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In the exam one could obtain 100 points and the exam was graded using the usual
grading scheme, i.e.

A B C D E F

100–89 88–77 76–65 64–53 52–41 40 and less

Every problem has the total points mentioned in the header and points spread out
throughout the solution to indicate which parts of the proposed solution yield which
points.



Page 2 of 21 TMA4125 Matematikk 4N, 8. August 2025

Problem 1. (Interpolation, 10 points)

The following interpolation points (𝑥𝑖, 𝑦𝑖), 𝑖 = 0, 1, 2 are provided

𝑖 0 1 2

𝑥𝑖 0 1 2
𝑦𝑖 2 0 3

We aim to investigate the interpolation polynomial 𝑝 (𝑥) with 𝑝 (𝑥𝑖) = 𝑦𝑖, 𝑖 = 0, 1, 2.

a) Compute all Lagrange polynomials necessary for the interpolation as well as the
resulting interpolation polynomial 𝑝 (𝑥).

b) We additionally get the point (𝑥3, 𝑦3) = (4, 0). What do we have to update in our
computations from Item a)?
Perform the necessary updates and compute the new interpolation polynomial
𝑞(𝑥) with 𝑞(𝑥𝑖) = 𝑦𝑖, 𝑖 = 0, 1, 2, 3.

c) If we (hypothetically) get yet another point (𝑥4, 𝑦4) = ( 12 , 0) to update 𝑞(𝑥)
yet again. Can we spare computations even though we would use Lagrange
interpolation?
How does this affect the degree of the resulting polynomial?

Solution.

a) Originally, we would have to compute 3 Lagrange polynomials ℓ𝑗 , 𝑗 = 0, 1, 2. But
since 𝑦1 = 𝑦2 = 0, we will not need these two later on. These additional one is
still provided here for completeness, but with the reasoning above it can also be
skipped. (3 P.)

ℓ0(𝑥) =
𝑥 − 𝑥1

𝑥0 − 𝑥1
· 𝑥 − 𝑥2

𝑥0 − 𝑥2
=
𝑥 − 1
0 − 1

· 𝑥 − 2
0 − 2

=
1
2
(𝑥2 − 3𝑥 + 2) = 1

2
𝑥2 − 3

2
𝑥 + 1

ℓ1(𝑥) =
𝑥 − 𝑥0

𝑥1 − 𝑥0
· 𝑥 − 𝑥2

𝑥1 − 𝑥2
=
𝑥 − 0
1 − 0

· 𝑥 − 2
1 − 2

= −𝑥 (𝑥 − 2) = −𝑥2 + 2𝑥

ℓ2(𝑥) =
𝑥 − 𝑥0

𝑥2 − 𝑥0
· 𝑥 − 𝑥1

𝑥2 − 𝑥1
=
𝑥 − 0
2 − 0

· 𝑥 − 1
2 − 1

=
1
2
𝑥 (𝑥 − 1) = 1

2
𝑥2 − 1

2
𝑥

Hence the interpolation polynomial is (1 P.)

𝑝 (𝑥) = 2ℓ0(𝑥) + 0 · ℓ1(𝑥) + 3ℓ2(𝑥) = 𝑥2 − 3𝑥 + 2 + 3
2
𝑥2 − 3

2
𝑥 =

5
2
𝑥2 − 9

2
𝑥 + 2
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b) Since the new node (𝑥3, 𝑦3) = (4, 0) we do not have to compute it’s Lagrange
polynomial, but we have to add factors to the two existing ones. (1 P.)
We get (2 P.)

ℓ0(𝑥) =
𝑥 − 𝑥1

𝑥0 − 𝑥1
· 𝑥 − 𝑥2

𝑥0 − 𝑥2
· 𝑥 − 𝑥3

𝑥0 − 𝑥3
=

1
2
(𝑥2 − 3𝑥 + 2) · 𝑥 − 4

−4

= − 1
8
(𝑥3 − 7𝑥2 + 14𝑥 − 8) = − 1

8
𝑥3 + 7

8
𝑥2 − 7

4
𝑥 + 1

ℓ2(𝑥) =
𝑥 − 𝑥0

𝑥2 − 𝑥0
· 𝑥 − 𝑥1

𝑥2 − 𝑥1
· 𝑥 − 𝑥3

𝑥2 − 𝑥3
=

1
2
𝑥 (𝑥 − 1) · 𝑥 − 4

−2 = − 1
4
𝑥3 + 5

4
𝑥2 − 𝑥

Hence the new interpolation polynomial is (1 P.)

𝑞(𝑥) = 2ℓ0(𝑥) + 0 · ℓ1(𝑥) + 3ℓ2(𝑥) + 0 · ℓ3(𝑥) = −𝑥3 + 11
2
𝑥2 − 13

2
𝑥 + 2

is not one of the original nodes, we have to update the interpolation polynomial.

c) We are lucky, since the new node 𝑥4, 𝑦4 = ( 12 , 0) is a zero of the resulting polyno-
mial 𝑞 already, the result stays the same. (1
P.)
While in principle the possible degree is 4, since this one is covered, it stays 3.(1
P.)
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Problem 2. (Fixed-point iteration, 7 points)

Consider the fixed-point equation

𝑥 =
4𝑥 + 5
𝑥 + 3

− 1.

a) Find a fixed-point function 𝑔(𝑥) and its nonnegative fixed point.

b) Does the fixed-point iteration converge for any 𝑥0 ≥ 0?

Solution.

a) The easiest fixed point equation to see is 𝑔(𝑥) = 4𝑥+5
𝑥+3 − 1. (1 P.)

For a fixed point we need 𝑥 = 𝑔(𝑥) and hence

𝑥 =
4𝑥 + 5
𝑥 + 3

−1 ⇔ 𝑥 (𝑥+3) = 4𝑥+5−(𝑥+3) = 3𝑥+2 ⇔ 𝑥2+3𝑥 = 3𝑥+2 ⇔ 𝑥2 = 2

Its nonnegative fixed point is hence 𝑥∗ =
√
2. (2 P.)

b) For
𝑔(𝑥) = 4𝑥 + 5

𝑥 + 3
− 1.

the quotient rule yields

𝑔′(𝑥) = 4 · (𝑥 + 3) − 1 · (4𝑥 + 5)
(𝑥 + 3)2 =

4𝑥 + 12 − 4𝑥 − 5
(𝑥 + 3)2 =

7
(𝑥 + 3)2

We just computed the derivative and for 𝑥 ≥ 0 this is continuous. (2 P.)
For the self-map property, we need that for any 𝑥 ≥ 0 that 𝑔(𝑥) ≥ 0. Here we
have that

𝑔(𝑥) = 4𝑥 + 5
𝑥 + 3

− 1 =
4𝑥 + 5 − (𝑥 + 3)

𝑥 + 3
=
3𝑥 + 2
𝑥 + 3

.

For any 𝑥 ≥ 0 both 3𝑥+2 and 𝑥+3 are positive, so we stay within the nonnegative
numbers. (1 P.)
Finally, for |𝑔′(𝑥) | < 𝐿 we consider

|𝑔′(𝑥) | = 7
(𝑥 + 3)2 ≤ 7

9
= 𝐿 < 1

since 𝑥 ≥ 0. Hence, the method converges for all nonnegative starting points 𝑥0.
(1 P.)
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Problem 3. (Newton’s method, 7 points)

Consider the system of nonlinear equations(
e3𝑦 + 2𝑥 − 3

cos(𝑦) + 𝑦3 + 𝑦 + 𝑥

)
=

(
𝑥2

𝑦2

)
.

Perform one step of the multivariate Newton method starting from (𝑥0, 𝑦0) = (1, 0).

Solution.

We rearrange the system so that we look for a zero of (1 P.)

F(𝑥, 𝑦) =
(

e3𝑦 − 𝑥2 + 2𝑥 − 3
cos(𝑦) + 𝑦3 − 𝑦2 + 𝑦 + 𝑥

)
!
=

(
0
0

)
We first need its Jacobian (2 P.)

𝐽𝐹 (𝑥, 𝑦) =
(
−2𝑥 + 2 3e3𝑦

1 − sin(𝑦) + 3𝑦2 − 2𝑦 + 1

)
For the step we have the following. At our starting point we have

F(1, 0) =
(

e0 − 1 + 2 − 3
cos(0) + 0 − 0 + 0 + 1

)
=

(
−1
2

)
and

𝐽F(1, 0) =
(
−2 + 2 3e0

1 − sin(0) + 3 · 02 − 2 · 0 + 1

)
=

(
0 3
1 1

)
So for the next step we get (2 P.)

𝐽𝐹 (𝑥0, 𝑦0)
(
𝛿𝑥

𝛿𝑦

)
=

(
0 3
1 1

) (
𝛿𝑥

𝛿𝑦

)
= −

(
−1
2

)
= −F(0.0)

Thus from the first line we have 3𝛿𝑦 = 1 which gives 𝛿𝑦 = 1
3 . From the second line we

have 𝛿𝑥 + 𝛿𝑦 = −2. Substituting 𝛿𝑦 = 1
3 gives 𝛿𝑥 + 1

3 = −2 hence 𝛿𝑥 = −2 − 1
3 = − 7

3 .

With these values, the next iterate is given by (𝑥1, 𝑦1) = (𝑥0, 𝑦0)+(𝛿𝑥, 𝛿𝑦) =
(
1 − 7

3 , 0 +
1
3
)
=(

−4
3 ,

1
3
)
. (2 P.)
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Problem 4. (Fourier Series, 12 points)

a) Consider the 2𝜋-periodic function

𝑓 (𝑥) = 9 sin(3𝑥) + 3e−5i𝑥 + 2e7i𝑥 + e−9i𝑥 .

Find all coefficients 𝑐𝑘 (𝑓 ), 𝑘 ∈ Z, of the complex Fourier series of 𝑓 .

b) We further consider the so-called Dirichlet kernel

𝐷𝑁 (𝑥) =
𝑁∑︁

𝑘=−𝑁
ei𝑘𝑥 , for some 𝑁 ∈ N.

Find all coefficients 𝑐𝑘 (𝐷𝑁 ) of the complex Fourier series of 𝐷𝑁 . Keep in mind
that these might depend on 𝑁 .

c) For any 𝑁 ∈ N, let 𝑔𝑁 = 𝑓 ∗ 𝐷𝑁 denote the convolution of the functions 𝑓 from
Item a) and the Dirichlet Kernel 𝐷𝑁 from Item b).
Compute the two functions 𝑔5 and 𝑔10 and interpret the result by comparing their
Fourier coefficients.

d) Often one uses the so-called modified Dirichlet-Kernel 𝐷̃𝑁 defined as 𝐷̃𝑁 (𝑥) =
1
2𝜋𝐷𝑁 (𝑥).
State two reasons, why the modified Dirichlet kernel is preferred over the original
Dirichlet kernel 𝐷𝑁 .

Solution.

a) We can rewrite 9 sin(3𝑥) = 9i
2
(
e3i𝑥 − e−3i𝑥

)
. Then the whole function is already in

the form of a (complex) Fourier series with only a few summands being non-zero,
namely with the coefficients (2 P.)

• 𝑐±3(𝑓 ) = ±9
2 i

• 𝑐−5(𝑓 ) = 3
• 𝑐7(𝑓 ) = 2
• 𝑐−9(𝑓 ) = 1

and all other coefficients are zero. (1 P.)
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b) The Fourier coefficients of the Dirichlet kernel 𝐷𝑁 are given by (3 P.)

𝑐𝑘 (𝐷𝑁 ) =
{
1 if 𝑘 ∈ {−𝑁,−𝑁 + 1, . . . , 𝑁 − 1, 𝑁 }
0 otherwise.

c) The convolution theorem states that for 𝑔𝑁 = 𝑓 ∗ 𝐷𝑁 the Fourier coefficients are

given by 𝑐𝑘 (𝑔𝑁 ) = 2𝜋𝑐𝑘 (𝑓 )𝑐𝑘 (𝐷𝑁 ) =
{
2𝜋𝑐𝑘 (𝑓 ) if 𝑘 = −𝑁,−𝑁 + 1, . . . , 𝑁 − 1, 𝑁
0 otherwise.

.

We hence get that (1 P.)

𝑔5(𝑥) = 2𝜋
(
9 sin(3𝑥) + 3e−5i𝑥

)
Since all Fourier coefficients of 𝑓 with an index |𝑘 | > 5 are zero get “masked” out.
For 𝑔10 we get simply 𝑔10(𝑥) = 2𝜋 𝑓 (𝑥). (1 P.)
As an interpretation, the convolution with the Dirichlet kernel 𝐷𝑁 acts as a low-
pass filter, i.e. it removes all Fourier coefficients of 𝑓 with an index |𝑘 | > 𝑁 .(2 P.)

d) The modified Dirichlet kernel 𝐷̃𝑁 is preferred over the original Dirichlet kernel
𝐷𝑁 because (2 P.)

• it is normalized, i.e.
∫ 𝜋

−𝜋
𝐷̃𝑁 (𝑥)d𝑥 = 1,

• when using it in convolution tasks like Item c), it does not scale the result
by 2𝜋 .
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Problem 5. (Discrete Fourier Transform, 10 points)

For the function
𝑓 (𝑥) = 3 + 2 cos(2𝑥)

We want to look at its discrete Fourier transform, that is, for some 𝑁 ∈ N we consider
the sampled values

f = (𝑓0, . . . , 𝑓𝑁−1) ∈ R𝑁 , where 𝑓 𝑗 = 𝑓

(2𝜋
𝑁

𝑗

)
, 𝑗 = 0, . . . , 𝑁 − 1,

and the corresponding discrete Fourier transform f̂ = F𝑁 f ∈ C𝑁 .

Remember, that in general a function 𝑔 is called bandlimited if there exists some 𝐵 ∈ N
such that the Fourier coefficients 𝑐𝑘 (𝑔), 𝑘 ∈ Z, fulfil

𝑐𝑘 (𝑔) = 0 if |𝑘 | > 𝐵.

a) Read off the Fourier coefficients 𝑐𝑘 (𝑓 ), 𝑘 ∈ Z, of the function 𝑓 .

b) We choose 𝑁 = 4 sample values. Without computing the samples 𝑓0, . . . , 𝑓3,
compute the discrete Fourier transform 𝑓 𝑗 for 𝑗 = 0, . . . , 3.

c) We choose 𝑁 = 6 sample values. Without computing the samples 𝑓0, . . . , 𝑓5,
compute the discrete Fourier transform 𝑓 𝑗 for 𝑗 = 0, . . . , 5.

d) Using the Aliasing Lemma, for which of the above cases Item b) and Item c) can
we uniquely reconstruct the Fourier coefficients 𝑐𝑘 (𝑓 ), 𝑘 ∈ Z, and hence 𝑓 ?

e) What is the smallest 𝑁 where the reconstruction is possible?

Solution.

a) We can directly read off 𝑐0(𝑓 ) = 3, 𝑐±2(𝑓 ) = 1 and all other coefficients are zero.(1
P.)

b) From the aliasing Lemma we have in general that

𝑓𝑘 =
∑︁
ℓ∈Z

𝑐𝑘+ℓ𝑁 (𝑓 ),
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where here for 𝑁 = 4 we have

𝑓0 = 𝑐0(𝑓 ) + 𝑐4(𝑓 ) + 𝑐−4(𝑓 ) + · · · = 3 + 0 + 0 = 3,

𝑓1 = 𝑐1(𝑓 ) + 𝑐5(𝑓 ) + 𝑐−3(𝑓 ) + · · · = 0 + 0 + 0 = 0,

𝑓2 = 𝑐2(𝑓 ) + 𝑐6(𝑓 ) + 𝑐−2(𝑓 ) + · · · = 1 + 0 + 1 = 2,

𝑓3 = 𝑐3(𝑓 ) + 𝑐7(𝑓 ) + 𝑐−1(𝑓 ) + · · · = 0 + 0 + 0 = 0.

or in short f̂ = (3, 0, 2, 0). (3 P.)
Note that in the sums above we continued with · · · after in both directions the first
of the zeros appeared after which all terms are zero.

c) Similarly for 𝑁 = 6 we have

𝑓0 = 𝑐0(𝑓 ) + 𝑐6(𝑓 ) + 𝑐−6(𝑓 ) + · · · = 3 + 0 + 0 = 3,

𝑓1 = 𝑐1(𝑓 ) + 𝑐7(𝑓 ) + 𝑐−5(𝑓 ) + · · · = 0,

𝑓2 = 𝑐2(𝑓 ) + 𝑐8(𝑓 ) + 𝑐−4(𝑓 ) + · · · = 1 + 0 + 0 = 1,

𝑓3 = 𝑐3(𝑓 ) + 𝑐9(𝑓 ) + 𝑐−3(𝑓 ) + · · · = 0,

𝑓4 = 𝑐4(𝑓 ) + 𝑐10(𝑓 ) + 𝑐−2(𝑓 ) + · · · = 0 + 0 + 1 = 1,

𝑓5 = 𝑐5(𝑓 ) + 𝑐11(𝑓 ) + 𝑐−1(𝑓 ) + · · · = 0.

or in short f̂ = (3, 0, 1, 0, 1, 0). (3 P.)

d) For the first case with 𝑁 = 4 a reconstruction of the Fourier coefficients 𝑐𝑘 (𝑓 ) is
not possible, since (very practially) we can not distinguish between the coefficients
𝑐−2(𝑓 ) and 𝑐2(𝑓 ), which are summed in 𝑓2. (1 P.)
For the second case with 𝑁 = 6 we could reconstruct the coefficients, even if
𝑐±1(𝑓 ) would be nonzero. (1 P.)

e) The so-called Nyquist rate is 2𝐵 + 1 where in our case 𝐵 = 2, hence the smallest
𝑁 is 2𝐵 + 1 = 5 here. (1 P.)

Or a bit informally: In the Aliasing formulae each of the 𝑐−2(𝑓 ), . . . , 𝑐2(𝑓 ) would
“land” on its unique 𝑓3, 𝑓4, 𝑓0, 𝑓1, 𝑓2 (in exactly that order) and the reconstruction is
still possible in any case for this bandlimit of 𝐵 = 2, that is even if 𝑐±1(𝑓 ) is nonzero.
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Problem 6. (Solving a PDE with Separation of Variables, 14 pts)

We want to observe how the temperature 𝑢 of a heated wire evolves over time. This
can be modelled by the following PDE

𝜕𝑢

𝜕𝑡
= 4

𝜕2𝑢

𝜕𝑥2
, where 0 < 𝑥 < 2 and 𝑡 > 0,

be given with boundary conditions

𝑢 (0, 𝑡) = 𝑢 (2, 𝑡) = 0 where 𝑡 ≥ 0.

a) Classify the PDE and state its name if it has one.

b) Using separation of variables 𝑢 (𝑥, 𝑡) = 𝐹 (𝑥)𝐺 (𝑡) to show that all solutions of this
PDE are of the following form

𝑢𝑛 (𝑥, 𝑡) = e−𝜆𝑛𝑡 sin
(
𝑛𝜋
2 𝑥

)
, 𝑛 = 1, 2, . . . ,

and state the value of 𝜆𝑛 .

c) Find the specific solution for the initial condition

𝑢 (𝑥, 0) = 3 sin( 7
2
𝜋𝑥) + 4 sin(5𝜋𝑥) where 0 ≤ 𝑥 ≤ 2.

Which principle do you have to use and why can you use it here?

Solution.

a) The PDE is a second order linear homogeneous PDE, namely the heat equation
with 𝑐 = 2. (2 P.)

b) We insert the equation 𝑢 (𝑥, 𝑡) = 𝐹 (𝑥)𝐺 (𝑡) into the PDE and obtain the equation

𝐹 (𝑥)𝐺′(𝑡) = 4𝐹 ′′(𝑥)𝐺 (𝑡).
Dividing by 4𝐺 (𝑡) and 𝐹 (𝑥) yields the equation (1 P.)

𝐺′(𝑡)
4𝐺 (𝑡) =

𝐹 ′′(𝑥)
𝐹 (𝑥) = 𝑘,

where 𝑘 is some constant. From this we obtain the two ODEs (1 P.){
𝐹 ′′(𝑥) = 𝑘𝐹 (𝑥)
𝐺′(𝑡) = 4𝑘𝐺 (𝑡)

We consider now the possible solutions of the equation for 𝐹 . We have three
possibilities:
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𝑘 > 0: Denote 𝑝 =
√
𝑘 > 0. Then we have the solution

𝐹 (𝑥) = 𝐴e𝑝𝑥 + 𝐵e−𝑝𝑥 .

From the boundary conditions 𝐹 (0) = 𝐹 (2) = 0 we get

𝐹 (0) = 𝐴e0 + 𝐵e0 = 𝐴 + 𝐵 = 0 and 𝐹 (2) = 𝐴e−2𝑝 + 𝐵e2𝑝 = 0

The first is equivalent to 𝐴 = −𝐵, plugging this into the second yields
𝐵(e2𝑝 − e−2𝑝) = 0 which implies 𝐵 = 0 and hence 𝐴 = 0. So this only yields
the trivial solution 𝐹 ≡ 0, which we are not interested in. (1 P.)

𝑘 = 0: Here we have the ODE 𝐹 ′′ = 0, which has the general solution

𝐹 (𝑥) = 𝐴 + 𝐵𝑥.

Now we get from the boundary conditions that

𝐹 (0) = 𝐴 = 0,
𝐹 (2) = 𝐴 + 2𝐵 = 2𝐵 = 0,

where we directly again only obtain the trivial solution. (2 P.)
𝑘 < 0: Denote 𝑝 =

√
−𝑘 > 0. Then we have the solution

𝐹 (𝑥) = 𝐴 cos(𝑝𝑥) + 𝐵 sin(𝑝𝑥).

Now the boundary conditions become (2 P.)

𝐹 (0) = 𝐴 cos(0) + 𝐵 sin(0) = 𝐴 = 0,
𝐹 (2) = 𝐴 cos(2𝑝) + 𝐵 sin(2𝑝) = 𝐵 sin(2𝑝) = 0.

Since𝐵 = 0would only yield the trivial solution (yet again), we assume𝐵 ≠ 0
and obtain that sin(2𝑝) = 0, which is the case if 𝑝 = 𝜋𝑛

2 with 𝑛 = 1, 2, 3, . . .
This yields the family of solutions (1 P.)

𝐹 (𝑥) = sin
(𝜋𝑛
2
𝑥
)

for 𝑛 = 1, 2, 3, . . .

Here 𝑝𝑛 = 𝜋𝑛
2 we have 𝑘 = −

(
𝜋𝑛
2

)2
and hence in the second PDE

𝐺′(𝑡) = 4𝑘𝐺 (𝑡) = −4
(𝜋𝑛
2

)2
𝐺 (𝑡) = −𝜋2𝑛2𝐺 (𝑡).

Which has the solution

𝐺 (𝑡) = e4𝑘𝑡 = e−𝜋
2𝑛2𝑡 .

so that for each 𝑝𝑛 we have a 𝜆𝑛 = 𝜋2𝑛2. (1 P.)
This yields the family of solutions stated in the task.
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c) At 𝑡 = 0 we have 𝑢𝑛 (𝑥, 0) = 𝐴𝑛 sin
(
𝜋𝑛
2 𝑥

)
. (1 P.)

Since the PDE is linear and homogeneous, we can use the principle of superposi-
tion to obtain the general solution (1
P.)

𝑢 (𝑥, 𝑡) =
∞∑︁
𝑛=1

𝑢𝑛 (𝑥, 𝑡)

and at 𝑡 = 0 we can “read off” the coefficients by comparison.
For 𝑛 = 7 we obtain the first term and can read off 𝐴7 = 3, for 𝑛 = 10 we obtain
the second term and can read off 𝐴10 = 4.
Hence the solution reads (1 P.)

𝑢 (𝑥, 𝑡) = 3e−49𝜋
2𝑡 sin( 7

2
𝜋𝑥) + 4e−100𝜋

2𝑡 sin(5𝜋𝑥).
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Problem 7. (Discretize a PDE, 10 points)

We want to (continue to) observe how the temperature 𝑢 of a heated wire evolves over
time. This can be modelled by the following PDE

𝜕𝑢

𝜕𝑡
= 4

𝜕2𝑢

𝜕𝑥2
, where 0 < 𝑥 < 2 and 𝑡 > 0,

be given with boundary conditions

𝑢 (0, 𝑡) = 𝑢 (2, 𝑡) = 0 where 𝑡 ≥ 0.

Where we take a more realistic initial temperature of

𝑢 (𝑥, 0) =
{
5𝑥 for 0 < 𝑥 ≤ 1,
5(2 − 𝑥) for 1 < 𝑥 ≤ 2.

We consider grid points (𝑥𝑖, 𝑡𝑛) with 𝑖 = 0, . . . , 𝑀 , and 𝑛 = 0, 1, 2, . . ., where the 𝑀 + 1
points in 𝑥 direction are equidistantly distributed and we set a time step size of 𝑘 > 0.

a) Use first order forward finite differences and second order finite differences to
discretize the PDE (𝑥𝑖, 𝑡𝑛) on the grid points (𝑥𝑖, 𝑡𝑛) by values𝑈 𝑛

𝑖 ≈ 𝑢 (𝑥𝑖, 𝑡𝑛).
State the resulting finite difference equation.

b) What can we say about the discretization errors?

c) Consider the case with 5 points in space, i. e. 𝑀 = 4, and a time step of 𝑘 = 0.1.
Use the initial conditions to perform one step of the explicit Euler method.

d) Is the method performed in Item c) stable?
What is the largest time step size 𝑘 for which the method is stable?

e) How can we improve both the stability and the discretization error?

Solution.

a) We use (forwards) first order differences in time and second order finite differences
in space

𝑓 ′(𝑡) = 𝑓 (𝑡 + 𝑘) − 𝑓 (𝑡)
𝑘

and 𝑓 ′′(𝑥) ≈ 𝑓 (𝑥 − ℎ) − 2𝑓 (𝑥) + 𝑓 (𝑥 + ℎ)
ℎ2

,
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where ℎ is the distance between the grid points in 𝑥 direction.
We rewrite the given PDE with finite differences as (1 P.)

𝑢 (𝑥𝑖, 𝑡𝑛 + 𝑘) − 𝑢 (𝑥𝑖, 𝑡𝑛)
𝑘

+O(𝑘) = 4
𝑢 (𝑥𝑖 − ℎ, 𝑡𝑛) − 2𝑢 (𝑥𝑖, 𝑡𝑛) + 𝑢 (𝑥𝑖 + ℎ, 𝑡𝑛)

ℎ2
+O(ℎ2)

Leaving out the error terms and approximating the 𝑢 (𝑥𝑖, 𝑡𝑛) by𝑈 𝑛
𝑖 and using that

𝑡𝑛 + 𝑘 = 𝑡𝑛+1 as well as 𝑥𝑖 ± ℎ = 𝑥𝑖±1, we obtain (1 P.)

𝑈 𝑛+1
𝑖 −𝑈 𝑛

𝑖

𝑘
= 4

𝑈 𝑛
𝑖−1 − 2𝑈 𝑛

𝑖 +𝑈 𝑛
𝑖+1

ℎ2
.

Rearranging this yields the finite difference equation (1 P.)

𝑈 𝑛+1
𝑖 =𝑈 𝑛

𝑖 + 4
𝑘

ℎ2
(
𝑈 𝑛
𝑖−1 − 2𝑈 𝑛

𝑖 +𝑈 𝑛
𝑖+1

)
.

b) For the discretization error, we have to compare the derivative to its finite differ-
ence approximation. (1
P.)
Hence we have a O(ℎ2) error term in space and a O(𝑘) error term in time. (1 P.)

c) For the case𝑀 = 4 and 𝑘 = 0.1, we have

ℎ =
2
𝑀

=
2
4
= 0.5.

and hence the initial values are (1 P.)

𝑈 0
0 = 𝑢 (0, 0) = 0, 𝑈 0

1 = 𝑢 (0.5, 0) = 2.5, 𝑈 0
2 = 𝑢 (1, 0) = 5,

𝑈 0
3 = 𝑢 (1.5, 0) = 2.5, 𝑈 0

4 = 𝑢 (2, 0) = 0.

We can now compute the next time step 𝑛 = 1. At the boundary we can use the
boundary conditions

𝑈 1
0 = 0, 𝑈 1

4 = 0

and for the remaining three points we compute (1 P.)

𝑈 1
1 =𝑈 0

1 + 4
𝑘

ℎ2
(
𝑈 0
0 − 2𝑈 0

1 +𝑈 0
2
)
= 2.5 + 4

0.1
(0.5)2

(
0 − 2 · 2.5 + 5

)
= 2.5 + 4 · 0.4

(
0 − 5 + 5

)
= 2.5.

𝑈 1
2 =𝑈 0

2 + 4
𝑘

ℎ2
(
𝑈 0
1 − 2𝑈 0

2 +𝑈 0
3
)
= 5 + 4

0.1
(0.5)2

(
2.5 − 10 + 2.5

)
= 5 + 4 · 0.4 · (−5) = 5 − 8 = −3.

𝑈 1
3 =𝑈 0

3 + 4
𝑘

ℎ2
(
𝑈 0
2 − 2𝑈 0

3 +𝑈 0
4
)
= 2.5 + 4

0.1
(0.5)2

(
5 − 5 + 0

)
= 2.5,

where one can also argue that 𝑈 1
3 = 𝑈 1

1 due to symmetry of both the initial
conditions and the finite differences in space.
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d) For stability we have to consider the Courant-Friedrichs-Lewy (CFL) condition

𝛼 =
𝑐2𝑘

ℎ2
≤ 1

2
.

Here we have 𝑐2 = 4 and ℎ = 2
𝑀

= 2
4 = 0.5 and 𝑘 = 0.1, hence

𝛼 =
4 · 0.1
(0.5)2 =

0.4
0.25

= 1.6.

Since 𝛼 > 1
2 , the method is unstable for these parameters. (1 P.)

The largest time step size 𝑘 for which the method is stable is given by (1 P.)

4𝑘
( 12 )2

≤ 1
2
⇔ 4𝑘 ≤

1
4
2
=

1
8
⇔ 𝑘 ≤ 1

8
· 1
4
=

1
32

= 0.03125.

e) for stability we can use an implicit Euler method or a Crank-Nicolson method.
For the discretization error we can either use a central difference or again a
Crank-Nicolson method. (1 P.)
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Problem 8. (A Differential Equation, 10 points)

Using the Laplace transform, solve the ordinary differential equation

𝑦′′ − 2𝑦′ + 5𝑦 = 0,

with initial conditions 𝑦 (0) = 1 and 𝑦′(0) = 0.

Solution.

Applying the Laplace transform to the ODE, we get (3 P.)

𝑠2𝑌 (𝑠) − 𝑠𝑦 (0) − 𝑦′(0) − 2𝑠𝑌 (𝑠) + 2𝑦 (0) + 5𝑌 (𝑠) = 𝑠2𝑌 (𝑠) − 𝑠 − (0) − 2𝑠𝑌 (𝑠) + 2 + 5𝑌 (𝑠) = 0

that is, (1 P.)

(𝑠2 − 2𝑠 + 5)𝑌 (𝑠) = 𝑠 − 2.

which yields (1 P.)

𝑌 (𝑠) = 𝑠 − 2
𝑠2 − 2𝑠 + 5

.

We could do a partial fraction decomposition, but an easier way here is to see that
𝑠2 − 2𝑠 + 5 = (𝑠 − 1)2 + 4 (1 P.)

Then we can split the nominator as (1 P.)

𝑌 (𝑠) = 𝑠 − 2
(𝑠 − 1)2 + 4

=
𝑠 − 1

(𝑠 − 1)2 + 4
− 1

(𝑠 − 1)2 + 4
.

For the first term we can use the 𝑠-shift theorem, which gives us and see that 𝐹 (𝑠 − 1)
with 𝐹 (𝑠) = 1

𝑠2+4 , is the Laplace transform of a cosine. Similarly for the second we have
a shift theorem with 𝐹 (𝑠) = 1

𝑠2+4 , which is the Laplace transform of a sine. (2 P.)

Overall we obtain (1 P.)

𝑦 (𝑡) = e𝑡 cos(2𝑡) − 1
2
e𝑡 sin(2𝑡).
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Problem 9. (An Integro-Differential Equation, 10 points)

Using the Laplace transform, solve the integro-differential equation∫ 𝑡

0
sin(4𝜏)𝑦′′(𝑡 − 𝜏) d𝜏 + 16𝑦 (𝑡) = 20 sin(3𝑡),

with initial conditions 𝑦 (0) = 0, 𝑦′(0) = 0.

Solution.

The integral on the left is a convolution, this turns into a multiplication of the individual
Laplace transforms. (1 P.)
We obtain (3 P.)

4
𝑠2 + 16

·
(
𝑠2𝑌 (𝑠) − 𝑦 (0)𝑠 − 𝑦′(0)

)
+ 16𝑌 (𝑠) = 20

3
𝑠2 + 9

,

since 𝑦 (0) = 0 and 𝑦′(0) = 0 we get (2 P.)

4𝑠2

𝑠2 + 16
𝑌 (𝑠) + 16(𝑠2 + 16)

𝑠2 + 16
𝑌 (𝑠) = 20𝑠2 + 162

𝑠2 + 16
𝑌 (𝑠) = 20

3
𝑠2 + 9

,

We rearrange to obtain (2 P.)

𝑌 (𝑠) = 60(𝑠2 + 16)
(𝑠2 + 9) (20𝑠2 + 162) =

3(𝑠2 + 16)
(𝑠2 + 9) (𝑠2 + 128

10 )
.

We introduce we constant𝑤 = 8√
5
so that𝑤2 = 64

5 = 128
10 . We have to perform a partial

fraction decomposition of

𝑌 (𝑠) = 3𝑠2 + 48
(𝑠2 + 9) (𝑠2 +𝑤2) =

𝐴𝑠 + 𝐵

𝑠2 + 9
+ 𝐶𝑠 + 𝐷

𝑠2 +𝑤2

We multiply both sides with (𝑠2 + 9) (𝑠2 +𝑤2) and obtain

3𝑠2 + 48 = (𝐴𝑠 + 𝐵) (𝑠2 +𝑤2) + (𝐶𝑠 + 𝐷) (𝑠2 + 9)
= 𝐴𝑠3 + 𝐵𝑠2 +𝐴𝑠𝑤2 + 𝐵𝑤2 +𝐶𝑠3 + 𝐷𝑠2 + 9𝐶𝑠 + 9𝐷
= (𝐴 +𝐶)𝑠3 + (𝐵 + 𝐷)𝑠2 + (𝐴𝑤2 + 9𝐶)𝑠 + (𝐵𝑤2 + 9𝐷).

By comparison of coefficients we obtain the linear system

𝐴 +𝐶 = 0,
𝐵 + 𝐷 = 3,

𝐴𝑤2 + 9𝐶 = 0,
𝐵𝑤2 + 9𝐷 = 48.
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The first equation yields 𝐴 = −𝐶 which we can substitute into the third equation to
obtain 𝐴 =𝐶 = 0. The second equation gives 𝐷 = 3 − 𝐵 which we can substitute into
the fourth equation to obtain

𝐵𝑤2 + 9𝐷 = 𝐵𝑤2 + 9(3 − 𝐵) = 48 ⇔ 𝐵(𝑤2 − 9) = 48 − 27 = 21

And we obtain 𝐵 =
21

𝑤2 − 9
=

21
64
5 − 9

=
21

64−45
5

=
21 · 5
19

=
105
19

. Similarly 𝐷 = 3 − 𝐵 =

3 − 105
19 = 57−105

19 = −48
19 .

We can now write since 105 = 35 · 3 that

𝑌 (𝑠) = 3𝑠2 + 48
(𝑠2 + 9) (𝑠2 +𝑤2) =

105
19

𝑠2 + 9
−

−48
19

𝑠2 +𝑤2 =
35
19

· 3
𝑠2 + 9

− 48
19

· 1
𝑤

· 𝑤

𝑠2 +𝑤2 .

Applying the inverse Laplace transform we obtain the solution (1 P.)

𝑦 (𝑡) = 35
19

· sin(3𝑡) − 48
19

· 1
𝑤

sin(𝑤𝑡) = 35
19

· sin(3𝑡) − 6
√
5

19
sin

( 8
√
5
𝑡

)
.
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Problem 10. (A Numerical Method, 10 points)

You are given the following code
1 import numpy as np
2 def f(x):
3 return 2 + np.exp(-abs(x)) - (x-2)^2
4 def df(x):
5 return -np.sign(x)*np.exp(-abs(x)) - 2*(x-2)
6
7 xk = [1]
8 x = xk[0]
9 k=0
10 while k < 4:
11 fx = f(x)
12 dfx = df(x)
13 print(f"k={k}: xk = {x:.6f}, f(xk) = {fx:.6f}, df(xk) = {dfx:.6f}")
14 x = x + fx/dfx
15 xk.append(x)
16 k += 1

a) Which method is meant to be implemented here?

b) Currently the code errors with a message on line 3:
TypeError: ufunc 'bitwise_xor'not supported for the input types,

Fix the code, so that it runs without errors.

c) Now that the code runs, the output looks a bit strange.
k=0: xk = 1.000000 , f(xk) = 1.367879 , df(xk) = 1.632121
k=1: xk = 1.838100 , f(xk) = 2.132908 , df(xk) = 0.164681
k=2: xk = 14.789819 , f(xk) = -161.579473 , df(xk) = -25.579639
k=3: xk = 21.106541 , f(xk) = -363.059924 , df(xk) = -38.213083

Find the semantic error in the code.

d) If we now use xk = [1.927224] instead of line 8, we get the output
k=0: xk = 1.927224 , f(xk) = 2.140255 , df(xk) = 0.000000
k=1: xk = -6896689.589114 , f(xk) = -47564354875350.210938 , df(xk) =

13793383.178227
k=2: xk = -3448343.794557 , f(xk) = -11891088718837.050781 , df(xk) =

6896691.589114
k=3: xk = -1724170.897279 , f(xk) = -2972772179708.762207 , df(xk) =

3448345.794558

Explain why this choice of a start point is not a good idea.

e) The while loop in lines 11-16 is stopping “a bit early”.
Propose at least one better stopping criterion and how that could be implemented.

f) How many iterations would you expect the method to take even for a “strong”
stopping criterion from Item e) to obtain a good approximation of the actual
result up to machine precision?
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Solution.

a) This is meant to be Newton’s method to find a zero of 𝑓 . (1 P.)

b) The error is that the power operator in Python is ** and not ^.
Hence line 3 should read return 2 + np.exp(-abs(x))- (x-2)**2. (2 P.)

c) there is a sign error in line 16, which should read x = x - fx/dfx. (2 P.)

d) The first three steps are strange, because the derivative is (numerically) zero in
the first step, which leads to a division by (nearly) zero. Hence this choice of a
start point is not a good idea. (2 P.)

e) One could either take a small value of f, i.ė. np.abs(fx)< 1e-6, or a small value of
the step size, i.ė. np.abs(fx/dfx)< 1e-6 (between iterates), or even combine those
two. (2 P.)

f) since the initial function value is of the order of 1, one would expect the method to
take about 5-10 iterations to reach a value of 𝑓 (𝑥) < 10−16, i. e. machine precision,
since the number of exact digits roughly doubles in every iteration. (1 P.)
Side note. This is actually also what we see in practice
k=0: xk = 1.000000 , f(xk) = 1.367879
k=1: xk = 0.161900 , f(xk) = 1.367879441171e+00
k=2: xk = 0.348788 , f(xk) = -5.280839734701e-01
k=3: xk = 0.356859 , f(xk) = -2.095750912671e-02
k=4: xk = 0.356875 , f(xk) = -4.221512849156e-05
k=5: xk = 0.356875 , f(xk) = -1.731801368976e-10
k=6: xk = 0.356875 , f(xk) = -4.440892098501e-16

where the correct runs reaches a zero of 𝑓 (up to machine precision) after 6
iterations.
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Formula Sheet.
Fourier Transform. The Fourier Transform 𝑓 = F (𝑓 ) and its inverse 𝑓 = F −1(𝑓 ) are

𝑓 (𝜔) = F (𝑓 ) (𝜔) = 1
√
2𝜋

∫ ∞

−∞
𝑓 (𝑥)e−i𝜔𝑥 d𝑥 and 𝑓 (𝑥) = F −1(𝑓 ) (𝑥) = 1

√
2𝜋

∫ ∞

−∞
𝑓 (𝜔)ei𝜔𝑥 d𝜔

Laplace Transform. The Laplace transform 𝐹 (𝑠) of 𝑓 (𝑡), 𝑡 ≥ 0, reads

𝐹 (𝑠) =
∫ ∞

0
e−𝑠𝑡 𝑓 (𝑡) d𝑡

List of Fourier Transforms.

𝑓 (𝑥) 𝑓 (𝜔)

e−𝑎𝑥2
1

√
2𝑎

e−
𝜔2
4𝑎

e−𝑎 |𝑥 |
√︂

2
𝜋

𝑎

𝜔2 + 𝑎2

1
𝑥2 + 𝑎2

for 𝑎 > 0
√︂

𝜋

2
e−𝑎 |𝜔 |

𝑎{
1 for |𝑥 | < 𝑎

0 otherwise

√︂
2
𝜋

sin(𝜔𝑎)
𝜔√︂

2
𝜋

sin(𝑎𝑥)
𝑥

{
1 for |𝜔 | < 𝑎

0 otherwise

List of Laplace Transforms.

𝑓 (𝑡) 𝐹 (𝑠)

cos(𝜔𝑡) 𝑠

𝑠2 + 𝜔2

sin(𝜔𝑡) 𝜔

𝑠2 + 𝜔2

cosh(𝜔𝑡) 𝑠

𝑠2 − 𝜔2

sinh(𝜔𝑡) 𝜔

𝑠2 − 𝜔2

𝑡𝑛
𝑛!
𝑠𝑛+1

e𝑎𝑡
1

𝑠 − 𝑎

𝑓 (𝑡 − 𝑎)𝑢 (𝑡 − 𝑎) e−𝑠𝑎𝐹 (𝑠)

𝛿 (𝑡 − 𝑎) e−𝑠𝑎

Trigonometric identities.

• cos(𝛼 + 𝛽) = cos𝛼 cos 𝛽 − sin𝛼 sin 𝛽

• sin(𝛼 + 𝛽) = sin𝛼 cos 𝛽 + cos𝛼 sin 𝛽

• cos(2𝛼) = 2 cos2(𝛼) − 1 = 1 − 2 sin2(𝛼)
• ei𝛼 = cos𝛼 + i sin𝛼

• 2 sin𝛼 cos 𝛽 = sin(𝛼 + 𝛽) + sin(𝛼 − 𝛽)
• 2 cos𝛼 sin 𝛽 = sin(𝛼 + 𝛽) − sin(𝛼 − 𝛽)
• 2 cos𝛼 cos 𝛽 = cos(𝛼 − 𝛽) + cos(𝛼 + 𝛽)
• 2 sin𝛼 sin 𝛽 = cos(𝛼 − 𝛽) − cos(𝛼 + 𝛽)

Integrals.

•
∫
𝑥𝑛 cos𝑎𝑥d𝑥 = 1

𝑎
𝑥𝑛 sin𝑎𝑥 − 𝑛

𝑎

∫
𝑥𝑛−1 sin𝑎𝑥d𝑥

•
∫
𝑥𝑛 sin𝑎𝑥d𝑥 = − 1

𝑎
𝑥𝑛 cos𝑎𝑥 + 𝑛

𝑎

∫
𝑥𝑛−1 cos𝑎𝑥d𝑥

Order conditions for Runge-Kutta methods.

𝑝 Conditions 𝑝 Conditions

1
𝑠∑
𝑖=1

𝑏𝑖 = 1 4
𝑠∑
𝑖=1

𝑏𝑖𝑐𝑖
3 = 1

4

2
𝑠∑
𝑖=1

𝑏𝑖𝑐𝑖 =
1
2

𝑠∑
𝑖=1

𝑠∑
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