The Wave Equation

We computed that the solution to the one-dimensional wave equation
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WUZC wu :DG[O,L]
< u(0,t) = u(L,t) =0 (boundary conditions)

u(z,0) = f(z) (initial condition)

%u(w, 0) = g(z) (initial condition)

\
as

u(z,t) = ;(An cos(<2t) + B, sin(chWt)> sin (%X )

with

A, = %/OL f(z) sin(%w) [dx
9 L

nmw
B,= — in(
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Let's look at an example, for L = 2 we consider S = 1000 sampling values.

1000

begin
L=2
S=1000
end

We consider the following initial conditions:

%w ifo<z< %
f(w) =32 e L
+(L—-2z) ifg<z<L

and g(z) = 0. Hence the B,, are zero and the A,, we computed earlier (in the Fourier series

weeks):

The even onesn = 2m are zero, i.e. A, = 0 and the odd onesn = 2m — 1 are

8
(2m — 1)2x2 "

Ao 1 ::(__1)nz+_1



f (generic function with 1 method)

function f(x)
if 0 £ xsL/2
return 2/Lxx
end
if L/2 <x gL
return 2/L % (L-x)
end
return O

X = 0.0:0.002:2.0
X = range(0,L, S+1)
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plot(X, f.(X))
We can easily convince ourselves that this is correct by plotting the Fourier series:

A (generic function with 1 method)

function A(n)
ifn%2==0# even
return 0
else # odd
m= (n+l)/2
return (-1)A(m+1) % 8/(n*2xm’2)
end
end
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fourier_series (generic function with 1 method)

function fourier_series(x,N)
return sum( [ A(n)*sin(n*m/L % x) for n=1:N])
end

And plot it depending on N together with f; N = ==———— w40
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begin
plot(X,f.(X),label="\$f\$")
plot!(X,fourier_series. (X, Ref(N)), label="\$S_{SN}f\$")
end

Nowgiven some constant ¢, for example c= 16, we can write down the general solution we started
this notebook with:

c = 16
c = 16

u (generic function with 1 method)
u(x,t,N) = sum([ A(n)xcos((cxnxm)/Lxt)*sin((nxm)/L%¥x) for n=1:N])

th = t PlutoUI (0.04);
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We can again set the value of N and choose a time, or even let the time run and animate the

following plot:

And our time £
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begin
time = t/100
plot(X,f.(X),label="\$f\$", xlim=(-L/10,L+L/10), ylim=(-1,1))
plot!(X,map( x-> u(x,time,N2), X),
label="\$u(x,$(Printf (Printf ("%03.3f"),time)))\$ (N=SN2
coeffs.)")

end
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