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Exercises marked with a (J) should be handed in as a Jupyter notebook.

Optional exercises will not be corrected.

Problem 1.

We want to investigate two cases of exact quadrature properties. A quadrature formula 𝑄 (𝑓 )
is called exact for a space 𝐺 of functions, if

𝑄 (𝑓 ) = 𝐼 (𝑓 ) for all 𝑓 ∈ 𝐺.

Determine the weights𝑤0,𝑤1,𝑤2 of the quadrature formula

𝑄 (𝑓 ) = 𝑤0𝑓 (0) +𝑤1𝑓
(𝜋
2

)
+𝑤2𝑓 (𝜋),

such that the formula 𝑄 is exact for all functions from the space

𝐺 = span
{
1, sin(𝑥), cos

(𝑥
2

)}
on [0, 𝜋].

Problem 2. (Lagrange interpolation)

In the lectures and in Maths 3, you have seen how interpolation polynomials can be con-
structed by solving a system of linear equations. In this exercise, we will discuss an alternative,
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direct approach, called Lagrange interpolation.

Given 𝑛 + 1 distinct points 𝑥𝑖 , 𝑖 = 0, . . . , 𝑛, we define the associated cardinal functions as

ℓ𝑖 (𝑥) =
𝑛∏
𝑗=0
𝑗≠𝑖

𝑥 − 𝑥 𝑗

𝑥𝑖 − 𝑥 𝑗
=

𝑥 − 𝑥0

𝑥𝑖 − 𝑥0
· . . . · 𝑥 − 𝑥𝑖−1

𝑥𝑖 − 𝑥𝑖−1
· 𝑥 − 𝑥𝑖+1
𝑥𝑖 − 𝑥𝑖+1

· . . . · 𝑥 − 𝑥𝑛

𝑥𝑖 − 𝑥𝑛
, 𝑖 = 0, . . . , 𝑛.

a) Compute the cardinal functions ℓ0(𝑥), ℓ1(𝑥), ℓ2(𝑥) explicitly for the points 𝑥0 = −3,
𝑥1 = −1, 𝑥2 = 5.

b) Verify that the cardinal functions satisfy the equations

ℓ𝑖 (𝑥𝑖) = 1 for all 𝑖 = 0, . . . , 𝑛,
ℓ𝑖 (𝑥 𝑗 ) = 0 for all 𝑖, 𝑗 = 0, . . . , 𝑛 with 𝑖 ≠ 𝑗 .

c) Assume we are given points (𝑥𝑖, 𝑦𝑖)𝑛𝑖=0, with distinct values 𝑥𝑖 . Show that the interpola-
tion polynomial 𝑝𝑛 is given by

𝑝𝑛 (𝑥) =
𝑛∑︁
𝑖=0

𝑦𝑖ℓ𝑖 (𝑥).

Hint: You should verify this in two steps: First verify that each ℓ𝑖 is a polynomial of
degree 𝑛, since this also means their weighted sum 𝑝𝑛 is such a polynomial. Second,
verify that the interpolation conditions 𝑝𝑛 (𝑥𝑖) = 𝑦𝑖 , 𝑖 = 0, . . . , 𝑛 are satisfied.

d) Compute the interpolation polynomial for the points {(−3, 8), (−1,−4), (5, 12)} with the
help of part a).

Problem 3. (Runge phenomenon)

You are allowed (but not required) to use python for this problem. Approximate answers
obtained by numerical methods are accepted. Consider the function

𝑓 (𝑥) = 1
1 + 25𝑥2

.
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a) Interpolate 𝑓 (𝑥) by a polynomial of minimal degree, by using the interpolation points

𝑥0 = −1, 𝑥1 = 0, 𝑥2 = 1

What is the maximal error on the intervals [−1, 1]? Plot 𝑓 (𝑥) and the interpolating
polynomial in the same plot, on the interval [−1, 1].

b) The Chebyshev nodes on an interval [𝑎, 𝑏] are defined as

𝑥𝑖 =
𝑎 + 𝑏
2

+ 𝑏 − 𝑎

2
cos

( (2𝑖 + 1)𝜋
2(𝑛 + 1)

)
, 𝑖 = 0, . . . , 𝑛.

Interpolate 𝑓 (𝑥) in the Chebyshev nodes for 𝑛 = 2. What is the maximal error on the
interval [−1, 1]? Plot 𝑓 (𝑥) and the interpolating polynomial in the same plot, on the
interval [−1, 1].

c) (J) Repeat the analysis of a) and b) (numerically) for 𝑛 = 15 and plot the results.

d) (J) Plot also the two errors in the same graph and observe the Runge phenomenon for
high order degree polynomials and how the Chebyshev nodes can solve the problem.

Problem 4.

We consider the cubic splines S3,Δ with knot vector Δ = [−2,−1, 0, 1, 2].

Which of the following functions is in the space S3,Δ?
State a reason for each of the functions.

a) 𝑓1(𝑥) = 2𝑥 ,

b) 𝑓2(𝑥) = |𝑥 − 1|3 + |𝑥 + 1|3,

c) 𝑓3(𝑥) = 3(𝑥)2+ + (𝑥 + 1)3+, where (𝑦)+ =

{
𝑦 if 𝑦 ≥ 0
0 else.

d) For some 𝑎, 𝑏 ∈ R we consider the function 𝑓𝑎,𝑏 (𝑥) =

{
𝑥3 + 𝑥 for 𝑥 ∈ [−2, 0],
𝑥3 − 𝑎𝑥 + 𝑏 for 𝑥 ∈ [0, 2] .

Determine for which 𝑎, 𝑏 ∈ R this function is a spline in the vector space S3,Δ and for
which it is not.
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The next exercises are optional and should not be handed in!

Problem 5. (Inverse interpolation)

We are given a function 𝑓 (𝑥) with a root 𝑟 in an interval [𝑎, 𝑏], that is, 𝑓 (𝑟 ) = 0. Moreover,
we assume that the interval is chosen sufficiently small such that the function 𝑓 is either
increasing on the whole interval, or decreasing on the whole interval. We want to find 𝑟 by
using interpolation. To that end, we compute an interpolating function 𝑝 (𝑦) through the
points (𝑓 (𝑥𝑖), 𝑥𝑖)𝑛𝑖=0, for nodes 𝑥𝑖 ∈ [𝑎, 𝑏]. Then 𝑝 (0) should be an approximation of 𝑟 .

a) Let 𝑓 (𝑥) = 𝑥3 − 7 and [𝑎, 𝑏] = [1.5, 2.0]. Choose the nodes 𝑥𝑖 = (1.5, 1.75, 2.0) and
compute an interpolation polynomial in order to approximate the root 𝑟 . How close are
you to the actual root?

b) Repeat the example with 𝑛 + 1 equidistant nodes over the interval [𝑎, 𝑏]. Choose 𝑛 = 2,
4, 8, and 16, find the approximation in each case as well as the error.

c) Repeat the example with spline interpolation.

Solution.

a) Interpolating in these (approximated) points gives the polynomial

1.91643 + 0.0903377𝑦 − 0.00676966𝑦2.

The polynomial evaluated in 𝑦 = 0 is

𝑝 (0) = 1.91643 ⇒ |𝑒2 | = 0.0035.
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b) Considering 𝑛 = 2, there are three equidistant points that have been performed in a).
For 𝑛 = 4, the polynomial is

1.913 + 0.0912605𝑦 − 0.00436612𝑦2 + 0.000198267𝑦3 − 0.0000889468𝑦4.

The approximation is

𝑝 (0) = 1.913 ⇒ |𝑒2 | = 0.0000688.
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For 𝑛 = 8, the polynomial is

1.91293 + 0.0910919𝑦 − 0.0043369𝑦2 + 0.0003455𝑦3 − 0.0000326𝑦4 + 0.0000024𝑦5

− 0.0000012𝑦6 − 0.0000002𝑦7 − 0.00000004𝑦8.

The approximation is

𝑝 (0) = 1.91293 ⇒ |𝑒2 | = 0.00000118.
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For 𝑛 = 16, the polynomial is

1.91293 + 0.0910919𝑦 − 0.00433781𝑦2 + 0.000345199𝑦3 − 0.0000299598𝑦4

+ 4.63397𝑒 − 6𝑦5 − 5.89262𝑒 − 6𝑦6 − 9.45272𝑒 − 6𝑦7 − 4.84843𝑒 − 6𝑦8 + 2.79734 − 6𝑦9

+ 5.80398𝑒 − 6𝑦10 + 4.16815𝑒 − 6𝑦11 + 1.7502𝑒 − 6𝑦12 + 4.65737𝑒 − 7𝑦13

+ 7.76611𝑒 − 8𝑦14 + 7.43685𝑒 − 9𝑦15 + 3.12993𝑒 − 10𝑦16.

The approximation is

𝑝 (0) = 1.91293 ⇒ |𝑒2 | = 0.00000118.
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c) See
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Problem 6. (Midpoint rule (J))

We consider in this problem the numerical integration of the function 𝑓 (𝑥) = log(𝑥) on the
interval 𝐼 = [0, 1].

a) Use the composite midpoint rule𝑀2(0, 1) with 2 subintervals to compute an approxi-
mation of the integral.

b) Implement the composite midpoint rule for the numerical computation of this integral.

c) Estimate the numerical convergence rate for this method. That is, assume that the error
satisfies

err𝑚 :=
���𝑀𝑚 (0, 1) −

∫ 1

0
log(𝑥) 𝑑𝑥

��� ≈ 𝐶ℎ𝑝,

and estimate numerically the number 𝑝 .

d) Explain why your result from part c) does not contradict the usual theory of themidpoint
rule.

Solution.

a) We get

𝑀2(0, 1) = 𝑀 (0, 12 ) +𝑀 ( 12 , 1) = ( 12 − 0) log
(
0 + 1

2
2

)
+ (1 − 1

2 ) log
(
1
2 + 1
2

)
≈ −0.837

b) see midpoint-complete.ipynb

c) The exact value of the integral is ∫ 1

0
log𝑥 𝑑𝑥 = −1.

Using the numerical verification shown in Preliminaries,

𝑝 ≈ log(𝑒 (ℎ𝑚+1)/𝑒 (ℎ𝑚))
log(ℎ𝑚+1/ℎ𝑚)

.
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We choose a large number for𝑚, for example,𝑚 = 300, then the value of 𝑝 is approxi-
mately 0.9995.

d) The value of 𝑝 is different from 2. From the usual theory, we would expect that 𝑝 = 2 if
𝑓 is 2-times continuously differentiable. However, the function log(𝑥) becomes to −∞
at 0 and thus is not continuous, let alone (twice) differentiable.
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