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Exercise #8

3. March 2025

Exercises marked with a (J) should be handed in as a Jupyter notebook.
Optional exercises will not be corrected.

Problem 1.

Use D’Alembert’s method to find the solution of the wave equation
du _ du
or? ox?

for t > 0 and all x € R with initial conditions

ou(x,0) p—

u(x,0) = sinx and
ot

Problem 2. (Finite difference method for the wave equation)
Consider the wave equation

Ut = 4Uyy, -5<x<5 t=>20, (1a)
u(=5,t) = u(5,t) =0, t >0, (1b)
u(x,0) = f(x), u(x,0) = g(x), -5<x<5. (1c)
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a) Find the exact solutions of the wave equation for the following two sets of initial
conditions:

« The conditions

f(x) =cos (%C) and ¢g(x)=0. (2)

« The conditions x
f(x)=0 and g¢g(x)=mcos (7) . (3)
b) « Set up a finite difference scheme, using central differences for the second deriva-

tives in both directions. Use step sizes h and k in the spatial and temporal directions
respectively. Notice that special care has to be taken for the first temporal step.
The final scheme should be written in the form

Ul=..., i=1...,M-1,

1

utt=..., i=1....M-1 n=12...,
where the - - - consist of given and/or previously computed values.

NB! Your solution should include an explanation on how the explicit scheme is
obtained.

« Use the initial values (2) Let h = 1 and k = 0.5 and use the formulas above to find
approximations to u(x;, 0.5),i =1,...,9 (by hand!).

c) Implement and test the scheme derived in point (b). A template for the implementation
can be found in the Jupyternote PDE_wave_fdm. ipynb.

It is more interesting to study the animations of the simulations, however, for the
hand-in, you are asked to plot the solutions for ¢t = 0,0.4,1.2 and 2 if nothing else is

said.

« Use the initial values from (2). Let h = 0.1 and k = 0.01. Plot the solutions, and
compare with the exact solution.

You may also like to try (but not hand in) with k just a tiny bit larger than 0.01,
and observe what happens in this case. You should observe instabilites.
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The next bullets points are optional and should not be handed in
 Repeat the experiment above with the initial values given by (3).

+ Use the initial values (2), but let now the wave speed ¢ be given by

1 forx <0,
c(x) =
2 forx>0.

Plot the solution for t = 0,0.4,1.2 and 2.

Problem 3. (1D Heat Equation)

Let ¢ > 0 be a positive number and consider the following PDE, also known as the heat
equation,

B, o
Eu - czﬁu =0, (4)

with boundary condition
u(0,t) = u(m,t) =0,

and initial condition
u(x,0) = sin?(x), (5)

for x € [0,7] and t € [0, o).

a) Show that all non-trivial solutions on the form u(x,t) = F(x)G(t) of the given heat
equation with boundary conditions are given by

up(x,t) = Bne_(c”)zt sin(nx), n=12,...,
by using the separation of variables method.

b) Find all B, above so that u(x,t) = >,2, Bye (e’ sin(nx) is a solution to the heat
equation with the given boundary and initial conditions.

c) Consider now the same PDE given in Equation (4) but this time with the following
Neumann boundary conditions

0 0
—u(0,t) = —u(m,t) =0.
ax( ) 8x( )
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Show that the non-trivial solutions of the heat equation with these boundary conditions
are given by

uy(x,t) = A+ B, cos(nx)e_(c")zt, n=012,....
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The next exercises are optional and should not be handed in!

Problem 4.

Use D’Alembert’s method to find the solution of the wave equation
Pu _ Fu
orr  ax?

for t > 0 and all x € R with initial conditions

ou(x,0) .2
——~ =xe

u(x,0) = cosx and .
ot

Solution.

By definition the D’Alembert’s solution is defined as

1 1 x+ct
u(x,t) = - [f(x+ct) + f(x—ct)] + — / g(s)ds (6)
2 2¢ Jx—ct
where in our specific case we have:
fx)=cos(x),  g(x)=xe™, =1 (7)

The solution is thus:

1 1 x+ct )
u(x,t) =3 [cos(x +1t) +cos(x —t)] + 5/ se™* ds
X

1 Lo X+t
== +1)+ -] +-|—
5 [cos(x +1t) + cos(x —t)] > = ]
x—t
1 1
=3 [cos(x +t) + cos(x —t)] — : [e—(ﬂt)2 _ e—(x—t)z]

Problem 5.
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Vibrations in a stiff metal rod can be roughly described by the fourth order PDE

du ,d'u

— =—c )
ot2 ox*

We assume now that the metal rod is simply supported at both ends at x = 0 and x = =, and
has zero curvature at both ends. This corresponds to the boundary conditions

o*u 9

u
u(O, t) = U(ﬂ', t) =0 and @(0, t) = @(ﬂ', t) =0

forall t > 0.

a) We use the idea of separation of variables and consider solutions of the form u(x,t) =
F(x)G(t). Derive ordinary differential equations for the functions F and G.

b) Verify that all functions of the form
F(x) = Asin(fx) + B cos(fx) + C sinh(fx) + D cosh(fx)

with f > 0 satisfy the ODE for F derived in the previous point. For which values of
B > 0 are the boundary conditions satisfied? What are the corresponding solutions of
the equation for G?

Solution.

a) By definition we impose:
u(x,t) = F(x)G(t).

The PDE can thus be rewritten as:

) F4 16
F(x)G(1) = -AFY (x)G(t) » — = ——= =
(x)G(t) = —c“F*V (x)G(t) F e

where k is the separation constant. The system of ODE’s to solve is thus:

F®(x) —kF(x) =0
G(t) +kc*G(t) =0
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b) If we differentiate F(x) four times we obtain:

F'(x) = B[A cos(fx) — Bsin(fx) + C cosh(fx) + D sinh(fix)] (9)
F’(x) = f*[-Asin(Bx) — Bcos(Bx) + Csinh(fx) + D cosh(Bx)] (10)
F”(x) = B°[—A cos(Bx) + Bsin(Bx) + C cosh(Bx) + D sinh(fx)] (11)

FW(x) = B*[Asin(Bx) + Bcos(Bx) + Csinh(fx) + D cosh(Bx)] = B*F(x) (12)

Our function F thus solves the first ODE with k = . If we want to apply the boundary
conditions we have that these relations have to be satisfied by definition

u(0,£) = F(0)G(t) = 0 (13)
u(r,t) = F(m)G(t) = 0 (14)
uxx(0,2) = F'(0)G(2) = 0 (15)
Uex(,1) = F(1)G(t) = 0 (16)

Since we can’t have G(t) = 0 otherwise we will have the trivial solution, F has to satisfy

F(0)=0 (17)
F(r)=0 (18)
F’(0) =0 (19)
F'(n) =0 (20)
which translates in
B+D=0 (21)
Asin(fr) + Bceos(fr) + Csinh(fr) + D cosh(fpi) =0 (22)
-B+D=0 (23)
B*[—Asin(pr) — Bcos(Br) + Csinh(fr) + D cosh(fr)] = 0 (24)

Taking the first and third statement it turns out that B = D = 0. What remains is

Asin(fr) + Csinh(fr) =0 (25)
B*[-Asin(pr) + Csinh(Br)] = 0 (26)
equivalent to, since > 0:
Asin(fr) + Csinh(fr) =0 (27)
—Asin(fr) + Csinh(fr) = 0. (28)
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By adding the two equations we obtain 2C sinh(fi7) = 0, meaning either f = 0 or
C = 0. Since f = 0 gives the trivial solution we choose C = 0. Subtracting the second
equation from the first we obtain 2A sin(fx) = 0. Now, the only remaining possibility
is sin(fr) = 0, meaning f, =nforn=1,2,....

The solution for F is therefore:
Fp(x) = Asin(nx), n=1,2....

The corresponding equation for G is G(t) + n*c?G(t) = 0, since we have k = * = n*,
so the corresponding solution for G is:

Gn(t) = By cos(n®ct) + Bl sin(n’ct). (29)

From the superposition principle, we can also give the general solution to the initial
equation,

u(x,t) = i (Bn cos(n’ct) + B sin(nzct)) sin(nx). (30)

n=1
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