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Motivation for periodic functions

We would like to investigate periodic phenomena, for example

» alternating current

> heart beat

> water waves

» audio & audio processing

or in general phenomena that repeat.

This might also happen for complex-valued functions f: R — C.




History - Jean-Baptiste Fourier & trigonometric series

» First trigonometric series:
Euler (1750), D. Bernoulli (1753)
» Fourier (1807):
Propagation of Heat in Solid Bodies
> He postulated:
“Every periodic function
can be written as
a superposition
of trigonometric functions”

Jean-Baptiste Joseph Fourier
(1768 - 1830)




Periodic functions

Definition. A function f: R — C is called periodic if for some T > 0 it
holds

f(x)=f(x+T) forallzeR.
The value T is called the period of f.

The smallest T fulfilling the property above is called the fundamental
period of f.

If a function g is Z-periodic for some n € N\{0}, then the number n is
also called frequency of g.

» Is g T-periodic?
» What does g do in one interval of length T', e. g. [0, T]?

We will usually consider functions with fundamental period T' = 2.




Periodic functions - Examples.

Examples. What fundamental periods do the following functions have?

IRVURY

What about f(z) = sin(nx) for some n € N\{0} ?
fundamental period 77
Frequency in T' = 277?

— sin(x)
— cos(z)
— sin(2x)




Decomposing functions
» The following function f is T'= 2x periodic and looks a little chaotic.
» Does the “coarse level look like” sin(z)?.
> Does the “fine level look like it wiggles” like sin(16x)?
» Does the “medium scale look like” cos(3z)?
» What about “medium & coarse” combined? All 3 combined?

—  flx)
—  sin(x)
— % sin(16x)

— — 2 cos(3x)




Decomposing functions
» The following function f is T'= 2x periodic and looks a little chaotic.
» Does the “coarse level look like” sin(z)?.
> Does the “fine level look like it wiggles” like sin(16x)?
» Does the “medium scale look like” cos(3z)?
» What about “medium & coarse” combined? All 3 combined?

— [

sin(x)

— 1 cos(3z)

siri(:n)

— — 7 cos(3x)
+3 sin(16z)




Composing functions
Note. Given two functions f, g that are T periodic and o, 8 € R.
Then h(z) = af(x) + Bg(z) is also T periodic.
= Compose functions, for example add

1
——cos(nz) forn=1,3,57,9,...
n

— f(x)
1 s
0.5
x |
™ 2
-0.5
1




Fourier Series. A general construction scheme
Idea. use sin(nz) and cos(nx) for n € N and cos(0x) =1
“to construct functions”.

For coefficients ag, an, b, n = 1,2, ... (real or complex),
we call the function

f(z) =ap+ f: an, cos(nx) + by, sin(nx).

n=1

a Fourier Series.

and we denote the Fourier partial sum fy, N € N, by

N
Snf(z) = fn(x) =ao + Z ap, cos(nx) + by, sin(nz).

n=1

Question. What happens in the limit A}im In(x)?
—00



Reminder. Inner product
Let V be a complex vector space. Then a mapping (-,-): V.xV — Cis
called an inner product if the following properties hold
1. Linearity in the first argument: forall f,g,h eV, a,5 € C

(af + By, h) = alf,h) + (g, h)
2. Conjugate symmetry: for f,g € V we have

(f,9)=19,1)
3. Positive definite: for all f € V it holds

Example. Let V be the space of complex continuous 27 periodic
functions. f: [0,27) — C. Then

™

(f.9)= [ flx)g(z)dax

—T

is a complex inner producton V.



Reminder. Euler formula
» Euler's formula states e* = cos(z) + isin(z)
» plugging in —z yields e™* = cos(z) — isin(z)
» Adding both yields

elZ + e*l.’E
cos(z) = 5
» Subtracting both yields
. ell‘ e—liI)
sin(z) = 5;

» and we also have e. g.

inx —inx ir\n —ix\n
cos(naz):e —|—2e = (c*) —1_2(6 )

= these are hence also called trigonometric polynomials
» But keep in mind the representation as e'* is a complex function.




The space of trigonometric polynomials up to degree N.
We denote by

N
Vn = {g ‘ g= ao+z ap cos(nz)+by, sin(nz), ag,a1,...,an,by,...,by € C}
n=1

the (real) vector space of periodic functions of degree at most N (or
functions that can be “composed” by sine and cosine up to frequency N)

With the equations from last slide we can also consider

N
VN = {g ’ g = Z ckeikxv C_N;C_N+1,---,CN S (C}
k=—N

the complex vector space of trigonometric polynomials of degree at
most N. )
...and see directly that Vy = V.




B A norm on a complex vector space

Observation. As for a real vector space, the complex inner product
introduces a norm on V given by

L= v )

Remember that we have the Cauchy-Schwarz inequality

[(F. ol < fllgl

Question. When/how can we “describe” a 2r-periodic function f “best
possible” by a function g € Vy, i. e. such that

llg — f|| is assmall as possible (among all g € Vy)?




B Orthogonal and orthonormal systems

NTNU A sequence/family {¢, }, of functions is called

» orthogonal if
0 ifk#n

<¢ka¢n>:{dn#0 ifk:n,

» orthonormal if

if
(@0 o) = {0 Tk #n

1 ifk=n,
Note. All functions ¢ are normed since ||kl = /{©k, ¢x) =1
= We can create an orthonormal system from an orthogonal one by
rescaling ¢ = ﬁ@k



B The trigonometric system is orthonormal

NTNU

Remember. for (complex) 27 periodic functions: ( / f(z dz.
Example 1. the sequence ¢, = ¢'*?, k € 7Z, is an orthogonal system.
Example 2. We consider the family {1, cos(x), sin(x), cos(2x), sin(2x), ...}

or shorter {sin(kz)}72, U {cos(kx)}2,.
These functions also form a orthogonal system



How to “best describe” f using V/y?

Let f be a 2w-periodic function, which function is “closest” to f from
within Vy, i.e. which function g € Vy minimises |g — f]|?

Example. We can define a 27 periodic function f by just defining it on
one interval of length 27w and continue the rest:

f(z) =2, forz e [—m, m)and periodically continued.
— f(=)
| | P
/27r —x m o

—2 4

...and how to best compute g (i. e. coefficients a,, b, or the ¢;s)?



The simpler case: g = f € Vy - Compute the coefficients.
B Assume. In the following let V be a complex vector space with inner
product (-,-) and an orthogonal system {¢x}r C V.

N

= Vy = {g = degok} is a N-dimensional subspace spanned by the
k=1

first N members of {¢ }.

Proposition. A function f € Vy is of the form

N

f@) =Y crpr.

k=1

And we can compute the coefficients by

(fsor)

el

Ck

Even shorter. If {¢;} is an orthonormal system, then ¢, = (f, vk).



B (General) Fourier coefficients

NTNU

Definition. For an orthogonal system {¢x}r C V and a given
vector/function f € V the coefficients

lloxll?

are called (general) Fourier coefficients.

Sometimes we write f(k) = ¢,



Orthogonal Projection & best approximation
For f € V we define the projection IIy f € Vx by

S (f. o)
Iyf = chgok with ¢, = ’('DkQ )
pet [kl

Observations.
» Ily is a linear mapping from f e Vtollyf € Vi
» Ily isindeed a projection, thatis Iy f = f if fis already in Vi

» even more: Iy f is orthogonal in the sense that for any g € Vy we
have

<f_HNf7g> =0

Theorem. Let f € V be given. Then Il f € Vjy satisfies

I f—TInf] = grg‘i,rjlvllf -9l




General Fourier Series
Definition. (General Fourier series for an orthogonal system)

NTNU Let {1 }72, be an orthogonal system. Then the formal expression
S ke fky = 2
2 o]

is called a general Fourier series.

N
Since Iy f = Y _ f(k)py is the partial sum, so we write Sy f = Iy f.
=1

For the specific case for periodic functions we still need
v={rnm | / F@)Pd < o0},

where we assume that the integral exists.
Functions f € V are said to be square-integrable.
V is indeed a vector space.




Complex trigonometric series / Fourier series
Definition. (Complex Fourier series)
Let f be a 2w-periodic function and consider the orthogonal system

ik
{e z}kez
on [—m, ).
Then the formal series
o ikx s
i : ~(foem)y 1 ik
kz el with ¢, = W = % - f(q;)e kT o
=—00

is called the complex Fourier series associated with f.
We also write ¢, (f) or f(k) for the ¢.

We write this association also as

%
fN Z ckelkx

k=—0oc0




Real trigonometric series / Fourier series
Definition. (Real Fourier series)
NTNU Let f be a 2r-periodic function and consider the orthogonal system

{1} U {cos(na:)}neN U {sin(naj)}neN

Then the formal series associated to f given by

fr~ag+ Z an cos(nx) + by, sin(nx)

n=1
with coefficients

L) 1 [T _ (f,cos(nz)) 1 [T
" an /w f(z)dzx, ap = ————0 = — f(x) cos(nz) dx

Hcos(m:)n?

T
b, = {f, sin(ne) = / f(z) sin(nx)

|| sin(nz) ||2

is called the (real) Fourier series associated with f.
Note. ag and a,,b,, n € N, are all real values < f is real valued.




Reminder. Even and odd functions
A function is called even if f(z) = f(—z) holds for all «.
A function is called odd if f(x) = —f(—=x) holds for all «.

1 2
we have the following
f g [9
; x even even even
0.5 1 odd even odd
| — odd f,(z) even od odd
— even fy(z) odd odd even

Examples. For n € N: cos(nz), is even, sin(nz) is odd.
Even better.

> |ff|soddthen/ f(z =0

> if fis eventhen/ f(:c)d:c:Q/Lf(x)dx
-L 0



We can use Eulers formula to relate the (complex) Fourier coefficients

B Relations between the real and complex Fourier series
¢, and the (real) Fourier coefficients ag, a,, by,:

apg = Co

Ay = Cp + C_p, n=1,...,

by, =1i(cp, — c—p), n=12 ...,
an — iby,

Cp = 5 , n=1,...,

c,n—an_;an, n=12...,

and even more: the projection onto Vy = Vy yield the same partial sum

N N
Sn(f) = Z cret = ag + Z an, cos(nx) + by sin(nz).
k=—N

n=1

= Choose the coefficients that “fit better".



B Example 1. Fourier coefficients of f(x) = |z|, x € [-7, 7).

f(@) — (@) = |al
2 | —_ S

=27 —T ™ 2

Question. Does Sy f tend to f for N — oo? And if so, in what sense?




Complex Fourier coefficitents of f(z) =«
—fl) =z

21 — S /
/—/27r — T :

—92 4

Here we can ask the same question about convergence as well.




(Shifted) Heaviside function
1 for|z| <

0 else.

Consider the function f(z) = 2

— flx) Z,

—27 —T s _— SH

...but let’s turn to Python to really see the effect.




Convergence - Motivation
We introduced the Fourier series as

f > flk)e*e

k=—o00

with )
r _ ikx\ __
fy = (e = — |

Question. When/For which x does

f( Je™ " dx

= 3 fR)et = tim Sy /()

k=—oc0

hold?
Remember that Sy f is the Fourier partial sum

SNf Z f 1km




The Dirichlet kernel
The Nth Dirichlet kernel is defined by

N N
Dy(x) = Z e =14 ZZcos(nx).

k=—N n=1

s
And since / cos(nz) =0foranyn =1,2,... we get

—T

Dy (z)dx = 2.

—Tr

We can define the normalized Dirichlet Kernel

Dy (x) iDN(a:) where we get Dy(z)dz =1

- 2 -




B Rewriting the Dirichlet kernel

NTNU

Using a shift in the sum index and the geometric sum with ¢ = e/ we

can rewrite
N

sin Dy
Dy(z) = Z elhe — (ifz(—;f) )
k=—N 2



Plotting the Dirichlet Kernel
Y

30 — Dy
— D39
25 |
2011
15
10{+
SARAANLATIALN N ¢ N JAVAY - v AVAY 2 YA VAVAY -0 vl
s —z — V\]g JVV ""—‘"% T

Note that Dy (0) = N + 1



B Convolution

Definition. For two 2r-periodic functions f, g the convolution (norsk.:
konvolusjon, dt.: Faltung) is denoted by f * g and defined by

(Fro)@) = [ fwte—v)dy

Lemma. For two 2r-periodic functions it holds that
(9@ = [ gt -n)dy. = [ )i -)dy= (o5 )

—T

Proof.




B Understanding Convolution - Avergaging

Let's convolve our function f first with a special function to understand
NTNU convolutions better.
For 0 < e < 7 let h. be the 2r periodic function given by

1 L for|z| <e
he() = 2—€X[,575](a:) - {(2)‘E else.

—TT _

NEN
wl3

™

Note that we have (similar to the dirac idea): he(z) dz = 1.

—T




B Convolving with /. (at © = 0)

When we now look at f x h. we get

1 €
% _Ef(y) dy

(f *he)(0) =
This is an average value of f on e-“neighborhood” around 0.

If fis “nice enough” we would expect (f x h:)(0) — f(0) ase — 0.

If fis continuous this follows directly from the fundamental theorem of
calculus:




B Convolution and Fourier Coefficients

NTNU

Lemma. Let f, g be 2r-periodic functions, that are absolutely integrable.
Then we can relate convolution and Fourier coefficients as

ck(f * g) = 2mer(f)er(g)

Proof. (see notes)

Note. Some books define the convolution with a factor % upfront, then
it vanishes on the right hand side.

Note 2. with this Lemma, we can write Sy f = Dy * f



Pointwise Convergence of Fourier Series

Theorem.
NTNU Let f be a 27 periodic function that is piecewise continuously
differentiable such that at a jump the left and right hand side limits

f(z7) = lim f(x) and f(z1) == lim f(x)
y—x— y—xt
as well as the left and right derivatives at the jumps =
o faEn) = f@) L fe k)~ f(@)
h—0— h h—0+ h
exist. Then the Fourier series converges to the mit point
1
: _ 2 - +
Jim Sn f(2) = 5 (f@7) + fT))
At points where f is continuous, we obtain pointwise convergence to f

T Sy f(@) = 5 (Fa) + fah) = f(z) onw € (~m,m)

Proof. We omit the proof here.




Fourier Serieson [, L] - Idea

We can also consider functions of period 2L, L > 0.
Idea. “Stretch/Squeeze” all formulae we had until now.

Example. since sin(z) is 27-periodic, sin () is 2L-periodic.

Then
ik NTL ) . mmTIT) ™
{e L } and {cos —} U {sm—}
keZ L Jn=o0 L

n=1

are orthogonal systems on [—L, L] with respect to the scalar product

L N
(f.g) = / Fa)gla) da




B Fourier Serieson [, ]

J . .
NTNU The Fourier series read

ad ik k
fro S el /f

k=—o00

and

f~a0+2ancosnL + bp s1n?

n=1

with coefficients

1 [t 1 [ nwT 1 [ . NTT
—L/Lf(:c)d:c, an:L/Lf(x)cosde, bn:L/Lf(x)sde:c.



B Even and odd extensions

Definition. (nearly a reminder)

NTNU A function f on a symmetric interval I = [-L, L], L > 0, is called
> is called even if f(z) = f(—=z) holds for all z € I.

» is called odd if f(z) = —f(—=) holds for all z € I.

These mean that it is enough to know a function on half the interval
and we can extend it

Definition. For f: [0, L] — R we define its

. [ f@) ifz€(0,L)
» odd extension f,(x) = {_f(—x) ifz e (—L,0)

> even extension fo(z) = {f(x) ?fx €10,L)
f(=z) ifze(~L,0)

Note. Both f, and f, extend f from [0, L] to [-L, L].



Illustration of even and odd extensions

1.5 %
Yy

—f

_fo

b _fe
5+

L L

—/5 |

~15 1



Observation for extensions

Observe that we can compute the Fourier series of f, and f, by just
using f.

For f, we get
2 (L . nmx
ao(fo) =0 an(fo) =0 bn(fo) = L/ f(z) sin —— dx
0
or in other words a sine series

For f. we get

L e
1= [ fads =2 [ f@es " dr m(r) =0

or in other words a cosine series




Theorem.

B Parseval Identity

L
Let f be given such that / |f(z)|? dz exists and is finite (or similarly:
—L
feL*(~L,L))). Let

0
ikzm
f ~ g cpe L

k=—00

Nao—i-Zancos 17 —i—bn sin ——

n=1

nm
L
Then

100
sl = 5 [P = 3 laP =+ PUCEL

k=—o00

Proof.



Application of Parsevals Identity
For the heaviside function u(z) = Lifz > deflned onz € [—m,7|
0 ifz<O
we can compute its Fourier series

[e.9]

u(x) ~ % + % Zl 2n1— 1 sin((2n — 1)z)

and u is smooth in 2 = § and satisfies the assumptions of the theorem
for pointwise convergence.
Thus

T
2 —-1)—
sm n )2)

w\»—t

2 o0
1= =
e
Note that the sine alternates between +1 at the points. Rearranging
yields
1

> 1 1 1 T T
g 2k;+1 S=logti-tee=Ta-p=T




B Spectrum of periodic functions

NTNU For a 2L-periodic function we defined its Fourier series as

F Yo fkyetE

k=—00

where

L
Fk) = o = % /_ et dnec.

We can associate with f a sequence of pairs (f‘(k), =) which is

called the spectrum of f.

keZ’



B Amplitude & Phase

NTNU Since f(k) = ¢, € C we can also write this complex number as
|Ck|€19k

where |¢;| € Ris the amplitude and 6y, is the phase.

The number - is called the frequency.



Further properties
If we have two 2r7-periodic functions f, g with associated Fourier series

Fed el and g~ er(g)e

kEZ kEZ
The the following properties hold

» real functions and ¢, (f) if f is real-valued, then ¢ (f) = c_x(f)

» Linearity. the Fourier coefficients of hy(x) = af(z) + Bg(x) (o, 8 € R)
are given by ¢ (h1) = aci(f) + Ber(g) for k € Z.

» Translation of a function: For hy(z) = f(z — o) for some
xo € [—, w) yields the Fourier coefficients are cx(ha) = e**0ci(f).

» Modulation of a function: For hs(z) = e~ f(z) for some ko € Z the
Fourier coefficients are c(hs) = ¢tk (f)-

» Differentiation. if f is absolutely continuous and both f, f' are in L,
(their absolute value ins integrable) then

Ck(f/) = 27Tikck(f)




