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Exercise #9

10. March 2025

Problem 1.

Use the Fourier transform to find the function u(x, t) satisfying the wave equation on an
infinite string
Upp = Uy for —co<x<ocoandt >0

with the initial conditions

1

42 + x + 1 for x € R.
oru(x,0) =0

u(x,0) =

Problem 2.

Use the Fourier transform to find the function u(x, t) satisfying the PDE
U = sy forxeRandt >0

with the initial condition
. —ox?
u(x,0)=e for x € R.

Problem 3.
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In this problem, we consider the numerical solution of the heat equation
Up = Uy for0<x <landt > 0,
with the initial condition
u(x,0) = f(x) for0 <x <1,
for some given f: [0,1] — R, and the mixed boundary conditions
oxu(0,t) = a(u(0,t) —g(t)) and Ju(lt) =p(t) fort > 0,
where a € R is some fixed parameter, g: R,y — R and p: R,y — R are given functions.
This models, for instance, the temperature in a thin, insulated rod, with heat transfer through
both endpoints. At x = 0, we can understand ¢g(t) as describing the outside temperature and

a as the heat transfer coefficient. At x = 1, p(t) could model a controlled heating or cooling
of the rod endpoint.

a) Set up an explicit finite difference scheme for the solution of this PDE. The final scheme
should be written in the form

Ul-0=... fori=0,...,M,
urtt=... forn=0,1,...,
utt=..., fori=1...,M—1,andn=0,1,...,
Uit=..., forn=0,1,...,

where the . .. consist of given and/or previously computed values.

b) Set up an implicit finite difference scheme for the solution of this PDE. The final scheme
should be written in matrix-vector form as

Ul =... fori=0,...,M,

1

cU™ = pU™ + ... forn=0,1,...,

where C, D € RM*DX(M+D) are matrices and .. . consist of given values.
c) Consider in particular the case where a = 37, g(t) = —5- cos(3)e™" + 5¢797"t +1/3 and
3
p(t) = 3 cos®(3)e™ ' — 157 cos(37r)e_9”2t + 27,

f(x) = % cos(3) sin(3x) — 5sin(37x) + 27x + 1.
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Verify that the function
1 . -9t . -9t
u(x,t) = > cos(3) sin(3x)e " — 5sin(37x)e +27x +1
is a solution of the PDE with these boundary and initial conditions.
d) (J) Implement the schemes from parts a) and b), and test them for the initial and
boundary conditions of part c¢). Plot your numerical approximations for t = 0, 0.1, 1.0,

and 5.0, and compare them with the exact solution.

Consider specifically your explicit scheme with step size h = 0.1. For which time step
length k (approximately) does the solution become unstable?

You may use the Jupyter templates that are provided together with the exercise sheet.

Note: The main task in parts a) and b) of this exercise is to find a correct way of incorporating
the mixed boundary conditions in the numerical methods. Your answer should include a detailed
explanation of how you treat these boundary conditions, both in the explicit and the implicit case.
The other steps in the discretization, which are really the same as in the lecture / lecture notes
can be less detailed.

Deadline: 21. March 2025, 16:00 page 3 of 7



TMA4125 Matematikk 4N Exercise #9

Var 202
> Submission Deadline:

NTNU 21. March 2025, 16:00

The next exercises are optional and should not be handed in!

Problem 4.
Use the Fourier transform to find the function u(x, t) satisfying the first-order linear PDE
Up = Cly for —co<x<ooandt > 0,

with the initial condition )
u(x,0)=e* for x € R.

Solution.

We do a Fourier transform (in x) of the PDE and get
Uy = icwu. (1)
Considering the transformed equation (1), the general solution is given by
U(w,t) = A(w)e™™".
For the initial condition, we find that
2(0,0) = Alw) = F (e—xz) (o).

The Fourier transform of e™

“is given by:
(L)Z
i (e_xz) (0) = Vme 7.
Which gives a solution of the form

o

(o, t) = Ve '+ et

For the inverse Fourier transform, we find:

1 o w? .
u(x,t) = — Ve T et do
V27'[ .[oo

— ﬁ /we—%eiw(x+ct) do
VZJT -0

— i /ooe—"’Tzeiw(th) do.
V2 J-co
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This integral is the inverse Fourier transform of a Gaussian function, which is another Gaussian
function. The final result is:

u(x’ t) — e—(x+ct)2'

Finally, the solution to the first-order linear PDE with the given initial condition is:

u(x, t) = e—(x+ct)z‘

Problem 5.

Use the Fourier transform to find the function u(x, t) satisfying the telegraph equation
U + 2Up + U = Uy forx e Randt > 0,

with the initial conditions

for x e R.

u(x,0) = rect(x),
oru(x,0) = — rect(x)}

Here the rectangle function rect is defined as

Hx) 1 foer[—%,%],
rect(x) =
0 otherwise.

Solution.

We do a Fourier transform (in x) of the PDE,
Uy + 20 + U = —0°4,
and write the ODE in the following format
U +2up + (1+ 0?)u = 0.
This is a second-order ODE, with characteristic equation

rP+2r+(1+ 0% =0.
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We find the complex roots for the equation with the quadratic formula

2+ V4 —4(1+ 0?)

r= =-1l+iw.
2

The solution for the ODE is then

u=e' (51(a))e_i“’t + 52(w)ei“t) , (2)

where 5(@)1 and 5(0))2 are constant with respect to t. Let

sinc(x) = sin(x)
We use the following Fourier transform
F (rect(x)) (w) = sinc(nw), (3)
to transform the initial conditions.
u(w,0) = —us(w, 0) = sinc(rw). (4)

By calculating u(w, 0) and #;(w, 0) from (2), we have the following equations to solve (with
u(w,0) and u;(w, 0) as in (4)):

4(w,0) = Ci(w) + Ca(w)
U(w,0) = —=Ci(w) = C2(w) — iwCi(w) + iwCs(w).

First, we see that (4) only has real terms, meaning that 51(40) = 52(0)). Further, we find the
expressions for C; and C, to be

~ -~ 1
Ci(w) =Cy(w) = 2 sinc(zrw).
Next, we do an inverse Fourier transformation,

u(x,t) = / et (a(w)e—iwt + El(w)eiwt) ¢19% 40

= e_t/ (51(w)ei“(x_t) + él(a))ei“’(x”)) dw

=e ' (Ci(x —t) + Ci(x + 1))
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Ci(x) is found by inverse Fourier transform, and we again use (3) to find that
1
Ci(x) = 2 rect(x).
The function u(x, t) is then

u(x,t) = e?_t (rect(x —t) + rect(x + 1)) .
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