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Exercise #6

17. February 2025

Exercises marked with a (J) should be handed in as a Jupyter notebook.

Optional exercises will not be corrected.

Problem 1. (Fourier Transform)

Show that the Fourier transform of

𝑓 (𝑥) =
{
𝑥2, |𝑥 | < 1,
0, |𝑥 | ≥ 1

is the function

𝑓 (𝜔) =

1
3

√︃
2
𝜋
, 𝜔 = 0,√︃

2
𝜋

(
sin(𝜔)
𝜔

+ 2 cos(𝜔)
𝜔2 − 2 sin(𝜔)

𝜔3

)
, 𝜔 ≠ 0.

Problem 2. (Fourier Transform)

a) Show that ∫ ∞

−∞
e−𝑥

2
d𝑥 =

√
𝜋.
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Hint: Consider( ∫ ∞

−∞
e−𝑥

2
d𝑥

)2
=

∫ ∞

−∞
e−𝑥

2
d𝑥

∫ ∞

−∞
e−𝑦

2
d𝑦 =

∫
R2

e−(𝑥
2+𝑦2)𝑑𝑥𝑑𝑦,

rewritten in polar coordinates.

b) Use the result from the previous point to show that,∫ ∞

−∞
e−𝑎𝑥

2+𝑏𝑥d𝑥 =

√︂
𝜋

𝑎
e
𝑏2
4𝑎 , 𝑎 > 0, 𝑏 ∈ C.

c) Use the result from b) to show that the Fourier transform of

𝑓 (𝑥) = e−
1
2𝑥

2
.

is equal to e−
1
2𝜔

2
.

d) Use the convolution Theorem to compute the convolution, 𝑓 ∗ 𝑓 , with 𝑓 as in the
previous point.

Problem 3.

Define the functions 𝑓 , 𝑔 : R→ R as

𝑓 (𝑥) :=
{
1 if 0 < 𝑥 < 2,
0 else,

and 𝑔(𝑥) :=


𝑥 if 0 < 𝑥 ≤ 2,
4 − 𝑥 if 2 < 𝑥 ≤ 4,
0 else.

a) Use the definition of convolution in order to show that 𝑓 ∗ 𝑓 = 𝑔.

b) Compute the Fourier transform of 𝑓 .

c) Compute the Fourier transform of 𝑔.

Problem 4. (Discrete Fourier Transform, J)
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a) Implement a python function to construct the Fourier matrix F𝑁 for an input 𝑁 .

b) Using that, compute the discrete Fourier transform of the signal

𝑓 = (−1, 2, 3,−1, 1,−1, 0,−2, 0,−3, 5, 4, 5)𝑇 .

c) Consider the function 𝑓 (𝑡) = exp
(
cos(2𝜋𝑡)

)
. Sample its values 𝑓𝑛 using a sampling

frequency of 100 Hz (Δ𝑡 = 0.01 s between samples) in the interval [0, 2]. Then, compute
the discrete Fourier transform 𝑓 of the sampled signal and plot the spectrum (plot
|𝑓 |
𝑁

against 𝑛
𝑁Δ𝑡 ) for 𝑛 = 0, 1, . . . ,

⌊
𝑁
2
⌋
, where ⌊𝑥⌋ is 𝑥 rounded down (floor(𝑥)), (there

is no need to plot the second half of the spectrum since it will be simply mirrored).
How many peaks are clearly visible, or in other words, how many nodes are actually
significant? At what frequencies are these peaks?

d) Now filter out all entries 𝑓𝑛 of 𝑓 , whose “power density”
|𝑓𝑛 |
𝑁

is less than 0.05, reconstruct
the filtered signal and compare it to the unfiltered one, plotting them together.
Remember: F −1

𝑁
= 1

𝑁
F𝑁
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The next exercises are optional and should not be handed in!

Problem 5.

Compute the convolution 𝑓 ∗ 𝑓 , where 𝑓 : R→ R is the function

𝑓 (𝑥) = sinc(𝑥) :=

sin(𝑥)
𝑥

if 𝑥 ≠ 0,

1 if 𝑥 = 0.

Hint: Use the Fourier transform!

Solution.

The trick here is to realise that 𝑓 is the inverse Fourier transform of a rectangle pulse: Let

𝑔(𝜔) =
{
1 if − 1 < 𝜔 < 1,
0 else.

Then (ignoring the problems at 𝑥 = 0),

𝑔(𝑥) = F −1(𝑔) (𝑥) = 1
√
2𝜋

∫ 1

−1
𝑒𝑖𝜔𝑥 𝑑𝜔 =

1
√
2𝜋

𝑒𝑖𝜔𝑥

𝑖𝑥

����1
𝜔=−1

=
𝑒𝑖𝑥 − 𝑒−𝑖𝑥
√
2𝜋𝑖𝑥

=

√︂
2
𝜋

sin(𝑥)
𝑥

=

√︂
2
𝜋
sinc(𝑥).

This implies that

𝑓 (𝜔) =
√︂

𝜋

2
𝑔(𝜔).

Now the convolution theorem implies that

F (𝑓 ∗ 𝑓 ) (𝜔) =
√
2𝜋 𝑓 (𝜔) · 𝑓 (𝜔) = 𝜋3/2

√
2
𝑔(𝜔)2.

However, by the definition of 𝑔(𝜔), we have

𝑔(𝜔)2 = 𝑔(𝜔).

Thus

F (𝑓 ∗ 𝑓 ) (𝜔) = 𝜋3/2
√
2
𝑔(𝜔).
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Applying the inverse Fourier transform on both sides implies that

(𝑓 ∗ 𝑓 ) (𝑥) = 𝜋3/2
√
2
𝑔(𝑥) = 𝜋 sinc(𝑥).

Problem 6.

Compute the Fourier transform of the following functions 𝑓 : R→ R:

a) The function
𝑓 (𝑥) = 𝑥𝑒−|𝑥 | .

b) The function

𝑓 (𝑥) =
{
sin(𝑥) if 0 < 𝑥 < 𝜋,

0 else.

Solution.

a) From the definition of the Fourier transform we get

𝑓 (𝜔) = 1
√
2𝜋

∫ ∞

−∞
𝑥𝑒−|𝑥 |𝑒−𝑖𝜔𝑥 𝑑𝑥.

We split up this integral to one over the positive real axis, and one over the negative
real axis. For the former, we get∫ ∞

0
𝑥𝑒−𝑥𝑒−𝑖𝜔𝑥 𝑑𝑥 =

∫ ∞

0
𝑥𝑒−(1+𝑖𝜔)𝑥 𝑑𝑥 =

𝑥𝑒−(1+𝑖𝜔)𝑥

−(1 + 𝑖𝜔)

����∞
0
+
∫ ∞

0

𝑒−(1+𝑖𝜔)𝑥

1 + 𝑖𝜔 𝑑𝑥

= 0 − 𝑒−(1+𝑖𝜔)𝑥

(1 + 𝑖𝜔)2

����∞
0
=

1
(1 + 𝑖𝜔)2 .

Here we have used that

lim
𝑥→∞

𝑥𝑒−(1+𝑖𝜔)𝑥 = 0 and lim
𝑥→∞

𝑒−(1+𝑖𝜔)𝑥 = 0.
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Similarly, the other integral is∫ 0

−∞
𝑥𝑒𝑥𝑒−𝑖𝜔𝑥 𝑑𝑥 =

∫ 0

−∞
𝑥𝑒 (1−𝑖𝜔)𝑥 𝑑𝑥 =

𝑥𝑒 (1−𝑖𝜔)𝑥

1 − 𝑖𝜔

����∞
0
−
∫ 0

−∞

𝑒 (1−𝑖𝜔)𝑥

1 − 𝑖𝜔
𝑑𝑥

= 0 − 𝑒 (1−𝑖𝜔)𝑥

(1 − 𝑖𝜔)2

����∞
0
= − 1

(1 − 𝑖𝜔)2 .

Thus

𝑓 (𝜔) = 1
√
2𝜋

( 1
(1 + 𝑖𝜔)2 −

1
(1 − 𝑖𝜔2)

)
=

1
√
2𝜋

(1 − 𝑖𝜔)2 − (1 + 𝑖𝜔)2(
(1 + 𝑖𝜔) (1 − 𝑖𝜔)

)2 = − 1
√
2𝜋

4𝑖𝜔
(1 + 𝜔2)2 .

b) Here we write
sin(𝑥) = 1

2𝑖
(
𝑒𝑖𝑥 − 𝑒−𝑖𝑥

)
.

Thus

𝑓 (𝑥) = 1
√
2𝜋

∫ 𝜋

0
sin(𝑥)𝑒−𝑖𝜔𝑥 𝑑𝑥 =

1
√
2𝜋

1
2𝑖

∫ 𝜋

0

(
𝑒𝑖𝑥 − 𝑒−𝑖𝑥

)
𝑒−𝑖𝜔𝑥 𝑑𝑥

= − 𝑖

2
√
2𝜋

∫ 𝜋

0

(
𝑒𝑖 (1−𝜔)𝑥 − 𝑒−𝑖 (1+𝜔)𝑥

)
𝑑𝑥 = − 1

2
√
2𝜋

(
𝑒𝑖 (1−𝜔)𝑥

1 − 𝜔
− 𝑒−𝑖 (1+𝜔)𝑥

1 + 𝜔

)����𝜋
0

= − 1
2
√
2𝜋

(
𝑒𝑖 (1−𝜔)𝜋

1 − 𝜔
− 𝑒−𝑖 (1+𝜔)𝜋

1 + 𝜔

)
.

Problem 7. (Periodicity)

Let f B (𝑓0, 𝑓1, . . . 𝑓𝑁−1)T ∈ C𝑁 , 𝑁 ∈ N be given and denote𝑤𝑁 = e−2𝜋 i/𝑁 . Then the discrete
Fourier transform (DFT) can be written as

𝑓𝑘 =
1
𝑁

𝑁−1∑︁
𝑗=0

𝑓 𝑗𝑤
𝑗𝑘

𝑁
, 𝑘 ∈ Z.

a) Prove that the sequence of the 𝑓𝑘 is 𝑁 -periodic, i. e.

𝑓𝑘 = 𝑓𝑘+𝑁 , for all 𝑘 ∈ 𝑍 .

(in other words, it is enough to “know” 𝑁 values 𝑓0, . . . , 𝑓𝑁−1 or 𝑓−𝑁
2
, . . . , 𝑓𝑁

2 −1
if 𝑁 is even).
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b) Show that for any 𝑗 ∈ Z we have

𝑁−1∑︁
𝑘=0

𝑤
𝑗𝑘

𝑁
=

{
𝑁 if 𝑗 ≡ 0 mod 𝑁,

0 else.

Solution.

We have𝑤𝑁
𝑁
=
(
e−2𝜋 i/𝑁

)𝑁
= e2𝜋 i = 1. Hence for any 𝑘 ∈ Z we obtain

𝑓𝑘+𝑁 =
1
𝑁

𝑁−1∑︁
𝑗=0

𝑓 𝑗𝑤
𝑗 (𝑘+𝑁 )
𝑁

Since we can rewrite𝑤 𝑗 (𝑘+𝑁 )
𝑁

= 𝑤
𝑗𝑘

𝑁
𝑤

𝑗𝑁

𝑁
and𝑤 𝑗𝑁

𝑁
= (𝑤𝑁

𝑁
) 𝑗 = 1 the result follows.

For the bonus question we consider two cases:

If 𝑗 ≡ 0 mod 𝑁 then 𝑗 is of the form 𝑗 = ℓ𝑁 for some ℓ ∈ Z. then every summand is of the
form𝑤

𝑗𝑘

𝑁
=
(
𝑤𝑁

𝑁

) ℓ𝑘
= 1 and hence the sum is 𝑁 .

If 𝑗 . 0 mod 𝑁 then we can write 𝑗 = ℓ𝑁 +𝑚 for some𝑚 ∈ {1, . . . , 𝑁 − 1}. We can again
simplify𝑤 𝑗

𝑁
= (𝑤𝑁

𝑁
)ℓ𝑤𝑚

𝑁
= 𝑤𝑚

𝑁
≠ 1 (since𝑚 is not a multiple of 𝑁 ) We use the geometric sum,

i.e. that for 𝑥 ≠ 1 it holds
𝑁−1∑︁
𝑘=0

𝑥𝑘 =
𝑥𝑁 − 1
𝑥 − 1

.

Plugging in 𝑥 = 𝑤
𝑗

𝑁
= 𝑤𝑚

𝑁
we obtain that 𝑥 − 1 ≠ 0 so the term on the right is well-defined

but also 𝑥𝑁 = 𝑤𝑚𝑁
𝑁

= 1 so the right hand side is zero.
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