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Introduction.
Goal. Solve ordinary differential equations (ODEs).
ODEs are equations of an unknown function of one variable, described
by its derivatives.

Typical examples are first order ODEs of the form:
Find a function y = y(t) that fulfils{

y′(t) + ay(t) = r(t), t > 0

y(0) = K0.

appearing for example in model grow or decay processes.
A second very important example are second order ODEs of the form

y′′(t) + ay′(t) + by(t) = r(t), t > 0

y(0) = K0,

y′(0) = K1.

This form is also called Initial Value Problem (IVP)
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General scheme to solve an ODE

Solving an ODE using the Laplace transform consists of the following
steps

Initial
Value

Problem
(IVP)

Algebraic
Problem
(AP)

Solving
AP by
Algebra

Solution
of the
IVP1 2 3

1. The given ODE is transformed into an algebraic equation, called
subsidiary equation

2. The subsidiary equation is solved by purely algebraic manipulations
3. The solution is transformed back, resulting in the solution of the

given problem.
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Transform – the general idea
A transform turns a given function f into another function.

Known transforms.
The derivative operator D takes a differentiable function f : [a, b] → R
and assigns/returns a new function (Df)(x) = f ′(x).

The Integral I takes a continuous function f : [a, b] → R and assigns

I[f ](t) := F (t) =

∫ t

0
f(x) dx.

The multiplication operatorMφ multiplies any given function
f : [a, b] → R by a fixed function φ : [a, b] → R

Mφf(t) = φ(t) · f(t).

The Fourier transform F of an absolutely integrable function f :

f̂(ω) := F(f)(ω) =
1√
2π

∫ ∞

−∞
f(x)e−iωx dx, ω ∈ R.
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Roadmap

▶ Definition of the Laplace transform
▶ Examples and properties (especially s-shifting)
▶ Existence and uniqueness
▶ derivatives and t-shifting
▶ Dirac and Heaviside function
▶ Convolution and Integral Equations
▶ Solving ODEs using the Laplace transform
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The Laplace transform
Definition. Let f(t) be a function that is defined for all t ≥ 0.
Then the Laplace transform1 L(f) of f is a function of a new variable s
and defined by

F (s) = L(f) =
∫ ∞

0
e−stf(t)dt

assuming that the integral exists.

Remark. Sine the Laplace transform is defined using an improper
integral, we have to compute it by tracking the limit∫ ∞

0
e−stf(t)dt = lim

T→∞

∫ T

0
e−stf(t)dt.

We denote by L−1(F ) = f the inverse Laplace transform
that maps F to f .

1Pierre Simon Marquis de Laplace (1749-1827)
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Three examples.
Example 1. The Laplace transform of f1(t) = c, c ∈ R, for t ≥ 0 is

L(c) =
∫ ∞

0
e−stf1(t)dt = lim

T→∞

∫ ∞

0
e−stcdt = lim

T→∞

c

−s
e−st

∣∣∣T
0
=

c

s
for s > 0

Example 2. The Laplace transform of f2(t) = eat, a ∈ R, for t ≥ 0 is

L(eat) =
∫ ∞

0
e−(s−a)t dt = lim

T→∞

1

a− s
e−(s−a)t

∣∣∣T
0
=

1

s− a
for s− a > 0

Example 3. Trying to compute the Laplace transformation of f3(t) = et
2 :

L
(
et

2)
=

∫ ∞

0
et

2−st dt

which does not exist, since et
2 increases much faster than e−st

decreases. Thus lim
t→∞

et
2−st = ∞ and the integral does not exist
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Linearity

Let f, g be two functions whose Laplace transforms exist. Let a, b ∈ R.
Then we have

L(af(t) + bg(t)) = aL(f(t)) + bL(g(t)),

i. e. the Laplace transform is linear.

Proof. Since both Laplace transforms of f and g exists, this follows
directly from the linearity of integration.
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Laplace transform of sine & cosine hyperbolicus
Example 4. Find the transforms of cosh(at) and sinh(at)

The cosine hyperbolicus reads cosh(at) = 1
2

(
eat + e−at

)
and

the sine hyperbolicus sinh(at) = 1
2

(
eat − e−at

)
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Laplace transform of sine & cosine
Example 5. Find the transforms of cos(ωt) and sin(ωt)

Recap. Using eulers Formular, the cosine reads cos(ωt) = 1
2

(
eiωt + e−iωt

)
and the sine sin(ωt) = 1

2

(
eiωt − e−iωt

)
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Piecewise continuous functions

Definition. A function f : [0,∞) → C is called pieceweise continuous if f
fulfils the following properties

▶ on every finite interval [a, b], 0 ≤ a < b < ∞ exists a partition
a = t0 < t1 < · · · , tn = b such that f

∣∣
(ti,ti+1)

is continuous,
i = 0, . . . , n− 1

▶ lim
t→t+i

f(t) exists

▶ lim
t→t−i

f(t) exists
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Existence of the Laplace transform

Idea. We have to make sure the growth is not too large

Theorem. Let f [0,∞) → C

▶ be piecewise continuous
▶ and f be “upper bounded in growth”, i. e.

there existsM > 0 and a > 0 such that

|f(t)| ≤ Meat for t ≥ 0.

Then the Laplace transform L(f) = F (s) is well-defined for s > a.
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Uniqueness of the Laplace transform

Theorem. Let f and g be piecewise continuous. If

L(f) = L(g)

holds, then we have
f = g

everywhere where both f and g are continuous.
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Some Laplace transforms (Kreyszig, Table 6.1, p. 207)

f(t) L(f)

1 1
1

s

2 t
1

s2

3 t2
2!

s3

4 tn, n ∈ N
n!

sn+1

5 tα, α > 0
Γ(a+ 1)

sa+1

6 eat
1

s− a

f(t) L(f)

7 cos(ωt)
s

s2 + ω2

8 sin(ωt)
ω

s2 + ω2

9 cosh(at)
s

s2 − a2

10 sinh(at)
a

s2 − a2

11 eat cos(ωt)
s− a

(s− a)2 + ω2

12 eat sin(ωt)
ω

(s− a)2 + ω2
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A short example

Example 6. Compute the Laplace transform of f(t) = 5t3 − 2et
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First shifting theorem, s-shifting

Theorem. Let f(t) be given with Laplace transform F (s) (for all s > k for
some k)
Then the function eatf(t) has the Laplace transform F (s− a) for
s− a > k.

In short the s shift is given by

L(eatf(t)) = F (s− a)

Proof.
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Example for shifting to find the inverse transform

Example 7. Find the inverse of the transform of (i. e. reconstruct f
from)

L(f) = 3s− 137

s2 + 2s+ 401



18

Laplace transform and derivatives
Theorem. Let f : [0,∞) → R (or C) such that

▶ it is differentiable
▶ fulfils the growth condition
▶ and its derivative f ′ is piecewise continuous.

Then we have
L(f ′) = sL(f)− f(0).

Proof.
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Laplace transform and derivatives II

Idea. If f is “nice enough”, we can generalize this easily.

Corollary. If all derivatives f, f ′, f ′′, . . . , f (n−1) fulfil the growth condition
and f (n) is piecewise continuous, we obtain

L(f (n)) = snL(f)− sn−1f(0)− sn−2f ′(0)− . . .− sf (n−2)(0)− f (n−1)(0).

Note. The theorem provides that we can use the Laplace transform to
... transform

f (n) L−−−−→ snF (s) + p(s),

where p(s) ∈ Pn−1 is a polynomial of order n− 1 in s.
The values of f, f ′, f ′′, ..., f (n−1) at 0 is exactly what our IVP provides!
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Solving an IVP using the Laplace transform

Given our IVP from the very first slide
y′′(t) + ay′(t) + by(t) = r(t), t > 0

y(0) = K0,

y′(0) = K1.

Question. How can we now solve this (using Laplace)?
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Solving an IVP with Laplace – Recipe
To solve an IVP using the Laplace transform, we have to

1. compute R(s) = L(r) (“Input”)
2. set up the transfer function Q(s)

3. (simple case) homogeneous initial conditions K0 = K1 = 0

⇒ L(y) = Q(s)R(s) and Q only involves a and b

3. (general case) we have to reorganise the subsidiary equation

Y (s) = Q(s)R(s) +Q(s)((s+ 1)K0 +K1)

4. compute y(t) = L−1(Y (s)) (“Output”)

Note. Three main steps: Laplace transform of r, set up subsidiary
equation and rearrange, inverse Laplace transform
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Multiplication Theorem

An analogue of the derivation theorem is the multiplication theorem.

Theorem. Let f be piecewise continuous

L(tf(t)) = − d
dsL(f) = −F ′(s)

Proof.
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Example of the multiplcation theorem

Example. Compute the Laplace transform of t sin(t)

Exercise. Try yourself to compute L(tn sin(t)) = L(t(tn−1 sin(t)))
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Laplace transform and integration
Theorem. Let f be piecewise continuous and fulfil our growth
condition.
We define g(t) :=

∫ t

0
f(τ)dτ

Then it holds
L(g(t)) = L

(∫ t

0
f(τ)dτ

)
=

1

s
F (s).

Proof.
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A known example.

We illustrate the Theorem from last slide with

sin(ωt) = ω

∫ t

0
cos(ωτ)dτ ( since d

dt sin(ωt) = ω cos(ωt))

To confirm L(sin(ωt)) = ω

s2 + ω2
starting from L(cos(ωt)) = s

s2 + ω2
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A complete Example
Solve the initial value problem

y′′(t) + y′(t) + 9y(t) = 0, t > 0

y(0) = 0.16,

y′(0) = 0.
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An Application: Electric Current.

Source: Kreyszig, p. 3, cf. also Sec. 2.9 (p. 93)

We have an RLC circuit with
▶ resistor R (ohm)
▶ inductor L (henry)
▶ capacitor C (farad)
▶ electromotive force E (Voltage V )

With voltage drops (Spenningsavfall) at

RI, LI ′ = L
d
dtI,

Q

C
=

1

C

∫
I dt.

Goal. Current I(t) = d
dtQ (ampere) where Q is the charge (coulomb).

Kirchhoff’s Current Law: Integro-Differential equation for I(t)

LI ′ +RI +
1

C

∫
I dt = V
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The ODE for RLC circuit
Since L,R,C are constant, taking the derivative of

LI ′ +RI +
1

C

∫
I dt = V

yields a second order ODE

LI ′′ +RI ′ +
1

C
I = V ′

Question. (or goal for today)

a b

v0

t

V (t) ▶ What happens if the turn on a
constant voltage for some time
[a, b]?

▶ What is here V ′?
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The Heaviside function

Definition. (Heaviside21 function)

u(t) := X[0,∞)(t) =

{
0 if t < 0,

1 if t ≥ 0,

1

t

u(t)

▶ For a ≥ 0:

u(t− a) = τau(t)

just shift the Heaviside function to a
a

1

t

u(t− a)

1Oliver Heaviside (1850–1925), english mathematician and physicist
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Rectangular functions

▶ rectangle function:

rba(t) := u(t− a)− u(t− b), 0 ≤ a < b
a b

1

t

rba(t)

▶ periodic rectangular wave of period 2a

ra(t) := u(t)− 2u(t− a) + 2u(t− 2a)

− 2u(t− 3a) + . . .

= u(t) +

∞∑
k=1

(−1)k2r
(k+1)a
ka (t)

a 2a 3a 4a
. . .

1

t

ra(t)
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Translation and Cut-off
f(t)

1

t

f(t− a)

a

1

t

f(t− a)u(t− a)

a

1

t

▶ if we have a function f (maybe also only defined for t ≥ 0)
▶ and we want to shift it, we get f(t− a), for some a > 0

▶ we can “turn on” only at t = a

Example. The Laplace transform of the Heaviside function.

L
(
u(t−a)

)
=

∫ ∞

0
u(t−a)e−st dt =

∫ ∞

a
e−st dt = 1

−s
e−st

∣∣∣∣∣
t=∞

t=a

=
e−sa

s
= e−saL(1)
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The t-shift Theorem (the second shift theorem)
Remember. The s-shift Theorem: L(eatf(t)) = F (s− a)

Theorem. If f has the Laplace transform F (s), then the function

g(t) = f(t− a)u(t− a) =

{
0 for t < a

f(t− a) for t ≥ a

has the Laplace transform

L(g(t)) = L
(
f(t− a)u(t− a)

)
= e−asF (s)

We can also write this (applying L−1 on both sides)

f(t− a)u(t− a) = L−1
(
e−asF (s)

)
.

Proof.
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Example.
Compute the Laplace transform L(f) of

f(t) =

{
0 for t < 1

sin(t− 1) for t ≥ 1.

Use the Laplace transform of the sine function: L(sin(t)) = 1
s2+1

.
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Dirac’s Delta “function”1
Goal. Find a derivative for the Heaviside function.

Idea/Motivation. Assume we accelerate a car.
What is immediate acceleration?
What is then a(t) = d

dtv(t) = v′(t)

10 kph

t

v(t)

Observation. For t < 0 and t > 0 we have v′(t) = 0. What about t = 0?

Trick. Approximate!
speed vε1 , vε2 , vε3 ,...

− ε1 − ε2 − ε3 ε3 ε2 ε1

1

t

acceleration aε1 , aε2 , aε3 ,...

−ε1 −ε2 −ε3 ε3 ε2 ε1

1
2ε3

1
2ε21

2ε1 t

1Paul A. M. Dirac (1902–1984), English mathematical and theoretical physicist
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Dirac’s Delta “function” II
Let’s fix any ε, then we get ∫ ∞

−∞
aε(t)dt = 1

independent of ε!

We observe further
▶ the support of aε(t) is an interval of length 2ϵ and gets smaller and

smaller for ϵ → 0

▶ We know the minimal (0) and maximal function value.

max
t∈R

|aε(t)| = max
t∈R

|v′ε(t)| =
1

2ε

Idea. Taking the limit ϵ → 0 we obtain a generalized function or
distribution δ(t)
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Dirac’s Delta “function” III
Taking the limit ϵ → 0 we obtain a
generalized function or distribution δ(t) which fulfills

1. δ(t) =

{
∞ for x = 0

0 for x ̸= 0

2.
∫ ∞

−∞
δ(t)dt = 1

3. intuitively: The derivative of the Heaviside function is u′(t) = δ(t).

This is called (often) Dirac’s delta “function”.

Obs. From Math 2 we know that δ(t) can not be a normal function,
since its Riemann integral is zero.
So do we now always have to keep the whole construction via aε(t) in
mind? No. But be a bit careful, that δ(t) is not a (classical) function.
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Properties of the Delta “function”
If we look at ∫ ∞

−∞
f(t)aε(t)dt =

1

2ε

∫ ε

−ε
f(t)dt ε→0−−−→ f(0)

So we can define the dirac “function” as∫ ∞

−∞
f(t)δ(t)dt = f(0)

or more general we arrive at the convolution (from the Fourier
transform)
for some a ∈ R (note that δ is even)∫ ∞

−∞
f(t)δ(t− a)dt = f(a) =

∫ ∞

−∞
f(t)δ(a− t)dt =: (f ∗ δ)(a).
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Dirac distributon – Outlook.

For a reasonable function f , we saw that∫ ∞

−∞
f(t)aε(t)dt → f(0) for ε → 0.

And we used this limit in ε to define Dirac “function” δ(t)..

Better: δ can rather be understood as a functional, i. e. a mapping that
“returns” a scalar value for every function.

f 7→ δ(f) := f(0) =

∫ ∞

−∞
f(t)δ(t)dt
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Analogon. Measurement of temperature

Measuring temperature. . .

▶ can the thought of as a function assigning each point p a
temperature in degree.

▶ can be thought of as something acting on a thermometer
⇒ or: when we probe/measure, we actually get a local average

around p

T̃ =

∫
Ω
T (x)ϕp(x)dx with

∫
ϕp(x)dx = 1

and the support of ϕp lies around p ⇒ ϕp is called a test function.



40

Characterise functions via testing

We denote by

C∞
c ([a, b]) =

{
ϕ : [a, b] → R

∣∣∣∣ϕ(n)(x) exists for all x ∈ [a, b]

and ϕ(n)(a) = ϕ(n)(b) = 0 for all n ∈ N
}
.

The set of smooth functions of compact support.

Theorem. Let f, g be two continuous functions defined on [a, b]. If∫ b

a
f(x)ϕ(x)dx =

∫ b

a
g(x)ϕ(x)dx for all ϕ ∈ C∞

c ([a, b])

then f ≡ g.
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Characterise derivatives via test functions

For nice functions f ∈ C1 we can use integration by parts with a test
function ϕ ∈ C∞

c ([a, b]) and get

∫ b

a
f ′(x)ϕ(x)dx = f(x)ϕ(x)

∣∣∣∣b
a

−
∫ b

a
f(x)ϕ′(x)dx = −

∫ b

a
f(x)ϕ′(x)dx

(remember that ϕ(a) = ϕ(b) = 0)

⇒ In that sense we can say the dirac distribution is a “generlized
derivative” of the Heaviside function u.
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The Laplace transform of the Dirac “function”

RememberWe defined δ by
∫ ∞

0
f(t)δ(t)dt =: δ(f) =: f(0)

and for the shiftet delta “function” δa(t) := δ(t− a):∫ ∞

0
f(t)δa(t) =

∫ ∞

0
f(t)δ(t− a)dt = δa(f) = f(a)

With these the Laplace transform is easy to see taking f(t) = e−st:

L(δa(t)) =
∫ ∞

0
δ(t− a)e−st dt = e−sa
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Hammerblow response of damped Mass-spring system
Example. (cf. Kreyszig, p. 227) Solve

y′′ + 3y′ + 2y = δ(t− 1)

y(0) = 0,

y′(0) = 0.

We plot y(t) =
{
0 for t < 1

e−(t−1) − e−2(t−1) for t ≥ 1.

−0.5 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5 5.5 6

0.1

0.2

0.3

t

y
y(t)
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Square Wave response of damped Mass-spring system
Example. (cf. Kreyszig, p. 227) Solve for a > 1

y′′a + 3y′a + 2ya =
1

1− a

(
u(t− 1)− u(t− a)

)
ya(0) = 0,

y′a(0) = 0.

⇒ y2(t) =


0 for t < 1,
1
2 − e−(t−1) + 1

2e
−2(t−1) for 1 ≤ t < 2,

−e−(t−1) + e−2(t−1) + 1
2e

−2(t−1) − 1
2e

−2(t−2) for t ≥ 2.

y2(t) , y 3
2
(t) , y 5

4
(t) , yH(t)

−0.5 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5 5.5 6

0.1

0.2

0.3

t

y
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Motivation for convolution

Remember. The Laplace transform is linear: L(f + g) = L(f) + L(g)

In the solution of an IVP for some a, b ∈ R given by
y′′ + ay′ + by = r

y(0) = K0,

y′(0) = K1.

We obtained that for K0 = K1 = 0 we got using Q(s) = 1
s2+as+b

that

y(t) = L−1(Y (s)) = L−1
(
Q(s)R(s)+Q(s)

(
(s+a)K0+K1

))
= L−1(Q(s)R(s))

Question. What is the inverse Laplace transformation of a product of
two functions?
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Convolution (on the positive real line)
Definition. (Laplace version) We define the convolution of f and g as

(f ∗ g)(t) =
∫ t

0
f(τ)g(t− τ)dτ

if the integral is defined.

Example. for f(t) = g(t) = sin(t) we get

(sin ∗ sin)(t) = 1

2
(sin t− t cos t)

Example. for f(t) = t, g(t) = 1 we get

(t ∗ 1)(t) =
∫ t

0
τ1dτ =

1

2
t2
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Convolution Theorem

Theorem. Let f and g be two functions such that L(f) and L(g) as well
as L(f ∗ g) exist.

Then it holds
L(f ∗ g) = L(f)L(g)

or equivalently
f ∗ g = L−1

(
F (s)G(s)

)
Proof.
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Properties of Convolution

For two functions f, g, h the following properties hold

1. f ∗ g = g ∗ f (commutative)
2. f ∗ (g + h) = f ∗ g + f ∗ h (distributive)
3. (f ∗ g) ∗ h = f ∗ (g ∗ h) (associative)
4. f ∗ 0 = 0

Proof.
They follow either via integral manipulation or via L
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Undamped Mass spring system with periodic force.
Solve the IVP 

y′′ + y = sin(t)

y(0) = 0,

y′(0) = 0.

The solution is y(t) = 1
2

(
sin t− t cos t

)
.

1 2 3 4 5 6 7 8 9 10 11 12

−5

5

t

y

Tacoma Bridge (Youtube)

https://www.youtube.com/watch?v=XggxeuFDaDU
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Undamped Mass spring system with two “bumps”.
Solve the IVP 

y′′ + y = δ(t− a)− δ(t− b)

y(0) = 0,

y′(0) = 0.

The solution is y(t) = sin(t− a)u(t− a)− sin(t− b)u(t− b).

For example with a = 1
2 , b = 5

1 2 3 4 5 6 7 8 9 10 11 12

−2

−1

1

2

t

y
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Systems of ODEs
Consider the first order linear system with constant coefficients
a11, a12, a21, a22 and known functions g1, g2.
Then a Systems of ODEs is given by the following IVP

y′1(t) = a11y1(t) + a12y2(t) + g1(t)

y′2(t) = a21y1(t) + a22y2(t) + g2(t)

y1(0) = K1

y2(0) = K2


