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Exercises marked with a (J) should be handed in as a Jupyter notebook.

Optional exercises will not be corrected.

Problem 1. (Trigonometric series)

Determine the coefficients 𝑎0, 𝑎𝑛, 𝑏𝑛 , 𝑛 ∈ N of the Fourier series for the following functions

a) 𝑓 (𝑥) = cos2(𝑥),

b) 𝑓 (𝑥) = | sin(𝑥) |,

c) 𝑓 (𝑥) = 𝑥2 − 𝑥 for −1 ≤ 𝑥 ≤ 1 , with period 𝑇 = 2𝐿 = 2.

Problem 2. (Half-range Expansions)
Let 𝑓 (𝑥) = 𝑥 − 𝜋 on [0, 𝜋].

a) Extend 𝑓 (𝑥) to an even function with period 2𝜋 . Sketch the extension on the interval
[−3𝜋, 3𝜋], and find the Fourier series.

b) Extend 𝑓 (𝑥) to an odd function with period 2𝜋 . Sketch the extension on the interval
[−3𝜋, 3𝜋], and find the Fourier series.

Problem 3. (Fourier coefficients)
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For each of the following functions, determine

• the fundamental period 𝑇 – or in other words that we have a 𝑇 = 2𝐿-peridoic function

• the real Fourier series coefficients 𝑎0, 𝑎𝑛, 𝑏 : 𝑛, 𝑛 ∈ N with respect to 𝑇

• the complex Fourier series coefficients 𝑐𝑘 , 𝑘 ∈ Z with respect to 𝑇

Hint: Since the complex and the real coefficients are related you only need to compute one of
these and use Euler’s identity for the other. It is therefor useful to check, whether one of the
set of Fourier coefficients is easier to compute, maybe even without solving integrals.

a) 𝑓 (𝑥) = 3 sin(8𝑥) + 8 cos(3𝑥) + 2 sin(𝑥)

b) 𝑓 (𝑥) = −3e−4i𝑥 + e−i𝑥 + 4e3i𝑥

c) 𝑓 (𝑥) = e + 2 sin2(𝑥)

d) 𝑓 (𝑥) = 𝑥 + 𝑥2

2 for 𝑥 ∈ [−𝜋, 𝜋) and periodically continued

e) 𝑓 (𝑥) = 3 − sin(3𝑥) − 1/3 cos(9𝑥)

f) 𝑓 (𝑥) = 5 sin2(𝑥) + 5 cos2(𝑥), for the coefficients consider the interval [−𝜋, 𝜋]

Problem 4. (Convolution)

a) Compute the complex Fourier series of the 2𝜋-periodic function

𝑓 (𝑥) = sin(3𝑥) + 5 cos(2𝑥).

b) Compute the complex Fourier series of the 2𝜋-periodic function

𝑔(𝑥) = 𝑥2, −𝜋 ≤ 𝑥 ≤ 𝜋,

c) Show that the convolution ℎ(𝑥) = 𝑓 (𝑥) ∗ 𝑔(𝑥) is given as

ℎ(𝑥) = −4𝜋9 sin(3𝑥) + 5𝜋 cos(2𝑥).
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d) Compute the complex Fourier series of ℎ(𝑥).

Hint. You can reuse the results from a) and b) and you do not have to solve integrals.

The next exercises are optional and should not be handed in!

Problem 5. (Complex series)

Determine the coefficients 𝑐𝑘 of the complex Fourier series 𝑓 ∼
∞∑︁

𝑘=−∞
𝑐𝑘𝑒

𝑖 𝑘𝜋
𝐿
𝑥 for the following

functions

a) 𝑓 (𝑥) = −3𝑒−4𝑖𝑥 + 𝑒−𝑖𝑥 + 4𝑒3𝑖𝑥 , (indentify the fundamental period yourself),

b) 𝑓 (𝑥) = cos2(𝑥), for −𝜋/2 ≤ 𝑥 ≤ 𝜋/2 , with period 𝑇 = 2𝐿 = 𝜋 ,

c) 𝑓 (𝑥) = 𝑥2 − 𝑥 for −1 ≤ 𝑥 ≤ 1 , with period 𝑇 = 2𝐿 = 2,

d) 𝑓 (𝑥) = e−𝑥 for −1 ≤ 𝑥 ≤ 1 , with period 𝑇 = 2𝐿 = 2,

Solution.

a) We start by noting that: 𝑒−4𝑖𝑥 = cos(4𝑥) − 𝑖 sin(4𝑥), which has period 𝑇 = 2𝐿 = 𝜋/2.
Same applies with 𝑒−𝑖𝑥 and 𝑒3𝑖𝑥 with periods 𝑇 = 2𝜋 and 𝑇 = 2

3𝜋 respectively. The

overall period is thus 2𝜋 and the complex Fourier series is 𝑓 ∼
∞∑︁

𝑘=−∞
𝑐𝑘𝑒

𝑖𝑘𝑛𝑥 . We can thus

deduct, with the comparison between the latter and 𝑓 that: 𝑐−4 = −3, 𝑐−1 = 1, 𝑐3 = 4.

b) We first rewrite 𝑓 (𝑥) to be expressed by complex functions,

𝑓 (𝑥) = cos2(𝑥) = 1 + cos(2𝑥)
2 =

2 + 𝑒2𝑖𝑥 + 𝑒−2𝑖𝑥

4 ,

and note that the period is 𝜋 , thus 𝑓 ∼
∞∑︁

𝑘=−∞
𝑐𝑘𝑒

𝑖2𝑘𝑥 . We now have the function on the
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form of a complex Fourier series, and can see that

𝑐0 =
1
2 , 𝑐1 = 𝑐−1 =

1
4 .

Alternatively, the coefficients can be found by integrating.

c) We first calculate 𝑐0

𝑐0 =
1
2

∫ 1

−1
(𝑥2 − 𝑥)d𝑥 =

1
2

[
𝑥3

3 − 𝑥2

2

] 1
−1

=
1
2

[
1
3 + 1

3 − 1
2 + 1

2

]
=

1
3 .

Next, for 𝑛 ≠ 0, we need to compute the following integral

𝑐𝑘 =
1
2

∫ 1

−1
(𝑥2 − 𝑥)𝑒−𝑖𝑘𝜋𝑥d𝑥,

which we separate into two parts,

− 1
2

∫ 1

−1
𝑥𝑒−𝑖𝑘𝜋𝑥d𝑥 =

1
2𝑖𝑘𝜋

(
𝑒−𝑖𝑘𝜋 + 𝑒𝑖𝑘𝜋

)
− 1
2𝑖𝑘𝜋

∫ 1

−1
𝑒−𝑖𝑘𝜋𝑥d𝑥 =

−𝑖
𝑘𝜋

(−1)𝑘 ,

and

1
2

∫ 1

−1
𝑥2𝑒−𝑖𝑘𝜋𝑥d𝑥 =

=0︷                     ︸︸                     ︷
1

−2𝑖𝑘𝜋

(
𝑒−𝑖𝑘𝜋 − 𝑒𝑖𝑘𝜋

)
− 1
𝑖𝑘𝜋

[
−
∫ 1

−1
𝑥𝑒−𝑖𝑘𝜋𝑥d𝑥

]
=
2(−1)𝑘
(𝑘𝜋)2 ,

so,

𝑐𝑘 =
2(−1)𝑘
(𝑘𝜋)2 − 𝑖 (−1)𝑘

𝑘𝜋
.

d)

𝑐𝑘 =
1
2

∫ 1

−1
e−𝑥e−𝑖𝑘𝜋𝑥 d𝑥 =

[
− e−(1+𝑖𝑘𝜋)𝑥
2(1 + 𝑖𝑘𝜋)

] 1
−1

=
𝑒1+𝑖𝑘𝜋 − 𝑒−(1+𝑖𝑘𝜋)

2(1 + 𝑖𝑘𝜋) =
sinh(1)
1 + 𝑖𝑘𝜋 (−1)𝑘 .

Problem 6. (Parseval’s theorem)

Consider two periodic functions 𝑓 (𝑥) and 𝑔(𝑥) and their truncated Fourier series 𝑓𝑁 (𝑥) and
𝑔𝑁 (𝑥). The errors 𝐸𝑁 between each function and its trigonometric approximation can be
computed using Parseval’s identity.
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a) What does the formula for 𝐸𝑁 looks like?

b) Let 𝑓 (𝑥) = e−𝑥 for −1 ≤ 𝑥 ≤ 1, with period𝑇 = 2𝐿 = 2. Based on the Fourier coefficients
of 𝑓 (𝑥), calculate the error 𝐸𝑁 for 𝑁 = 2, 4 and 8.

c) Now, do the same for 𝑔(𝑥) = e−|𝑥 | , −1 ≤ 𝑥 ≤ 1, with period 𝑇 = 2𝐿 = 2.

d) Why is the error so much larger when approximating 𝑓 (𝑥), than in the case of 𝑔(𝑥)?

Solution.

a) From Parseval’s identity, we have that

𝐸𝑁 =

∫ 1

−1
𝑓 2(𝑥) d𝑥 − 2

𝑁∑︁
𝑘=−𝑁

|𝑐𝑘 |2 .

b) We first integrate ∫ 1

−1
𝑓 2(𝑥)d𝑥 =

∫ 1

−1
𝑒−2𝑥d𝑥 =

𝑒2 − 𝑒−2

2 = sinh(2)

𝐸𝑁 = sinh(2) − 2
𝑁∑︁

𝑘=−𝑁

sinh2(1)
(1 + 𝑖𝑘𝜋)2 = sinh(2) −

𝑁∑︁
𝑘=−𝑁

2 sinh2(1)
1 + 𝑘2𝜋2

Inserting values for N: 𝐸2 = 0.22, 𝐸4 = 0.123, 𝐸8 = 0.066

c) We first find the Fourier coefficients for 𝑔(𝑥)

𝑐𝑘 =
1
2

∫ 1

−1
e−|𝑥 |e−𝑖𝑘𝜋𝑥 d𝑥 =

1
2

∫ 0

−1
e𝑥e−𝑖𝑘𝜋𝑥 d𝑥 + 1

2

∫ 1

0
e−𝑥e−𝑖𝑘𝜋𝑥 d𝑥

=
1
2

(
1

1 − 𝑖𝑘𝜋

(
1 − 𝑒−(1−𝑖𝑘𝜋)

)
− 1
1 + 𝑖𝑘𝜋

(
𝑒−(1+𝑖𝑘𝜋) − 1

))
=

1
2

1
1 + 𝑘2𝜋2

(
2 − 2e−1(−1)𝑘

)
=

1
1 + 𝑘2𝜋2

(
1 − e−1(−1)𝑘

)
.
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As in a), we need to compute the integral of g(x) squared∫ 1

−1
𝑔2(𝑥)d𝑥 =

∫ 1

−1
𝑒−2|𝑥 |d𝑥 = 1 − 𝑒−2

𝐸𝑁 = 1 − 𝑒−2 − 2
𝑁∑︁

𝑘=−𝑁

(
1

1 + 𝑘2𝜋2

(
1 − e−1(−1)𝑘

))2
Inserting values for N gives: 𝐸2 = 1.19𝑒 − 3, 𝐸4 = 2𝑒 − 4, 𝐸8 = 2.8𝑒 − 5

d) 𝑔(𝑥) is smoother than f(x) and the Fourier series for 𝑔(𝑥) are therefore a better approxi-
mation.

Problem 7. (Derivative)
Let 𝑐𝑘 (𝑓 ) denote the complex Fourier coefficients for the twice continuously differentiable
and 2𝜋-periodic function 𝑓 (𝑥). Show that the complex Fourier coefficients 𝑐𝑘 (𝑓 ′) for 𝑓 ′(𝑥)
are given by 𝑐𝑘 (𝑓 ′) = 𝑖𝑘𝑐𝑘 .

Solution.
Recall that the 𝑐𝑘 are given by

𝑐𝑘 (𝑓 ) =
1
2𝜋

∫ 𝜋

−𝜋
𝑓 (𝑥)𝑒−𝑖𝑘𝑥𝑑𝑥.

Then integration by parts gives:

𝑐𝑘 (𝑓 ′) =
1
2𝜋

∫ 𝜋

−𝜋
𝑓 ′(𝑥)𝑒−𝑖𝑘𝑥𝑑𝑥

=
1
2𝜋 ( [𝑓 (𝑥)𝑒−𝑖𝑘𝑥 ]𝜋−𝜋 −

∫ 𝜋

−𝜋
−𝑖𝑘 · 𝑓 (𝑥)𝑒−𝑖𝑘𝑥𝑑𝑥)

=𝑖𝑘𝑐𝑘 +
1
2𝜋 (𝑓 (𝜋)𝑒−𝑖𝑘𝜋 − 𝑓 (−𝜋)𝑒𝑖𝑘𝜋 )

=𝑖𝑘𝑐𝑘 +
1
2𝜋 (𝑓 (𝜋)𝑒𝑖𝑘𝜋 − 𝑓 (𝜋)𝑒𝑖𝑘𝜋 )

=𝑖𝑘𝑐𝑘 ,

where we use that 𝑓 (𝑥) is 2𝜋-periodic and that 𝑒𝑖𝑘𝜋 = 𝑒−𝑖𝑘𝜋 for integer values of 𝑘 .
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