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Exercise #4

3. February 2025

Exercises marked with a (J) should be handed in as a Jupyter notebook.

Optional exercises will not be corrected.

Problem 1. (Fixed-point iteration)

Consider the simple function
𝑔(𝑥) = sin(𝑥) + 𝑥 .

Plot 𝑔(𝑥) and the line 𝑙 (𝑥) = 𝑥 and look for their intersection points. Find a suitable interval
𝐷 = [𝑎, 𝑏] containing one such point, such that 𝑔(𝐷) ⊂ (𝑎, 𝑏). Prove that this satisfies the
conditions of the fixed-point theorem and use this theorem to conclude that the point you
found is a fixed point of 𝑔. What function is this fixed point the root of over 𝐷?

Problem 2. (Newton’s method - J)
Consider the function

𝑓 (𝑥) = −𝑥2 + cos(𝑥).

We want to find the root of 𝑓 (𝑥).

a) Compute two steps with Newton’s method by hand, starting at 𝑥0 = 0.5.

b) (J) Implement Newton’s method for the problem at hand and use it to find the root of
𝑓 (𝑥) with error less than 10−6. Use 𝑥0 = 0.5 as starting point.

Deadline: 14. February 2025, 16:00 page 1 of 6



TMA4125 Matematikk 4N
Vår 2025

Exercise #4

Submission Deadline:
14. February 2025, 16:00

Problem 3.

Consider the following implementation of an iterative method:
from numpy import cos , sin , sqrt

x = 0.5
err = abs(sqrt(x) - cos(x))

while err > 1e-6:
dx = -(sqrt(x) - cos(x)) / (1/(2* sqrt(x)) + sin(x)) )
x += - dx
err = abs(dx)

print(x)

a) What method is supposed to be implemented above?

b) Write down the specific equation being (iteratively) solved by the algorithm.

c) An error is present in the code, spot it.

Problem 4. (Newton’s method for systems - J)
We are given the system of nonlinear equations

𝑥31 + 𝑥21 𝑥2 − 𝑥1𝑥3 = −6,
e𝑥1 + e𝑥2 − 𝑥3 = 0,

𝑥22 − 2𝑥1𝑥3 = 4.

Write a python program for solving this system by Newton’s method. Use x0 = (−1,−2, 1) as
a starting value, and iterate until ∥x𝑘+1 − x𝑘 ∥∞ < 10−6. How many iterations are needed in
this case?

You are encouraged to experiment a bit with different starting values.

The next exercises are optional and should not be handed in!

Problem 5. (Newton’s method for systems - J)
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We are given the system of nonlinear equations

𝛼 𝑥 − 𝛽 𝑥𝑦 = 0,
𝛿 𝑥𝑦 − 𝛾 𝑦 = 0,

where 𝛼, 𝛽, 𝛾, 𝛿 are real coefficients.

a) Find the exact roots of the system

b) (J) Write a python program for solving this system by Newton’s method. Use x0 = (1, 1)
as a starting value and pick the parameters value 𝛼 = 1, 𝛽 = 3, 𝛾 = 4, 𝛿 = 2, and iterate
until ∥x𝑘+1 − x𝑘 ∥∞ < 10−6 with x𝑘 = (𝑥𝑘 , 𝑦𝑘). How many iterations are needed in this
case? To which of the solutions is the algorithm converging?

You are encouraged to experiment a bit with different starting values.

c) (J) Test the convergence order of the algorithm

Solution.

a) We can rewrite the system in the form

𝑥 (𝛼 − 𝛽𝑦) = 0,
−𝑦 (𝛾 − 𝛿𝑥) = 0,

so that we can see that there can be two solutions. Either
(
𝑥 =

𝛾

𝛿
, 𝑦 = 𝛼

𝛽

)
or (𝑥 = 0, 𝑦 =

0).

b) The Jacobian of the system is: [
𝛼 − 𝛽𝑦 −𝛽𝑥
𝛿𝑦 −(𝛾 − 𝛿𝑥)

]
A notebook with the numerical solution is not provided, as the implementation of the
method is required in the previous problems.
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c) One can observe that the convergence order of the method, after a first chaotic phase
due to the presence of multiple solutions, stabilizes to the quadratic convergence typical
of the Newton method.

Problem 6. (Newton’s method and nonlinear BVPs)

In the note on boundary value problems, a chemical reactor example was discussed. The
problem describing the reactant’s concentration is

𝛼𝑢𝑥𝑥 − 𝑣𝑢𝑥 − 𝜅𝑢𝛾 = 0, 𝑥 ∈ [0, 𝐿],
𝑢 (0) = 𝑢0, 𝑢 (𝐿) = 𝑢𝐿

with 𝛾 ∈ N and (𝛼, 𝑣, 𝜅) being positive constants.

For a given mesh size ℎ = 𝐿/𝑁 , a central finite difference scheme will result in 𝑁 − 1 nonlinear
equations

𝛼

(
𝑈𝑖−1 − 2𝑈𝑖 +𝑈𝑖+1

ℎ2

)
− 𝑣

(
𝑈𝑖+1 −𝑈𝑖−1

2ℎ

)
− 𝜅𝑈

𝛾

𝑖
= 0 , 𝑖 = 1, ..., 𝑁 − 1 ,

in which𝑈0 = 𝑢0 and𝑈𝑁 = 𝑢𝐿 . Multiplying each equation by 2ℎ2 leads to

𝑓𝑖 (U) := (2𝛼 + 𝑣ℎ)𝑈𝑖−1 − (4𝛼 + 2𝜅ℎ2𝑈 𝛾−1
𝑖

)𝑈𝑖 + (2𝛼 − 𝑣ℎ)𝑈𝑖+1 = 0 , 𝑖 = 2, ..., 𝑁 − 2 .

After inserting the boundary values𝑈0 = 𝑢0 and𝑈𝐿 = 𝑢𝐿 , we obtain moreover for 𝑖 = 1 and
𝑖 = 𝑁 − 1 the equations

𝑓1(U) := (2𝛼 + 𝑣ℎ)𝑢0 − (4𝛼 + 2𝜅ℎ2𝑈 𝛾−1
1 )𝑈1 + (2𝛼 − 𝑣ℎ)𝑈2 = 0,

𝑓𝑁−1(U) := (2𝛼 + 𝑣ℎ)𝑈𝑁−2 − (4𝛼 + 2𝜅ℎ2𝑈 𝛾−1
𝑁−1)𝑈𝑁−1 + (2𝛼 − 𝑣ℎ)𝑢𝐿 = 0.

Therefore, starting from an initial guess U0, we iterate by solving

𝐽 (U𝑘)𝚫𝑘 = −f (U𝑘)

and updating U𝑘+1 = U𝑘 + 𝚫𝑘 . Since each 𝑓𝑖 depends only on𝑈𝑖−1,𝑈𝑖 and𝑈𝑖+1, most terms of
the Jacobian 𝐽 (U) will be zero, except for

𝐽𝑖,𝑖−1 = 2𝛼 + 𝑣ℎ , 𝐽𝑖,𝑖 = −4𝛼 − 2𝛾𝜅ℎ2𝑈 𝛾−1
𝑖

and 𝐽𝑖,𝑖+1 = 2𝛼 − 𝑣ℎ .
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Therefore, the (𝑁 − 1) × (𝑁 − 1) Jacobian matrix will look like

𝐽 (U) =

©­­­­­­­­­«

𝑏 + 𝑐𝑈 𝛾−1
1 𝑑 0 0 · · · 0 0 0

𝑎 𝑏 + 𝑐𝑈 𝛾−1
2 𝑑 0 · · · 0 0 0

0 𝑎 𝑏 + 𝑐𝑈 𝛾−1
3 𝑑 · · · 0 0 0

...
...

...
...

...
...

...

0 0 0 0 · · · 𝑎 𝑏 + 𝑐𝑈 𝛾−1
𝑁−2 𝑑

0 0 0 0 · · · 0 𝑎 𝑏 + 𝑐𝑈 𝛾−1
𝑁−1

ª®®®®®®®®®¬
,

in which

𝑎 = 2𝛼 + 𝑣ℎ ,

𝑏 = −4𝛼 ,
𝑐 = −2𝛾𝜅ℎ2 ,
𝑑 = 2𝛼 − 𝑣ℎ .

This problem illustrates how computationally demanding Newton’s method can be, in practice.

In this exercise, you are supposed to write a python program for solving this problem with a
general choice of parameters 𝛼, 𝑣, 𝜅,𝛾 . The program will consist of the following elements:

• Set up the system of 𝑁 − 1 nonlinear equations to be solved.

• Set up the Jacobi-matrix for this system.

• Use Newton’s method to solve the system of nonlinear equations you found in a). You
may stop the iterations when max𝑖 |Δ𝑖 | < Tol, where Tol is some prescribed tolerance.
As initial value for the iterations, use the straight line between (0, 𝑢0) and (𝐿,𝑢𝐿).

Test your program with the parameters 𝛼 = 0.1, 𝑣 = 0.5, 𝜅 = 10, 𝑛 = 3, 𝐿 = 1, 𝑢0 = 1 and 𝑢𝐿 = 0.
Choose different values of 𝑁 , e.g. 𝑁 = 5, 10 and 50. Let Tol=10−8. Plot the numerical solution
for 𝑁 = 50. How many iterations are needed in each case?

Hint 1: The solution with the 𝛼 = 0.1, 𝑣 = 1, 𝜅 = 2 and 𝑛 = 2 will look something like
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Hint 2: You may start with 𝑛 = 1. In this case, your system of equations is linear, and the
Newton iterations should converge in one iteration. (Why?)

Hint 3: In the Jacobian, notice that only the diagonal needs to be updated in each iteration.

Solution.

See Newton_bvp_nonlinear.ipynb.
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