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Problem 1. (Classification of PDEs)

Classify the following PDEs into linear/nonlinear, homogeneous/inhomogeneous:

a) The equation

𝜕𝑥𝑢 + 𝑢2 = 𝑥 .

b) One dimensional heat equation,

𝜕𝑡𝑢 = 𝜕2𝑥𝑢.

c) The Laplace equation in polar coordinates (𝑢 = 𝑢 (𝑟, 𝜃 )):

𝜕𝑟 (𝑟 𝜕𝑟𝑢) +
1
𝑟
𝜕2
𝜃
𝑢 = 𝑟 .

d) The Poisson equation describing torsion of prismatic bars:

𝜕2𝑥𝑢 + 𝜕2𝑦𝑢 +𝐶 = 0 , with 𝐶 being a given real number.
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e) The convection-reaction equation, with a non-zero reaction exponent 𝑛 ∈ N:

𝜕𝑡𝑢 + 𝜕𝑥𝑢 + 𝑥 𝑢𝑛 = 0.

f) Burger’s equation:

𝜕𝑡𝑢 + 𝑢𝜕𝑥𝑢 = 𝜕2𝑥𝑢 .
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Problem 2. (PDEs)

a) Check that 𝑢 = 1
16𝜋4+4𝜋2 cos(2𝜋𝑥) solves the following equation on [0, 1],

𝜕4𝑥𝑢 − 𝜕2𝑥𝑢 = cos(2𝜋𝑥),

where 𝑢 (0) = 𝑢 (1) = 1
16𝜋4+4𝜋2 .

b) Determine the constant 𝛽 ∈ R so that 𝑢 = 1
16𝜋4+4𝜋2 cos(2𝜋𝑥) + 𝛽 cos(4𝜋𝑥) solves,

𝜕4𝑥𝑢 − 𝜕2𝑥𝑢 = cos(2𝜋𝑥) + cos(4𝜋𝑥), 𝑢 (0) = 𝑢 (1).

Problem 3. (Superposition)

In this problem we will consider the heat equation with 𝑥 ∈ [0, 1], 𝑡 ≥ 0 given by

𝜕𝑡𝑢 − 𝜕2𝑥𝑢 = 𝑓 (𝑥). (1)

a) Consider (1) when 𝑓 (𝑥) = 0. Show that,

𝑢1 = 𝑒−4𝜋
2𝑡 cos(2𝜋𝑥), and 𝑢2 = 𝑒−16𝜋

2𝑡 cos(4𝜋𝑥),

solve the PDE in (1) in this case.

b) Argue that 𝑢1 + 𝑢2 is also a solution to (1) in this case.

c) Set 𝑓 (𝑥) = sin(2𝜋𝑥). Show that,

𝑢3 =
1

4𝜋2 (1 − 𝑒−4𝜋
2𝑡 ) sin(2𝜋𝑥),

is a solution to (1) in this case. Is 𝑢3 + 𝑢3 a solution to (1) in this case?

d) We now impose boundary conditions and an initial condition on (1):

𝑢 (0, 𝑥) = 𝑔(𝑥), 𝑢 (𝑡, 0) = 𝑢 (𝑡, 1) = 0.

Set 𝑓 (𝑥) = sin(2𝜋𝑥) and 𝑔(𝑥) = 0, and check that 𝑢3 (from point c) solves (1) with these
boundary conditions, and the initial condition.
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e) Now, set 𝑓 (𝑥) = 0 and 𝑔(𝑥) = sin(4𝜋𝑥), and denote the solution to (1) by 𝑢4. Check
that,

𝑢4 = 𝑒−16𝜋
2𝑡 sin(4𝜋𝑥).

f) Compute the solution of (1) when 𝑓 (𝑥) = sin(2𝜋𝑥) and 𝑔(𝑥) = sin(4𝜋𝑥). Hint: Can you
use superposition in this case?

Problem 4. (Wave equation)

The small transversal displacements 𝑢 (𝑥, 𝑡) of a stretched string satisfy the wave equation:

𝜕2𝑢

𝜕𝑡2
=
𝐹𝐿

𝑚

𝜕2𝑢

𝜕𝑥2
, (2)

where 𝐿 and𝑚 are the string’s length and mass, respectively, and 𝐹 is the tension pulling the
string (all three of them constant). With the string fixed on both sides, we get the boundary
conditions 𝑢 (0, 𝑡) ≡ 𝑢 (𝐿, 𝑡) ≡ 0. Let’s say we grab the string at two points 𝑥 = 𝐿/4 and
𝑥 = 3𝐿/4, and pull it up until reaching a height 𝐻 . Starting from this trapezoidal shape at
𝑡 = 0, the string is released and starts vibrating:

This initial condition for 𝑢 (𝑥, 𝑡) can be written either in three separate linear parts, or also
more compactly as

𝑢 (𝑥, 0) =
(
1
2
+

�������2𝑥𝐿 − 1
��� − 1

���� − �������2𝑥𝐿 − 1
��� − 1

2

����) 𝐻 . (3)

Moreover, since the string is simply released, the velocity 𝜕𝑢
𝜕𝑡

will be zero at 𝑡 = 0.
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a) Determine the wave speed 𝑐 in terms of the given constants 𝐹 , 𝐿 and𝑚.

b) Determine the vibration period in terms of 𝐹 ,𝑚 and 𝐿.

c) Using separation of variables, find a general solution 𝑢 (𝑥, 𝑡) for Eq. (2) fulfilling the
boundary conditions.

d) Finally, considering 𝐿 = 1, apply the initial conditions to find the solution 𝑢 (𝑥, 𝑡) of this
initial-boundary value problem
Hint: if you want, you can use some symbolic integration tool to evaluate the necessary
integrals.
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The next exercises are optional and should not be handed in!

Problem 5.

Consider the wave equation
𝑢𝑡𝑡 = 𝑐2𝑢𝑥𝑥 (4)

for 𝑡 ≥ 0, 𝑥 ∈ R and 𝑐 ∈ R \ {0}.

a) Consider the function

𝑢1(𝑥, 𝑡) = cos(𝑥 + 𝑡) + cos(𝑥 − 𝑡)

and verify that it is a solution to (4) when 𝑐 = 1.

b) How does 𝑢1 look like when 𝑐 ≠ 1? What is the role of 𝑐?

c) Consider now the function

𝑢2(𝑥, 𝑡) = 𝑒−(𝑥+𝑡)
2 − 𝑒−(𝑥−𝑡)

2
,

verify that it is a solution to (4) when 𝑐 = 1 and modify it so that it becomes a solution
for 𝑐 ≠ 1.

d) Find a solution to (4) satisfying the following initial conditions

𝑢 (𝑥, 0) = cos(𝑥), 𝑢𝑡 (𝑥, 0) = 𝑐𝑥 𝑒−𝑥
2
.

Solution.

a) By computing the derivatives we see that

𝜕2𝑢1

𝜕𝑥2
(𝑥, 𝑡) = − cos(𝑥 + 𝑡) + cos(𝑥 − 𝑡),

𝜕2𝑢1

𝜕𝑡2
(𝑥, 𝑡) = − cos(𝑥 + 𝑡) + cos(𝑥 − 𝑡),

and clearly 𝜕2𝑢1
𝜕𝑥2

(𝑥, 𝑡) = 𝜕2𝑢1
𝜕𝑡2

(𝑥, 𝑡).
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b) We need a 𝑐2 in front of the above computed derivative 𝜕2𝑢1
𝜕𝑡2

(𝑥, 𝑡), hence

𝑢1(𝑥, 𝑡) = cos(𝑥 + 𝑐𝑡) + cos(𝑥 − 𝑐𝑡).

If 𝑡 is the time and 𝑥 is the space, then 𝑐 is the velocity.

c) By computing the derivatives we see that

𝜕2𝑢2

𝜕𝑥2
(𝑥, 𝑡) = −2𝑒−(𝑥+𝑡)2 + 4(𝑥 + 𝑡)2𝑒−(𝑥+𝑡)2 + 2𝑒−(𝑥−𝑡)

2 − 4(𝑥 − 𝑡)2𝑒−(𝑥−𝑡)2

𝜕2𝑢2

𝜕𝑡2
(𝑥, 𝑡) = −2𝑒−(𝑥+𝑡)2 + 4(𝑥 + 𝑡)2𝑒−(𝑥+𝑡)2 + 2𝑒−(𝑥−𝑡)

2 − 4(𝑥 − 𝑡)2𝑒−(𝑥−𝑡)2

and clearly 𝜕2𝑢2
𝜕𝑥2

(𝑥, 𝑡) = 𝜕2𝑢2
𝜕𝑡2

(𝑥, 𝑡). If 𝑐 ≠ 1 then 𝑢2 is given by

𝑢2(𝑥, 𝑡) = 𝑒−(𝑥+𝑐𝑡)
2 − 𝑒−(𝑥−𝑐𝑡)

2
.

d) The superposition principle gives 𝑢1 + 𝑢2 is still a solution to (4). We need to adjust the
coefficients in front of 𝑢1 and 𝑢2 so that the initial conditions are satisfied. By setting

𝑢 (𝑥, 𝑡) = 1
2

(
cos(𝑥 + 𝑐𝑡) + cos(𝑥 − 𝑐𝑡)

)
− 1
4

(
𝑒−(𝑥+𝑐𝑡)

2 − 𝑒−(𝑥−𝑐𝑡)
2
)
.

we see that 𝑢 (𝑥, 0) = cos(𝑥) and

𝜕𝑢

𝜕𝑡
(𝑥, 0) = 1

2

(
− sin(𝑥) + sin(𝑥)

)
− 1
4

(
− 2𝑐𝑥𝑒−𝑥

2 − 2𝑐𝑥𝑒−𝑥
2
)
= 𝑐𝑥𝑒−𝑥

2
.

Problem 6. (Damped wave equation)

One way to include dissipation in wave modelling is via linear damping. In that case, the
wave equation becomes

𝜕2𝑢

𝜕𝑡2
+ 2𝛾

𝜕𝑢

𝜕𝑡
= 𝑐2

𝜕2𝑢

𝜕𝑥2
,
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in which 𝑐 is the wave speed and 𝛾 > 0 is the damping parameter. As for the standard wave
equation, we need boundary and initial conditions. Considering the following ones

𝑢 (0, 𝑡) = 0 ,
𝑢 (𝐿, 𝑡) = 0 ,
𝑢 (𝑥, 0) = 𝑓 (𝑥) ,
𝜕𝑢

𝜕𝑡

����
𝑡=0

= 0

and assuming 𝛾 < 𝑐𝜋/𝐿, use the separation of variables technique to show that the solution
to this problem is

𝑢 (𝑥, 𝑡) =
∞∑︁
𝑛=1

𝐶𝑛e−𝛾𝑡 sin(𝜆𝑛𝑥)
(
cos

(
𝑡
√︁
(𝑐𝜆𝑛)2 − 𝛾2

)
+ 𝛾√︁

(𝑐𝜆𝑛)2 − 𝛾2
sin

(
𝑡
√︁
(𝑐𝜆𝑛)2 − 𝛾2

))
,

with 𝜆𝑛 :=
𝑛𝜋

𝐿
, 𝑛 ∈ N ,

and determine the constants 𝐶𝑛 in terms of 𝑓 (𝑥).

Solution.

Using separation of variables𝑢 (𝑥, 𝑡) = 𝐹 (𝑥)𝐺 (𝑡), we get two ordinary differential equations

𝐹 ′′(𝑥) + 𝜆2𝐹 (𝑥) = 0, (5)

𝐺′′(𝑡) + 2𝛾𝐺′(𝑡) + 𝑐2𝜆2𝐺 (𝑡) = 0. (6)

Considering the boundary conditions in the same way we did in Problem 3, the solution for
(5) is given by a family of solutions of the form

𝐹𝑛 (𝑥) = 𝐵 sin(𝜆𝑛𝑥),

with 𝜆𝑛 = 𝑛𝜋
𝐿
, 𝑛 ∈ N. For simplicity we can set 𝐵 = 1.

To solve (6), we use its associated characteristic equation

𝜔2 + 2𝛾𝜔 + 𝑐2𝜆2𝑛 = 0,

with 𝜔1,2 = −𝛾 ±
√︁
𝛾2 − 𝑐2𝜆2𝑛 .
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From the assumption, we have that 𝛾 < 𝑐𝜋/𝐿. Thus in general we have 𝛾 < 𝑐𝑛𝜋/𝐿 for all
𝑛 ∈ N. Hence

𝜔1,2 = −𝛾 ± 𝑖

√︃
𝑐2𝜆2𝑛 − 𝛾2.

Therefore the solution for (6) is a family of solutions

𝐺𝑛 (𝑡) = 𝐴𝑛𝑒
𝜔1𝑡 + 𝐵𝑛𝑒

𝜔2𝑡 = 𝑒−𝛾𝑡
(
𝐴𝑛𝑒

𝑖
√
𝑐2𝜆2𝑛−𝛾2𝑡 + 𝐵𝑛𝑒

−𝑖
√
𝑐2𝜆2𝑛−𝛾2𝑡

)
𝐺𝑛 (𝑡) = 𝑒−𝛾𝑡

(
𝐶𝑛 cos

(√︃
𝑐2𝜆2𝑛 − 𝛾2𝑡

)
+ 𝐷𝑛 sin

(√︃
𝑐2𝜆2𝑛 − 𝛾2𝑡

))
.

Considering the initial condition 𝜕𝑢
𝜕𝑡

��
𝑡=0 = 0, we get that 𝐷𝑛 =

𝛾√
𝑐2𝜆2𝑛−𝛾2

𝐶𝑛 , and

𝑢𝑛 (𝑥, 𝑡) = 𝐶𝑛𝑒
−𝛾𝑡 sin(𝜆𝑛𝑥)

(
cos

(√︃
𝑐2𝜆2𝑛 − 𝛾2𝑡

)
+ 𝛾√︁

𝑐2𝜆2𝑛 − 𝛾2
sin

(√︃
𝑐2𝜆2𝑛 − 𝛾2𝑡

))
.

The coefficients 𝐶𝑛 can be computed as

𝐶𝑛 =
2
𝐿

∫ 𝐿

0
𝑓 (𝑥) sin(𝜆𝑛𝑥) 𝑑𝑥.

The final solution is written as

𝑢 (𝑥, 𝑡) =
∞∑︁
𝑛=1

𝐶𝑛e−𝛾𝑡 sin(𝜆𝑛𝑥)
(
cos

(
𝑡
√︁
(𝑐𝜆𝑛)2 − 𝛾2

)
+ 𝛾√︁

(𝑐𝜆𝑛)2 − 𝛾2
sin

(
𝑡
√︁
(𝑐𝜆𝑛)2 − 𝛾2

))
.
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