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Recap: The 1D Wave Equation
Last week. The one-dimensional Wave equation.

Find u : [0, L] → R that fulfils

∂2

∂t2
u = c2

∂2

∂x2
u x ∈ [0, L]

u(x, 0) = u(L, t) = 0 (boundary conditions)
u(x, 0) = f(x) (initial condition)
∂

∂t
u(x, 0) = g(x) (initial condition)

where
▶ L is the length of the string
▶ the string is clamped at 0 on both ends x = 0 and x = L

▶ initial excitation f(x)
▶ initial speed g(x)
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Summary: Separation of Variables
1. Ansatz. u(x, t) = F (x)G(t)

2. Separating we get G′′(t)
c2G(t)

= k = F ′′(x)
F (x) , k ∈ R or: Two ODEs

F ′′(x)− kF (x) = 0 and G′′(t)− c2kG(t) = 0

3. Solving for F we get for k = −λ2 = −
(πn
L

)2
, n = 1, 2, . . ., solutions

Fn(x) = Cn sin
(πn
L
x
)

(we set Cn = 1 in the following)

4. For each Fn: solve for Gn with λn =
πn

L
c and superposition: we get

un(x, t) =
(
An cos(λnt)+Bn sin(λnt)

)
sin

(πn
L
x
)

⇒ u(x, t) =

∞∑
n=1

un(x, t)

5. Compute Fourier sine series for ICs f(x) and g(x) (odd extensions):

An =
2

L

∫ L

0
f(x) sin

(nπ
L
x
)
dx and Bn =

2

cnπ

∫ L

0
g(x) sin

(nπ
L
x
)
dx
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Terminology for the solution

The single functions

un(x, t) =
(
An cos

(
cnπ
L t

)
+Bn sin

(
cnπ
L t

))
sin

(
nπ
L x

)
are called eigenfunctions of the wave equation.

The values
λn =

cnπ

L
, n = 1, 2, . . .

are called eigenvalues and the set {λ1, λ2, . . .} is called the spectrum.
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Alternative approach. D’Alembert’s formula
The one-dimensional wave wave equation

∂2

∂t2
u = c2

∂2

∂x2
u x ∈ [0, L]

u(0, t) = u(L, t) = 0 (boundary conditions)
u(x, 0) = f(x) (initial condition)
∂

∂t
u(x, 0) = g(x) (initial condition)

Can also be solved with the following

Ansatz.
Let φ,ψ be two functions that are twice differentiable functions. Then
we consider the function

u(x, t) = φ(x+ ct) + ψ(x− ct).

It actually fulfils the first equation above.
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D’Alembert’s solution – summary
We get

φ(x) =
1

2

(
f(x) +

1

c

∫ x

x0

g(s) ds
)

and
ψ(x) =

1

2

(
f(x)− 1

c

∫ x

x0

g(s) ds
)

or plugging them in

u(x, t) =
1

2
(f(x+ ct) + f(x− ct)) +

1

2c

∫ x+ct

x−ct
g(s) ds

where the last term vanishes if g(x) = 0.

And one can even verify with the odd extension from f and the sine
series we had in the separation of variables, that the boundary
conditions hold here as well.
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Numerics for the Wave Equation
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Motivation
We now know 2 methods to analytically solve the wave equation if the
PDE is linear and hom

In practice. We might observe
▶ that the sound/wave speed c depends on the position⇒ c(x) ⇒

nonlinear!
▶ we might have an inhomogeneity in the PDE
▶ . . .or we maybe just want to see a video of the equation “in action”

. . .or maybe we just want to compare our analytical solution to a
numerical one for verification.

Approach. Finite difference method
cf. the 2-point boundary problem in our first week
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Recap. Finite Differences
Goal. Numerical approximation of f ′ and f ′′.

Approach. Take some step length h > 0 and for

First order. For the first derivative we considered

Forward Difference f ′(x) =
f(x+ h)− f(x)

h
+O(h)

Backward Difference f ′(x) =
f(x)− f(x− h)

h
+O(h)

Central Difference f ′(x) =
f(x+ h)− f(x− h)

2h
+O(h2)

Second order. Similarly we combine a forward and a backward
difference to

f ′′(x) =
f(x− h)− 2f(x) + f(x+ h)

h2
+O(h2)
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Numerical Methods for PDEs – Overview
Goal. Solve a Partial Differential Equation (PDE) numerically.

Approach. With finite difference methods this consists roughly
speaking of

1. Discretize the domain Ω on which the PDE is defined⇒ xi, tn.
2. Approximate derivatives ∂2

∂t2
u and ∂2

∂x2u

3. Approximate the PDE: Introduce Un
i ≈ u(xi, tn):

▶ approximate the derivatives on each grid point by finite differences
⇒ This involves neighbouring points

4. include equations to fulfil boundary conditions
5. include initial conditions: ⇒ values for U0

i = u(xi, 0)
but also discuss how to include the derivative ∂

∂tu(xi, 0)

today: use this to solve the wave equation.
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1. Discretize: A Grid of points

With the discretization of space and time

xi = x0 + ih, i = 0, . . . ,M, h =
L

M
tn = t0 + nk, n = 0, . . . , k > 0,

for two parametersM and k and some starting time t0.

Alternatively. if we have a fintie time interval [0, T ] we could also use
N + 1 points in time and set t0 = 0 and k = T

N .

We obtain a grid of points.
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2. Approximate derivatives
Idea. Approximate the partial derivatives from the wave equation as

∂2

∂t2
u(x, t) =

u(x, t− k)− 2u(x, t) + u(x, t+ k)

k2
+O(k2) (2nd derivative in t)

∂2

∂x2
u(x, t) =

u(x− h, t)− 2u(x, t) + u(x+ h, t)

h2
+O(h2) (2nd derivative in x)

Due to k, when using t = tn, its “neighbours” tn−1 and tn+1 are used.
We get for the inner points n = 1, 2 . . . (excluding the start t0) that

∂2

∂t2
u(xi, ti) =

u(xi, tn − ktn−1)− 2u(xi, tn) + u(xi, tn + ktn+1)

k2
+O(k2)

Similarly. Due to using h, with x = xi, both xi−1 and xi+1 appear in

∂2

∂x2
u(xi, tn) =

u(xi − hxi−1, tn)− 2u(xi, tn) + u(xi + hxi+1, tn)

h2
+O(h2)

for the inner nodes i = 1, . . . ,M − 1 (so excluding x0 and xM )
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3. Approximate the PDE
Combining both terms from the last slide we get for the Wave equation
u(xi, tn−1)− 2u(xi, tn) + u(xi, tn+1)

k2
+O(k2)

= c2
u(xi−1, tn)− 2u(xi, tn) + u(xi+1, tn)

h2
+O(h2)

Idea. Replace the (still unknown) function u by numerical
approximations at the grid points

Un
i ≈ u(xi, tn), i = 0, . . . ,M, n = 0, . . . , N

(carefull: the superscript n is an index not the nth power.)

We obtain with this approximation

Un+1
i − 2Un

i + Un−1
i

k2
= c2

Un
i+1 − 2Un

i + Un
i−1

h2

for i = 1, . . . ,M − 1 and n = 1, 2, . . ..
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Idea for an algorithm: Time steps

idea. Observing a phenomenon is something “developing” in time.

Use the idea here we see that:
Assume that we computed the solution at time steps tn−1, tn, we see
that the time step tn+1 appears in

Un+1
i − 2Un

i + Un−1
i

k2
= c2

Un
i+1 − 2Un

i + Un
i−1

h2

only once. We rearrange

Un+1
i = 2Un

i − Un−1
i + c2

k2

h2
(
Un
i+1 − 2Un

i + Un
i−1

)
for i = 1, . . . ,M − 1, n = 1, 2, . . . (still inner points only)
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4. Boundary Conditions
At i = 0 and i =M We are missing one “neighbour”.
Hence in the updates for i = 1 and i =M − 1, which read

Un+1
1 = 2Un

1 − Un−1
1 + c2

k2

h2
(
Un
2 − 2Un

1 + Un
i−1

)
Un+1
M−1 = 2Un

M−1 − Un−1
M−1 + c2

k2

h2
(
Un
M − 2Un

M−1 + Un
M−2

)
,

we still have the unknowns (highlighted) Un
0 and Un

M .

Idea. These two approximate the boundary since we said

Un
0 ≈ u(x0, tn) = u(0, tn) and Un

M ≈ u(xM , tn) = u(L, tn).

Since we assume zero boundary conditions, we set

Un
0 = 0 and Un

M = 0.
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5. Initial Conditions
We are still missing the case n = 0 or the time t0 = 0.
Our very first update (n = 0) reads

U1
i = 2U0

i − U−1
i + c2

k2

h2
(
U0
i+1 − 2U0

i + U0
i−1

)
where we do not know U0

i−1, U0
i , Ui+1 nor U−1

i .

First idea. We still have the initial conditions. Since

U0
i ≈ u(xi, t0) = u(xi, 0) and u(x, 0) = f(x)

⇒ treat them the same way as the boundary conditions and set

U0
i = f(xi), i = 1, . . . ,M − 1

For the second idea.
How should we handle U−1

i and what “information” do we have left?
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Initial Conditions II

We have not yet used the second initial condition

∂

∂t
u(x, 0) = g(x)

We use the central difference formula

∂

∂t
u(x, 0) =

u(x, k)− u(x,−k)
2k

+O(k2)

Combining both and switching to the approximation Un
i ≈ u(xi, tn) we

get
1

2k

(
U1
i − U−1

i

)
= g(xi) ⇒ U−1

i = U1
i − 2kg(xi)

Question. Are we finished?
No, since we also do not know U1

i yet. But let’s see. . .
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Combining the Initial Conditions
We can plug in

U−1
i = U1

i − 2kg(xi)

into out first step scheme

U1
i = 2U0

i − U−1
i + c2

k2

h2
(
U0
i+1 − 2U0

i + U0
i−1

)
We get

U1
i = 2U0

i − (U1
i − 2kg(xi)) + c2

k2

h2
(
U0
i+1 − 2U0

i + U0
i−1

)
Where we can get the U1

i to the right hand since and divide by 2 to get

U1
i = U0

i + kg(xi) + c2
k2

2h2
(
U0
i+1 − 2U0

i + U0
i−1

)
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Numerical Method
Parameters. ChooseM ∈ N and k > 0, set h = L

M .

1. Define xi = ih for i = 0, . . . ,M and tn = nk for n = 0, 1, 2, . . ..
2. (Initialisation) Set U0

0 = 0 and U0
M = 0 and

U0
i = f(xi), for i = 1, . . . ,M − 1.

3. (First step) Set U1
0 = 0 and U1

M = 0 as well as

U1
i = U0

i +kg(xi)+c
2 k

2

2h2
(
U0
i+1−2U0

i +U
0
i−1

)
, for i = 1, . . . ,M−1.

4. (Main Loop) For n = 2, . . . set Un
0 = 0 and Un

M = 0 compute

Un+1
i = 2Un

i − Un−1
i + c2

k2

h2
(
Un
i+1 − 2Un

i + Un
i−1

)
, i = 1, . . . ,M − 1

Result. An array of values Un
i , i = 0, . . . ,M and n = 0, 1, 2, . . .,

where Un
i is an approximation of the solution u(xi, tn).
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Example

We use L = 1, c = 1
2 and the initial conditions

f(x) = sin(2πx)

g(x) = sin(πx)− 2 sin(5πx)

Can we “easily” see the analytical solution? The analytical solution is

u(x, t) =
2

π
sin(πx) sin(

πt

2
) + sin(2πx) cos(πt) = − 4

5π
sin(5πx) sin(

5πt

2
)
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Stability
In the implementation we noticed:

▶ we obtain a reasonable solution
▶ but it seems we have to be careful with the choices for h nd k.
▶ if for fixed k (time discretization) we decrease h
⇒ “strange” oscillations appear
⇒ maybe even numerical overflows (values > 10308)
! The numerical method becomes unstable

Informally, we could summarize:

If a body/wave is not allowed to travel more than h in a time interval k.
If it does so, we do have a discrete time point tn without derivative
information.
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The CFL condition

The number c kh is called Courant number.

A(n explicit) numerical method for a PDE is stable if and only if

c
k

h
≤ 1

holds. This condition is also called Courant-Friedrichs-Lewy (CFL)
condition.

⇒ for a fixed spatial resolution h there exist a maximum allowable time
step k.
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The Heat Equation
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The Heat Equation – Derivation
Goal.
Model the distribution of heat in a given area over time.

Ω0
Ω

n

x

▶ an area (our lecture hall) Ω0

▶ Consider an area Ω in our lecture hall
▶ At each boundary point: normal vector n
▶ Let’s look at one point x ∈ Ω.

We want to model/describe the
▶ density of internal energy e(x, t) (in [J/m3]) at a point x at time t
▶ heat flux through a surface ∂Ω is a vector field F (x, t) ([J/(m2s)])
▶ power density p(x, t) (in [J/(m3s)]), imagine e. g. a candle
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Heat Equation – Step 1: Conservation of Energy
For any Ω ⊂ Ω0 the Conservation of energy dictates

d
dt

∫
Ω
e(x, t)dV =

∫
Ω
p(x, t)dV −

∫
∂Ω

F (x, t) · n(x)dS

Remember. Using Gauß (divergence) theorem we can rewrite∫
∂Ω

F (x, t) · n(x) dS =

∫
Ω
∇ · F (x, t)dV

Plugging this into our conservation of energy we obtain even pointwise

d
dt

∫
Ω
e(x, t)dV =

∫
Ω

∂

∂t
e(x, t)dV =

∫
Ω

(
p(x, t)−∇ · F (x, t)

)
dV

Since this has to hold for any Ω ⊂ Ω0 we obtain

∂

∂t
e(x, t) +∇ · F (x, t) = ρ(x, t) for all x ∈ Ω0 and t > 0.
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Heat Equation – Step 2: Constitutive Laws
Problem. We can not derive the internal energy and we are also only
interested in the (absolute) temperature T = T (x, t) (e. g. in [K]).

But we can use two empirical observations.

The first constitutive law relates e(x, t) to T :

e = e0 + σ(T − T0) = e0 + σu, where

▶ e0 is the base energy density related to T0 (e. g. 0◦K)
▶ σ = σ(x) ([J/(m3K)]) the specific heat capacity (at x)
▶ set u := T − T0 as the relative temperature (our value of interest).

The second constitutive law (Fourier’s law) relates u (or T ) to F

F = −λ∇u,

where λ = λ(x) ([J/(mKs)]) is the heat conductivity.
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The Heat Equation (finally!)
Plugging both constitutive laws ( e = e0 + σu and F = −λ∇u) into the
energy conservation yields the

heat equation.

σ
∂

∂t
u−∇ · (λ∇u) = p for all x ∈ Ω0 and t > 0

If we assume that λ does not depend on x (e. g. a homogeneous
material) we obtain

σ
∂

∂t
u− λ∆u = p for all x ∈ Ω0 and t > 0

Or if we divide by σ and introduce c2 = λ
σ > 0

∂

∂t
u = c2∆u+ p ⇔ ∂

∂t
u− c2∆u = p

Usually we set p = 0, that is no energy sources in our domain Ω
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Boundary and Initial conditions
To finally determine the temperature u we need
▶ the initial temperature u0(x) = u(x, 0) for all x ∈ Ω0

▶ whether or what kind of energy exchange occurs at the boundary
∂Ω0

Most common boundary conditions are (for the heat equation)

F · n = κ(x, t)(u− ua)

with some ambient temperature ua
and the heat transfer coefficient κ ([J/(m2sK)])

⇒ Fourier’s law:
−λ∇u · n = −λ∂nu = κ(u− ua)
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Boundary Conditions

These conditions are called Robin boundary conditions

λ∂nu+ κ(u− ua) = 0 on ∂Ω0

(Homogeneous) Neumann condition
κ = 0 is the limit case of perfect isolation and we obtain

λ∂nu = 0 on ∂Ω0

(Inhomogeneous) Dirichlet condition: u = ua
is the limit case κ→ ∞ is infinitely fast heat exchange
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Solving the heat equation on a rod

Goal. Compute the temperature u(t, x) of a (1D) rod or wire
(infinitely thin, no heat source)

0 L


∂

∂t
u− c2

∂2

∂x2
u = 0

u(0, t) = u(L, t) = 0 (zero) Dirichlet boundary conditions
u(x, 0) = f(x) initial conditions (at time 0)
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The solution to the heat equation on the rod

Theorem. Let L > 0 be given. The (1D) heat equation
∂

∂t
u− c2

∂2

∂x2
u = 0

u(0, t) = u(L, t) = 0 Dirichlet boundary conditions
u(x, 0) = f(x) initial conditions (at time 0)

is solved by

u(x, t) =

∞∑
n=1

Bne
−
(

cnπ
L

)2
t sin

(nπ
L
x
)

with
Bn =

2

L

∫ L

0
f(x) sin

(nπ
L
x
)
.
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Recap. Numerical Methods for PDEs – Overview
Goal. Solve a Partial Differential Equation (PDE) numerically.

Approach. With finite difference methods. Here for the Heat equation.
this consists roughly speaking of

1. Discretize the domain Ω on which the PDE is defined⇒ xi, tn.
2. Approximate derivatives ∂

∂tu and
∂2

∂x2u

3. Approximate the PDE: Introduce Un
i ≈ u(xi, tn):

▶ approximate the derivatives on each grid point by finite differences
⇒ This involves neighbouring points

4. include equations to fulfil boundary conditions
5. include initial conditions: ⇒ values for U0

i = u(xi, 0)
but also discuss how to include the derivative ∂

∂tu(xi, 0)

today: use this to solve the heat equation.
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Recap. The 1D Heat Equation
We look at the one-dimensional heat equation with parameter c2 > 0

∂

∂t
u = c2

∂2

∂x2
u for 0 < x < L and t > 0

with initial conditions u(x, 0) = f(x) for 0 < x < L and . . .

different possibilities of boundary conditions:
Dirichlet the temperature is given as g0(t) and gL(t), resp:

u(0, t) = g0(t) and u(L, t) = gL(t) for t > 0

Neumann the temperature flux at the end points is given
∂

∂t
u(0, t) = g0(t) and ∂

∂t
u(L, t) = gL(t) for t > 0

homogeneous: g0(t) = gL(t) = 0 for t > 0 (perfect isolation)
Robin (or mixed): For a0, b0, aL, bl ̸= 0:

a0
∂

∂t
u(0, t)+b0u(0, t) = g0(t) and aL

∂

∂t
u(L, t)+bLu(L, t) = gL(t) for t > 0
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2. Approximate derivatives
Idea. Approximate the partial derivatives from the wave equation as

∂

∂t
u(x, t) =

u(x, t+ k)− u(x, t)

k
+O(k) (1st (forward) difference in t)

∂2

∂x2
u(x, t) =

u(x− h, t)− 2u(x, t) + u(x+ h, t)

h2
+O(h2) (2nd order difference in x)

Due to k, when using t = tn, its “neighbours” tn−1 and tn+1 are used.
We get for the inner points n = 1, 2 . . . (excluding the start t0) that

∂

∂t
u(xi, ti) =

u(xi, tn+1)− u(xi, tn)

k
+O(k)

Similarly. Completely analogue to the wave equation, we have

∂2

∂x2
u(xi, tn) =

u(xi−1, tn)− 2u(xi, tn) + u(xi+1, tn)

h2
+O(h2)

for the inner nodes i = 1, . . . ,M − 1 (so excluding x0 and xM )
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3. Approximate the PDE
Combining both terms from the last slide we get for the heat equation

u(xi, tn+1)− u(xi, tn)

k
+O(k) = c2

u(xi−1, tn)− 2u(xi, tn) + u(xi+1, tn)

h2
+O(h2)

Idea. (again) Replace the (still unknown) function u by

Un
i ≈ u(xi, tn), i = 0, . . . ,M, n = 0, . . . , N

on our grid points.

We obtain with this approximation

Un+1
i − Un

i

k
= c2

Un
i+1 − 2Un

i + Un
i−1

h2

for i = 1, . . . ,M − 1 and n = 1, 2, . . ..
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The Explicit Scheme – Forward Euler Method

1. From the initial conditions we know U0
i = u(xi, 0) = f(xi)

2. For each time point n = 0, 1, 2, . . .
2.1 We have to take into account the boundary conditions

▶ Dirichlet: We have u(0, t) = g0(t) and u(L, t) = gL(t)
⇒ We can just set Un+1

0 = g0(tn+1) and Un+1
N = gL(tn+1)

(other BC on the next slide.)
2.2 we compute

Un+1
i = Un

i + α
(
Un
i−1 − 2Un

i + Un
i+1

)
,

for i = 1, . . . , N − 1, where α = c2k
h2

This is also called the explicit Scheme
since Un+1

i can explicitly be computed,
or the Forward Euler Method.
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Neumann Boundary Conditions
If we have

∂u

∂x
(0, t) = g0(t) and ∂u

∂x
(L, t) = gL(t)

for two given functions g0, gL.
What can we do here for the Step 2.1 on the last slide?
Use finite differences!

Example. On the left hand side at x = 0 we obtain

Un+1
0 = Un

0 + 2α(Un
1 − Un

0 − hg0(tn))

and similarly on the right for x = L we obtain

Un+1
M = Un

M + 2α(Un
M−1 − Un

M + hgL(tn))
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Robin Boundary Conditions

Mixing both the Dirichlet case and the Neumann case we have If we
have

a0
∂u

∂x
(0, t) + b0u(0, t) = g0(t) and aL

∂u

∂x
(L, t) + bLu(L, t) = gL(t)

You can combine the last two cases (Dirichlet & Neumann) and obtain

Un+1
0 = Un

0 + 2α(Un
1 − Un

0 − hb0
a0

Un
0 − h

a0
g0(tn))

as well as

Un+1
M = Un

M + 2α(Un
M−1 − Un

M − hbL
aL

Un
M +

h

a0
gL(tn))
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Matrix Notation – homogen. Neumann BC example 1/2

If we set
∂u

∂x
(0, t) = g0(t) = 0 and ∂u

∂x
(L, t) = gL(t) = 0

we obtain the homogeneous Neumann boundary conditions.

Then our equations look like

Un+1
0 = Un

0 + 2α(Un
1 − Un

0 )

Un+1
i = Un

i + α
(
Un
i−1 − 2Un

i + Un
i+1

)
, for i = 1, . . . ,M − 1

Un+1
M = Un

M + 2α(Un
M−1 − Un

M )

We can write these nicer using Matrix-Vector notation.
We introduceUn = (Un

0 , . . . , U
n
M )T ∈ RM+1 and similarlyUn+1
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Matrix Notation – homogen. Neumann BC Example 2/2

A =



−2 2 0 · · · · · · 0
1 −2 1 0 · · · · · · 0
0 1 −2 1 0 · · · · · · 0
... . . . . . . . . . . . . . . . ...
... . . . . . . . . . . . . . . . ...
0 · · · · · · 0 1 −2 1 0
0 · · · · · · 0 1 −2 1
0 · · · · · · 0 2 −2


∈ R(M+1)×(M+1).

and denote by IM+1 ∈ R(M+1)×(M+1) be the (M + 1)-dimensional
identity matrix.
⇒We can also write the updates as

Un+1 = (IM+1 + αA)Un.

Let’s look at this in an example in code
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Numerical Example
We consider the heat equation

∂

∂t
u = c2

∂2

∂x2
u for 0 < x < L and t > 0

with L = 1, c2 = 1
4 Initial conditions

f(x) = − cos(2πx) + cos(4πx) + cos(9πx)

and homogeneous Neumann boundary conditions

∂

∂x
u(0, t) =

∂

∂x
u(1, t) = 0

The analytical solution (separation of variables, last week) reads

u(x, t) = − cos(2πx)e−π2t + cos(4πx)e−4π2t + cos(9πx)e−81π2t/4
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(In)Stability
Idea (informally). We want to avoid, that the solution “explodes”.

Naming Q := (IM+1 + αA) and usingU0 =
(
f(x0), . . . , f(xM )

)T we get

Un+1 = Qn+1U0

⇒ the largest “scaling” the matrix Q introduces has to be less than one.
This corresponds to considering the largest Eigenvalue.

We obtain that for Stability we need α = c2k
h2 ≤ 1

2

⇒ If we want to take half the step size (h2 ) in space, we have to take
k
4

stepsize in time to still get the same α.

Or more drastically, if we want to increase the time resolution to h
10 , we

have to take k
100 in time!
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Implicit Euler Method
Idea. Take a backwards difference in time instead.

We obtain
Un+1
i − c2

k

h2
(
Un+1
i+1 − 2Un+1

i + Un+1
i−1

)
= Un

i

where we do not get an explicit formula for each Un+1
i but an implicit

one, where these new values (on the left) depend on each other.

We shorten again α = c2 k
h2 .

We again consider first Dirichlet boundary conditions. and obtain

Un+1
1 − α(Un+1

2 − 2Un+1
1 ) = Un

1 − αg0(tn+1)

Un+1
M−1 − α(Un+1

M−2 − 2Un+1
M−1) = Un

M−1 − αgL(tn+1)



42

Implicit Euler Method (Dirichlet BC) in Matrix Form
Using the matrix B ∈ RM−1×M−1 and the vector bn+1 ∈ RM−1 given by

B =



−2 1 0 · · · · · · 0
1 −2 1 0 · · · · · · 0
0 1 −2 1 0 · · · · · · 0
... . . . . . . . . . . . . . . . ...
... . . . . . . . . . . . . . . . ...
0 · · · · · · 0 1 −2 1 0
0 · · · · · · 0 1 −2 1
0 · · · · · · 0 1 −2


and bn+1 =



g0(tn−1)
0
0
...
0

gL(tn−1)



and the identity IM−1 as before, we can write the equations for
Un+1 =

(
Un+1
1 , . . . , Un+1

M−1

)T as

(IM−1 − αB)Un+1 = Un + αbn+1

⇒ This is a linear system of equations⇒ Gaussian elimination
! Since it’s tridiagonal, even faster methods available (O(M))!
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Implicit Euler with Neumann BC
For Neumann boundary conditions we (again) have

∂xu(0, t) = g0(t), and ∂xu(L, t) = gL(t).

⇒ Same approach as before (with detour via Un−1
−1 and Un+1

M+1) yields

Un+1
0 − 2α

(
Un+1
1 − Un+1

0

)
= Un

0 + 2αhg0(tn+1),

Un+1
i − α

(
Un+1
i−1 − 2Un+1

i + Un+1
i+1

)
= Un

i , for i = 1, . . . ,M − 1,

Un+1
M − 2α

(
Un+1
M−1 − Un+1

M

)
= Un

M − 2αhgL(tn+1).

⇒ To capture the two highlighted terms, we introduce
an+1 =

(
g0(tn+1), 0, 0, . . . , 0,−gL(tn+1)

)T.
To obtainUn+1 = (Un+1

0 , . . . , Un+1
M )T: Using A from before we get

(IM+1 − αA)Un+1 = Un + 2αhan+1.

⇒ again a tridiagonal system⇒ efficiently solvable,
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Implicit Euler – Remarks
▶ The computations are only slightly more costly than for Explicit

Euler
▶ The method is unconditionally stable
⇒ in principle we can use arbitrarily large step sizes
▶ in practice: For accuracy still small step sizes required (just their

ratio in α not so important)

Approximation Errors. We used were
▶ O(h2) in space (second order difference)
▶ O(k) in time (backward difference)
⇒ to reduce the error by a factor 1

4 : we require
k
4 but only

h
2 .

Or informally: k has to “behave like” h2.
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Crank-Nicolson Method 1/2
Idea. Combine Explicit and Implicit Euler Methods.

For example for Neumann boundary conditions, both methods read

Un+1 = (IM+1 + αA)Un + 2αhan,

(IM+1 − αA)Un+1 = Un + 2αhan+1,

Approach. Take the average of both. We get
(remember that hereUn+1 ∈ RM+1, includes Un+1

0 , Un+1
M )(

IM+1 −
α

2
A
)
Un+1 =

(
IM+1 +

α

2
A
)
Un + αh

(
an + an+1

)
.

Similarly for Dirichlet. taking the average we get
(remember that hereUn+1 ∈ RM−1 does not include the boundary)(

IM−1 −
α

2
B
)
Un+1 =

(
IM−1 +

α

2
B
)
Un +

α

2

(
bn + bn+1

)
.



46

Crank-Nicolson Method 2/2

The overall algorithm includes

▶ Choosing step sizes h = L
M , k = T

N

▶ Setting up U0
i

▶ Setting up A (or B depending on the BC)
▶ iterating the updates from last slide for n = 0, 1, 2, . . .

Numerical Cost. The cost is only slightly higher than for the implicit
Euler Method.
Numerical Error. The numerical error is of order O(h2 + k2).
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The Heat Equation on the Real line.
Motivation / Model Problem.
Consider the Heat equation, L, c > 0, with zero Dirichlet BC

∂

∂t
u = c2

∂2

∂x2
u, − L

2
≤ x ≤ L

2
, t ≥ 0

u(x, 0) = f(x) (Initial Condition)
u(−L

2 , t) = u(L2 , t) = 0, (Boundary Conditions)

What if we let L tend to∞ ?

The infinite wire.
∂

∂t
u = c2

∂2

∂x2
u, x ∈ R, t ≥ 0

u(x, 0) = f(x) (Initial Condition)
lim

x→±∞
u(x, t) = 0, (Boundary Conditions)

⇒We use the Fourier Transform!
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Recap. The Fourier Transform.
For f ∈ L1(R) , the Fourier Transform is defined by

f̂(ω) := F(f)(ω) =
1√
2π

∫ ∞

−∞
f(x)e−iωx dx, ω ∈ R.

And for a function g(ω) ∈ L1(R) the inverse Fourier transform is defined
by

ǧ(x) := F−1(g)(x) =
1√
2π

∫ ∞

−∞
g(ω)eiωx dω, x ∈ R.

An important Property. F(f ′) = iωF(f) or shorter (̂f ′) = iωf̂

An example. For the Gaussian function, a > 0 we have that
(p.534, Kreyszig)

F(e−ax2
) =

1√
2a

e
−ω2

4a
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Simplifying the PDE to an ODE “in Fourier Domain”
Using the Fourier transform in space Fx(u(x, t)) = û(ω, t) we get

∂

∂t
û(ω, t) = −c2ω2û(ω, t)

which is an ODE in time t.

Solution of the ODE. For each ω the solution is given by

û(ω, t) = C(ω)e−c2ω2t

How can we find C(ω)? We still have the initial condition u(x, 0) = f(x).
⇒ û(ω, 0) = f̂(ω) = C(ω)e−c2ω20 = C(ω)
⇒ Fourier transform the initial condition!

Solution in Fourier Domain.

û(ω, t) = f̂(ω)e−c2ω2t

⇒ Use the inverse Fourier transform to obtain u(x, t) = F−1
x (û(ω, t)).
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Summary / Roadmap to solve the Heat Equation on R
To solve

∂

∂t
u = c2

∂2

∂x2
u, x ∈ R, t ≥ 0

u(x, 0) = f(x) (Initial Condition)
lim

x→±∞
u(x, t) = 0, (Boundary Conditions)

1. use the Fourier transform û(ω, t) to “turn” the second derivative (in
space x) into a multiplication in frequency ω

2. use the initial condition to obtain û(ω, t) = f̂(ω)e−c2ω2t

3. use the inverse Fourier transform F−1
x obtain u(x, t)

Even better!
In Step 2 we have a multiplication f̂(ω)·e−c2ω2t in frequency!
⇒We have a convolution in space!
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The overall solution u(x, t)
We derived from ĝ(ω) = 1√

2π
e−c2ω2t that

g(x) =
1

2c2t
· 1√

2π
e−

x2

4c2t

and hence

u(x, t) = (f ∗ g)(x) = 1

2c
√
πt

∫ ∞

−∞
f(y)e−

(x−y)2

4c2t dy

Example. Let’s set c = 1 and choose a specific f .
That is, we want to solve

∂

∂t
u =

∂2

∂x2
u, x ∈ R, t ≥ 0

u(x, 0) = f(x) =

{
1 if |x| ≤ 1

0 else,
(Initial Condition)
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