝑠2 + 16)

𝑠2 + 16
𝑌 (𝑠) = (20𝑠2 + 162

𝑠2 + 16
𝑌 (𝑠) = 20

3
𝑠2 + 9

,

We rearrange to obtain (2 P.)

𝑌 (𝑠) = 60(𝑠2 + 16)
(𝑠2 + 9) (20𝑠2 + 162) =

3(𝑠2 + 16)
(𝑠2 + 9) (𝑠2 + 128

10 )
.

We introduce we constant𝑤 = 8√
5
so that𝑤2 = 64

5 = 128
10 . We have to perform a partial

fraction decomposition of

𝑌 (𝑠) = 3𝑠2 + 48
(𝑠2 + 9) (𝑠2 +𝑤2) =

𝐴𝑠 + 𝐵

𝑠2 + 9
+ 𝐶𝑠 + 𝐷

𝑠2 +𝑤2

We multiply both sides with (𝑠2 + 9) (𝑠2 +𝑤2) and obtain

3𝑠2 + 48 = (𝐴𝑠 + 𝐵) (𝑠2 +𝑤2) + (𝐶𝑠 + 𝐷) (𝑠2 + 9)
= 𝐴𝑠3 + 𝐵𝑠2 +𝐴𝑠𝑤2 + 𝐵𝑤2 +𝐶𝑠3 + 𝐷𝑠2 + 9𝐶𝑠 + 9𝐷
= (𝐴 +𝐶)𝑠3 + (𝐵 + 𝐷)𝑠2 + (𝐴𝑤2 + 9𝐶)𝑠 + (𝐵𝑤2 + 9𝐷).



TMA4125 Matematikk 4N, 12. May 2025 Page 17 of 20

By comparison of coefficients we obtain the linear system

𝐴 +𝐶 = 0,
𝐵 + 𝐷 = 3,

𝐴𝑤2 + 9𝐶 = 0,
𝐵𝑤2 + 9𝐷 = 48.

The first equation yields 𝐴 = −𝐶 which we can substitute into the third equation to
obtain 𝐴 =𝐶 = 0. The second equation gives 𝐷 = 3 − 𝐵 which we can substitute into
the fourth equation to obtain

𝐵𝑤2 + 9𝐷 = 𝐵𝑤2 + 9(3 − 𝐵) = 48 ⇔ 𝐵(𝑤2 − 9) = 48 − 27 = 21

And we obtain 𝐵 =
21

𝑤2 − 9
=

21
64
5 − 9

=
21

64−45
5

=
21 · 5
19

=
105
19

. Similarly 𝐷 = 3 − 𝐵 =

3 − 105
19 = 57−105

19 = −48
19 .

We can now write since 105 = 35 · 3 that

𝑌 (𝑠) = 3𝑠2 + 48
(𝑠2 + 9) (𝑠2 +𝑤2) =

105
19

𝑠2 + 9
−

−48
19

𝑠2 +𝑤2 =
35
19

· 3
𝑠2 + 9

− 48
19

· 1
𝑤

· 𝑤

𝑠2 +𝑤2 .

One point for a reasonable partial fraction decomposition start, two bonus points for all
that finish it correctly.

Applying the inverse Laplace transform we obtain the solution (1 P.)

𝑦 (𝑡) = 35
19

· sin(3𝑡) − 48
19

· 1
𝑤

sin(𝑤𝑡) = 35
19

· sin(3𝑡) − 6
√
5

19
sin

( 8
√
5
𝑡

)
.
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Problem 10. (Numerical Methods for ODEs, 10 points)

You are given the following code
1 import numpy as np
2
3 def f(t,y):
4 return -0.5*y + t
5
6 N = 100
7 T = 2.0
8 t = np.linspace (0.0, T, N)
9 y = np.zeros(N)
10 h = T/N
11 y[0] = 1
12
13 for n in range(N):
14 yn = y[n]
15 tn = t[n]
16 k1 = f(tn, yn)
17 k2 = f(tn + h , yn + h * k1 )
18 y[n+1] = yn + h * ( 1/2*k1 + 1/2*k2 )

a) Determine and classify the initial value problem that is solved here.

b) Consider the for-loop in lines 13–18. What method is implemented there?

c) State the Butcher tableau and determine the order of the method.

d) The code runs fine until it reaches the last step in the for-loop. Then it throws an
error
IndexError: index 100 is out of bounds

Find the error and fix it.

There is a similar, second error which affects mainly non-autonomous ODEs.
Find and fix that error as well.

Solution.

a) The ODE that is solved is 𝑦′ = 𝑓 (𝑡, 𝑦) = − 1
2𝑦 + 𝑡 with initial value 𝑦 (0) = 1.(1 P.)

This is a linear and non-autonomous ODE. (1 P.)

b) This is a Runge-Kutta method with 𝑠 = 2 stages. To be precise, the implemented
method is Heun’s method. (1 P.)
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c) The Butcher tableau reads (2 P.)
0 0 0
1 1 0

1/2 1/2
For the order we check (2 P.)

•
𝑠∑︁
𝑖=1

𝑏𝑖 = 𝑏1 + 𝑏2 =
1
2
+ 1
2
= 1 which is the value we need for the first order

condition

•
𝑠∑︁
𝑖=1

𝑏𝑖𝑐𝑖 = 𝑐1𝑏1 + 𝑐2𝑏2 = 0 · 1
2
+ 1 · 1

2
=

1
2
which is the value we need for the

second order condition

•
𝑠∑︁
𝑖=1

𝑏𝑖𝑐
2
𝑖 = 𝑐21𝑏1 + 𝑐22𝑏2 = 02 · 1

2
+ 1 · 1

2
=

1
2
≠

1
3
, so the first of the third order

conditions is not fulfilled.

Hence, the method is of order 2. (1 P.)

d) The error is that the vector 𝑦 is one element too short. It is of length 𝑁 , so it has
indices 0, . . . , 𝑁 − 1. The last line in the last iterations (𝑛 = 𝑁 − 1) accesses 𝑦 [𝑁 ].
The fix is to replace line 9 byy = np.zeros(N+1) (1 P.)
The corresponding semantic error is in line 8, the t is also one entry to short,
which yields slightly wrong values for the 𝑡𝑛 and those affect the non-autonomous
ODEs in lines 16 and 17. (1 P.)
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Formula Sheet.
Fourier Transform. The Fourier Transform 𝑓 = F (𝑓 ) and its inverse 𝑓 = F −1(𝑓 ) are

𝑓 (𝜔) = F (𝑓 ) (𝜔) = 1
√
2𝜋

∫ ∞

−∞
𝑓 (𝑥)e−i𝜔𝑥 d𝑥 and 𝑓 (𝑥) = F −1(𝑓 ) (𝑥) = 1

√
2𝜋

∫ ∞

−∞
𝑓 (𝜔)ei𝜔𝑥 d𝜔

Laplace Transform. The Laplace transform 𝐹 (𝑠) of 𝑓 (𝑡), 𝑡 ≥ 0, reads

𝐹 (𝑠) =
∫ ∞

0
e−𝑠𝑡 𝑓 (𝑡) d𝑡

List of Fourier Transforms.

𝑓 (𝑥) 𝑓 (𝜔)

e−𝑎𝑥2
1

√
2𝑎

e−
𝜔2
4𝑎

e−𝑎 |𝑥 |
√︂

2
𝜋

𝑎

𝜔2 + 𝑎2

1
𝑥2 + 𝑎2

for 𝑎 > 0
√︂

𝜋

2
e−𝑎 |𝜔 |

𝑎{
1 for |𝑥 | < 𝑎

0 otherwise

√︂
2
𝜋

sin(𝜔𝑎)
𝜔√︂

2
𝜋

sin(𝑎𝑥)
𝑥

{
1 for |𝜔 | < 𝑎

0 otherwise

List of Laplace Transforms.

𝑓 (𝑡) 𝐹 (𝑠)

cos(𝜔𝑡) 𝑠

𝑠2 + 𝜔2

sin(𝜔𝑡) 𝜔

𝑠2 + 𝜔2

cosh(𝜔𝑡) 𝑠

𝑠2 − 𝜔2

sinh(𝜔𝑡) 𝜔

𝑠2 − 𝜔2

𝑡𝑛
𝑛!
𝑠𝑛+1

e𝑎𝑡
1

𝑠 − 𝑎

𝑓 (𝑡 − 𝑎)𝑢 (𝑡 − 𝑎) e−𝑠𝑎𝐹 (𝑠)

𝛿 (𝑡 − 𝑎) e−𝑠𝑎

Trigonometric identities.

• cos(𝛼 + 𝛽) = cos𝛼 cos 𝛽 − sin𝛼 sin 𝛽

• sin(𝛼 + 𝛽) = sin𝛼 cos 𝛽 + cos𝛼 sin 𝛽

• cos(2𝛼) = 2 cos2(𝛼) − 1 = 1 − 2 sin2(𝛼)
• ei𝛼 = cos𝛼 + i sin𝛼

• 2 sin𝛼 cos 𝛽 = sin(𝛼 + 𝛽) + sin(𝛼 − 𝛽)
• 2 cos𝛼 sin 𝛽 = sin(𝛼 + 𝛽) − sin(𝛼 − 𝛽)
• 2 cos𝛼 cos 𝛽 = cos(𝛼 − 𝛽) + cos(𝛼 + 𝛽)
• 2 sin𝛼 sin 𝛽 = cos(𝛼 − 𝛽) − cos(𝛼 + 𝛽)

Integrals.

•
∫
𝑥𝑛 cos𝑎𝑥d𝑥 = 1

𝑎
𝑥𝑛 sin𝑎𝑥 − 𝑛

𝑎

∫
𝑥𝑛−1 sin𝑎𝑥d𝑥

•
∫
𝑥𝑛 sin𝑎𝑥d𝑥 = − 1

𝑎
𝑥𝑛 cos𝑎𝑥 + 𝑛

𝑎

∫
𝑥𝑛−1 cos𝑎𝑥d𝑥

Order conditions for Runge-Kutta methods.

𝑝 Conditions 𝑝 Conditions

1
𝑠∑
𝑖=1

𝑏𝑖 = 1 4
𝑠∑
𝑖=1

𝑏𝑖𝑐𝑖
3 = 1

4

2
𝑠∑
𝑖=1

𝑏𝑖𝑐𝑖 =
1
2

𝑠∑
𝑖=1

𝑠∑
𝑗=1

𝑏𝑖𝑐𝑖𝑎𝑖 𝑗𝑐 𝑗 =
1
8

3
𝑠∑
𝑖=1

𝑏𝑖𝑐𝑖
2 = 1

3

𝑠∑
𝑖=1

𝑠∑
𝑗=1

𝑏𝑖𝑎𝑖 𝑗𝑐 𝑗
2 = 1

12
𝑠∑
𝑖=1

𝑠∑
𝑗=1

𝑏𝑖𝑎𝑖 𝑗𝑐 𝑗 =
1
6

𝑠∑
𝑖=1

𝑠∑
𝑗=1

𝑠∑
𝑘=1

𝑏𝑖𝑎𝑖 𝑗𝑎 𝑗𝑘𝑐𝑘 = 1
24


