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Exercise #10
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Exercises marked with a (J) should be handed in as a Jupyter notebook.

Optional exercises will not be corrected.

Problem 1.

Compute the Laplace transform of the following functions.

a) 𝑓 (𝑡) = 3𝑡2 − 7𝑡4 + 2𝑡8.

b) 𝑓 (𝑡) = 𝑡3𝑒−2𝑡 .

c) 𝑓 (𝑡) = 𝑒2𝑡 sin(4𝑡).

Problem 2.

Find the inverse Laplace transform of the following functions.

a) 𝐹 (𝑠) = 2
𝑠3

− 5
𝑠7
.

b) 𝐹 (𝑠) = 3𝑠 + 4
𝑠2 + 4𝑠 + 5

.

c) 𝐹 (𝑠) = 4𝑠
(𝑠 + 2) (𝑠2 + 9) .
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Problem 3.

Decide for each of the following statements whether it is true or false. Explain your answer.

a) If L(𝑓 ) (𝑠) = 𝐹 (𝑠), then L(𝑓 (𝑎𝑡)) (𝑠) = 𝑎𝐹 (𝑠) for any constant 𝑎 > 0.

b) If 𝑓 is a function forwhich the Laplace transform exists, thenL(𝑡 𝑓 ′(𝑡)) (𝑠) = −𝑠 𝑑
𝑑𝑠
L(𝑓 ) (𝑠).

c) If 𝑓 is a bounded and differentiable function with |𝑓 ′(𝑡) | ≤ 𝑀 for all 𝑡 ≥ 0, then
L(𝑓 ′) (𝑠) = 𝑠L(𝑓 ) (𝑠) − 𝑓 (0) for all 𝑠 > 0.

d) If 𝑓 is a function for which the Laplace transform exists, and L(𝑓 ) (𝑠) = 1
𝑠2+4 , then

𝑓 (𝑡) = 1
2 sin(2𝑡) for all 𝑡 ≥ 0.

Problem 4.

Use the Laplace transform in order to solve the following initial value problems:

a) 𝑦′′ − 4𝑦′ + 4𝑦 = 𝑒2𝑡 , with 𝑦 (0) = 1, 𝑦′(0) = 3.

b) 𝑦′′ + 2𝑦′ + 5𝑦 = sin(2𝑡), with 𝑦 (0) = 0, 𝑦′(0) = 1.

c) 𝑦′′ − 6𝑦′ + 9𝑦 = 0, with 𝑦 (0) = 0, 𝑦′(0) = 2.
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The next exercises are optional and should not be handed in!

Problem 5.

Compute the Laplace transform of the following functions.

a) 𝑓 (𝑡) = 5 + 𝑡3 − 4𝑡6.

b) 𝑓 (𝑡) = 𝑡𝑒2𝑡 .

c) 𝑓 (𝑡) = 𝑒−𝑡 cos(5𝑡).

Solution.

a) We use the Laplace transform L(𝑡𝑛) = 𝑛!
𝑠𝑛+1

, and the linearity of the Laplace transform
to get

𝐹 (𝑠) = 5L(1) + L(𝑡3) − 4L(𝑡6)

=
5
𝑠
+ 3!
𝑠4

− 4 · 6!
𝑠7

.

b) We have the s-Shifting property for the Laplace transform, L(𝑒𝑎𝑡𝑔(𝑡)) = 𝐺 (𝑠 − 𝑎). If
we set 𝑔(𝑡) = 𝑡 we find the Laplace transformation of 𝑔(𝑡) to be 𝐺 (𝑠) = L(𝑡) = 1

𝑠2
, and

we obtain
𝐹 (𝑠) = 𝐺 (𝑠 − 2) = 1

(𝑠 − 2)2 .

c) Here, we set 𝑔(𝑡) = cos(5𝑡), meaning that 𝐺 (𝑠) = 𝑠

𝑠2 + 52
. We then find the Laplace

transform of 𝑓 (𝑡) to be

𝐹 (𝑠) = 𝐺 (𝑠 + 1) = 𝑠 + 1
(𝑠 + 1)2 + 52

.

Problem 6.
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Find the inverse Laplace transform of the following functions.

a) 𝐹 (𝑠) = 3
𝑠
+ 1
𝑠8
.

b) 𝐹 (𝑠) = 2𝑠 + 1
𝑠2 − 𝑠 − 2

c) 𝐹 (𝑠) = 1
(𝑠 + 1) (𝑠2 + 1) .

Solution.

a) We use the following inverse Laplace transform L−1( 𝑛!
𝑠𝑛+1

) = 𝑡𝑛 , to compute

𝑓 (𝑡) = 3L−1
(
1
𝑠

)
+ 1
7!
L−1

(
7!
𝑠8

)
= 3 + 𝑡7

7!

b) Here we first factorize the denominator,

𝐹 (𝑠) = 2𝑠 + 1
(𝑠 − 2) (𝑠 + 1) ,

and then perform a partial fraction decomposition, where,

𝐹 (𝑠) = 𝐴

𝑠 − 2
+ 𝐵

𝑠 + 1
.

Then we must have,

(𝑠 + 1)𝐴 + (𝑠 − 2)𝐵 = 2𝑠 + 1.

Therefore, we have,

(𝑖) 𝐴 + 𝐵 = 2
(𝑖𝑖) 𝐴 − 2𝐵 = 1.
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We therefore have (𝑖𝑖) + 2(𝑖) = 3𝐴 = 5, giving, 𝐴 = 5/3. From this we get, 𝐵 = 2 −𝐴 =

6/3 − 5/3 = 1/3. This gives,

𝐹 (𝑠) = 5/3
𝑠 − 2

+ 1/3
𝑠 + 1

=
5
3
L(𝑒2𝑡 ) + 1

3
L(𝑒−𝑡 ).

Therefore,

𝑓 (𝑡) = 5
3
𝑒2𝑡 + 1

3
𝑒−𝑡 .

c) We first perform a partial fraction decomposition

1
(𝑠 + 1) (𝑠2 + 1) =

𝐴𝑠 + 𝐵

𝑠2 + 1
+ 𝐶

𝑠 + 1
=⇒ 1 = 𝐴𝑠2 +𝐶𝑠2 +𝐴𝑠 + 𝐵𝑠 + 𝐵 +𝐶

=⇒


𝐴 +𝐶 = 0,
𝐴 + 𝐵 = 0,
𝐵 +𝐶 = 1

=⇒


𝐴 = −1/2,
𝐵 = 1/2,
𝐶 = 1/2

=⇒ 𝐹 (𝑠) = 1
2
−𝑠 + 1
𝑠2 + 1

+ 1
2

1
𝑠 + 1

.

Then, we find the inverse Laplace transform

𝑓 (𝑡) = 1
2
L−1

(
1

𝑠 + 1

)
− 1
2
L−1

( 𝑠

𝑠2 + 1

)
+ 1
2
L−1

(
1

𝑠2 + 1

)
=

1
2
𝑒𝑡 − 1

2
cos(𝑡) + 1

2
sin(𝑡).

Problem 7.

Use the Laplace transform in order to solve the following initial value problems:

a) 2𝑦′′ + 𝑦′ − 𝑦 = 0, 𝑦 (0) = 0, 𝑦′(0) = 1.
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b) 𝑦′′ + 𝑦 = 1, 𝑦 (0) = 0, 𝑦′(0) = 0.

c) 2𝑦′′ + 10𝑦′ + 12𝑦 = 0, 𝑦 (0) = −2, 𝑦′(0) = 1.

Solution.

a) We first do a Laplace transform of the equation, giving,

2(𝑠2𝑌 (𝑠) − 𝑠𝑦 (0) − 𝑦′(0)) + 𝑠𝑌 (𝑠) − 𝑦 (0) − 𝑌 (𝑠) = 0
= 2𝑠2𝑌 (𝑠) + 𝑠𝑌 (𝑠) − 𝑌 (𝑠) = 2.

Therefore,

𝑌 (𝑠) = 1
𝑠2 + 𝑠/2 − 1/2 .

We now complete the square in the denominator, giving,

𝑌 (𝑠) = 1
(𝑠 + 1/4)2 − 9/16 =

4
3
L(𝑒−𝑡/4 sinh(3𝑡/4)),

where we have used that L(sinh(𝜔𝑡)) = 𝜔/(𝑠2 − 𝜔2), and the 𝑠-shifting rule.

Therefore, 𝑦 (𝑡) = 4
3𝑒

−𝑡/4 sinh(3𝑡/4).

b) We Laplace transform the equation, giving,

𝑠2𝑌 (𝑠) − 𝑠𝑦 (0) − 𝑦′(0) + 𝑌 (𝑠) = 1
𝑠
= 𝑠2𝑌 (𝑠) + 1 =

1
𝑠
,

so that,

𝑌 (𝑠) = 1
𝑠 (𝑠2 + 1) .

If we write,

𝑌 (𝑠) = 𝐴𝑠 + 𝐵

𝑠2 + 1
+ 𝐶

𝑠
,

we find that 𝐴 = −1, 𝐵 = 0 and 𝐶 = 1. Therefore,

𝑦 (𝑡) = −L−1( 𝑠

𝑠2 + 1
) + L−1( 1

𝑠
)

= − cos(𝑡) + 1.
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c) We first divide by 2 and do a Laplace transformation of the initial value problem

𝑠2𝑌 (𝑠) − 𝑠𝑦 (0) − 𝑦′(0) + 5𝑠𝑌 (𝑠) − 5𝑦 (0) + 6𝑌 (𝑠) = 0
=⇒ (𝑠2 + 5𝑠 + 6)𝑌 (𝑠) + 2𝑠 − 1 + 10 = 0

=⇒ 𝑌 (𝑠) = −2𝑠 − 9
(𝑠 + 3) (𝑠 + 2)

Next, we can rewrite the first term as follows, Next, we do a partial fraction decomposi-
tion to rewrite 𝑌 (𝑠)

−2𝑠 − 9
(𝑠 + 3) (𝑠 + 2) =

𝐴

𝑠 + 3
+ 𝐵

𝑠 + 2
=⇒ −2𝑠 − 9 = 𝐴(𝑠 + 2) + 𝐵(𝑠 + 3)

By inserting 𝑠 = −2 and 𝑠 = −3 we find

𝐴 = 3, 𝐵 = −5,

=⇒ 𝑌 (𝑠) = 3
𝑠 + 3

− 5
𝑠 + 2

.

Finally, we perform an inverse Laplace transformation to find the solution to the initial
value problem

𝑦 (𝑡) = 3𝑒−3𝑡 − 5𝑒−2𝑡 .
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