


Nonlinear equations
sin Cx ) = Iz

sin CXZ ) . cos ( x.3) = £2

Iterative methods
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Method 1 : Fixed -point method

et) X = F CX) , F : 112-3112

a solution to CI ) is called

a fixed point .

Method/Algorithm :

start with guess x
"'

x
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= Fcxco))

Xk) = F Cxc '))
÷ Ix - Ecxsl ?

yurt" = F CxCH)



Theorem : Convergence
-

Assure FE ([a, b]

If a E F CX) Eb
,
XE [a,b]

ther F has at least are

fixed point X.tt

IS also FE CHA, b) and
IF ' Is cc 1 for XEEA ,b]

then X* is unique in fast
and Xlt) converge linearly to
X* for ay X' "' e [a,b3 .
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By the intermediate rake

theorem there is a X*E[a,b]
S.t. g (x

't)=0

O=gcx*)=x* - Fox
't
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⇒ X*=fCx*) to
XK is a fixed point .
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Assure t.FEXIIEC-1.me
Assure X* and I't be
two different fixed points .
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1x* - 5*1 #O by assumption .
Divide by Ix't-5*1

I E C

But we assumed [ <I
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X* is unique to
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Corollary : Error estimate-
Suppose F satisfies the

assumptions in the theorem above
.

Then .
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'
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Excerpted
X = It # sin CX) , show it has

a unique solution ( in IR )

Sol : F Cx) = I + I sin Cx)

FEC ( IR)

F
'
Cx) = I - cos Cx)

IF
'
Cx) ) = I lcoscxsl
If

← I =c

By the convergence theorem ,
F

has a unique fixed point, so
the equation has a unique solution .
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F- CX) = It I sin (x)

x
-4=6

,
X") =L

,
x'4=1.4207

. . .

. . . ×
(G)
I 1.4987

. . .

-

X
"'
= - I , x'

"
= 0.5792 - . .

X
( b)
= 1.4987 . . .
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Fox) = XU - I has unique f. p .
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y
= X
"
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ytl
yy

⇐ x = t (ytl)

Use convergence theorem for
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F. IR
"
→ IR
"

want to find f. p . X*E IR
"

Sot .

X*=Fc×* )

{
"

?
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.
- Fixx,

x 't = Ecx't)



Banach Fixed point theorem.

-

Let F :D → 112
"

be continuously
differentiable ( C

')

Fcx) ED fer all XED

for some closed subset De IR!

Let H - H be some norm

on IR
"

. ( H - Ha , " -1kt. -¥If there is a C - I %
such that

HLFCx) HEC for all xED
.

Then
,
F has unique fixed point x.

*ED

and the Fixed - point iteration



converges linearly to x
't
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X
"'ED
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