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Exercise #1

13. January 2025

Exercises marked with a (J) should be handed in as a Jupyter notebook.

Optional exercises will not be corrected.

Problem 1. (Taylor Polynomials)

a) Compute all Taylor polynomials of 𝑓 (𝑥) = 𝑥4 + 2𝑥3 + 𝑥2 + 5 around 𝑥0 = 1

b) Compute the Taylor series of 𝑔(𝑥) = ln(1 + 𝑥) around 𝑥0 = 0

Problem 2.

Check whether the following mappings from R𝑑 (𝑑 ≥ 2) into R are vector norms and justify
your statements.

a) ∥x∥ 1
2
:=

(
𝑑∑
𝑘=1

|𝑥𝑘 |
1
2

)2
.

b) ∥x∥0 := #{𝑘 : 𝑥𝑘 ≠ 0} = number of nonzero components of x.

c) ∥x∥𝐴 := ∥𝐴x∥𝑝, where 𝐴 ∈ R𝑑×𝑑 and 𝑝 ∈ [1,∞].

Problem 3. (Numerical differentiation)
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We want to find a difference formula of the form

𝑢′′(𝑥) ≈ 1
ℎ2

(
𝑎1𝑢 (𝑥) + 𝑎2𝑢 (𝑥 − ℎ) + 𝑎3𝑢 (𝑥 − 1

2
ℎ)
)
,

where 𝑎1, 𝑎2 and 𝑎3 are constants to be determined.

Find the coefficients 𝑎1, 𝑎2 and 𝑎3 which makes this scheme convergent. Find an expression
for the error term.

Problem 4. (A boundary value problem)

Given the two point boundary value problem:

𝑢𝑥𝑥 + 2𝑢𝑥 + 𝜋2𝑢 = cos(𝜋𝑥) − 𝜋 (𝑥 + 1) sin(𝜋𝑥), 0 ≤ 𝑥 ≤ 2, 𝑢 (0) = 0, 𝑢 (2) = 1

a) Verify that the exact solution is

𝑢 (𝑥) = 𝑥

2
cos(𝜋𝑥).

b) Set up a finite difference scheme for this problem, using central differences. Use Δ𝑥 =

2/𝑁 as the grid size, and let 𝑥𝑖 = 𝑖Δ𝑥 , 𝑖 = 0, 1, . . . , 𝑁 .

c) Let 𝑁 = 4 and use the above formula to find approximations𝑈𝑖 ≈ 𝑢 (𝑥𝑖), 𝑖 = 1, 2, 3. (That
is: Set up the system of equations, and solve it). Compare with the exact solution.

d) (J) Modify the code bvp_linear_studenthelp and solve the problem numerically. Use
𝑁 = 10, 20, 40 in your simulation. For each 𝑁 , write down the error

𝑒 (ℎ) = max
𝑖=0,...,𝑁

|𝑢 (𝑥𝑖) −𝑈𝑖 |.

What can you deduce about the order of the scheme from this experiment?
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Optional Exercises.
The next two exercises are optional and should not be handed in

Problem 5. (A boundary value problem with variable coefficients)

Given the two point boundary value problem:

𝑢𝑥𝑥 −
2
𝑥
𝑢𝑥 +

2
𝑥2
𝑢 = −𝑥𝜋

2

2
cos(𝜋𝑥), 1 ≤ 𝑥 ≤ 2, 𝑢 (1) = − 1

2
𝑢 (2) = 1

a) Verify that the exact solution is

𝑢 (𝑥) = 𝑥

2
cos(𝜋𝑥).

b) Set up a finite difference scheme for this problem, using central differences. Use Δ𝑥 =

1/𝑁 as the grid size, and let 𝑥𝑖 = 1 + 𝑖Δ𝑥 , 𝑖 = 0, 1, . . . , 𝑁 .

c) Let 𝑁 = 4 and use the above formula to find approximations𝑈𝑖 ≈ 𝑢 (𝑥𝑖), 𝑖 = 1, 2, 3. (That
is: Set up the system of equations, and solve it). Compare with the exact solution.

d) (J) Modify the code Example 1, BVP in the note on boundary value problems, and solve
the problem numerically. Use 𝑁 = 10, 20, 40 in your simulation. For each 𝑁 , write down
the error

𝑒 (ℎ) = max
𝑖=0,...,𝑁

|𝑢 (𝑥𝑖) −𝑈𝑖 |.

What can you deduce about the order of the scheme from this experiment?

Problem 6. (Projection in a space of functions)

Consider the following closed subspace of 𝐿2(−𝜋, 𝜋)

𝑀 = {𝑓 ∈ 𝐿2(−𝜋, 𝜋) : 𝑓 (𝑥) = 𝑓 (−𝑥) for almost every 𝑥 ∈ [0, 𝜋]}.

a) Find𝑀⊥ with respect to the inner product on 𝐿2(−𝜋, 𝜋) that is, for 𝑓 , 𝑔 ∈ 𝐿2(−𝜋, 𝜋)

⟨𝑓 (𝑥), 𝑔(𝑥)⟩ =
∫ 𝜋

−𝜋
𝑓 (𝑥) 𝑔(𝑥) d𝑥 .

b) Find an orthonormal basis for𝑀 and an orthonormal basis for𝑀⊥.
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c) Find the orthogonal projection on𝑀 of the following functions

1) sin𝑛2𝑥

2) cos𝑛3𝑥

3) 𝑥𝑛

4) 𝜒 [0,𝜋] =

{
1 if 𝑥 ∈ [0, 𝜋]
0 if 𝑥 ∈ [−𝜋, 0)

where 𝑛 = 1, 2, 3, . . . .
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