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Problem 1 Only for TMA4125/TMA4130 Matematikk 4N!
Use the Laplace transformation for solving the differential equation
v+ 3y + 2y =tu(t —1)

with the initial conditions

Problem 1 Only for TMA4122 Matematikk 4M!

Let f be the function

1

:71+ 5 for x € R.
T

(@)

Use the Fourier transformation for computing the convolution (f * f)(z).

Problem 1 Only for TMA4123 Matematikk 4M!

Consider the Matlab script
function x = TMA4123(N)

x = 0;

for i=1:N

x = x — (exp(x)—x"2)/(exp(x)—2%x);
end

Compute the return value of the script for N = 2 and explain why this is an
approximation to the solution of the equation

et = 2.
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Problem 2 Find the polynomial of lowest degree that interpolates the points

i || -2]-1]0] 1 |2
f(l“z)HQ

Problem 3 Use the trapezoidal rule with step length A = 0.25 in order to find
an approximation 7' of the integral

1
I:/ e da.
0

Find an upper bound for the error |I — T.

Problem 4 Perform two iterations of the Jacobi method for solving the linear

system
51’1 —+ 233‘2 + x3 = 5,

—T — 5[E2 + 23 = 5,
1+ Xo +3I3 = —3.

Use the initial value (%) = (0,0,0).

Problem 5 Let f be the 6-periodic function defined by
flx)=x2+3 for —3 <2z <3.

Find the Fourier series of f.

Problem 6 Let f be the 2m-periodic function given by

e’ for0<x<m,
f(x) =
0 for —m <z <.

Assume that a,, and b,, are the Fourier coefficients of f, and denote by g and h the
functions

g(x) = ay + i ay, cos(nw) 0g h(z) = i b, sin(nx).

Sketch the graphs of the functions f, g, and h on the interval [—27, 27|, and find
the values of f(z) and g(z) in the points x = —7/2, x = 0, and = = /2.
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Problem 7 We want to find a numerical solution of the partial differential
equation

0 0?

a—?(m,t) :tu(x,t)—i-aixq;(x,t), 0<z<1, t >0,

with boundary conditions
u(0,t) =0, u(l,t) =1 for all t > 0
and initial condition

u(z,0) =z for0<z<1.

Formulate an explicit method for solving this partial differential equation with the
given boundary and initial conditions.

Use a step length of h = 1/4 in space and perform two time steps of length
k= 1/10.

Problem 8 Use the Fourier transformation for solving the partial differential
equation

du 0%u

—(x,t) =t=—=(a,1), reR, t >0,

g (1) = t55(2,1)

with initial condition

22

u(z,0) =e 7, r € R.

Problem 9

a) Given the equation
o2 o2
8;;(33,1/)—1—6;;(:1;‘,1/)—1—51;(:6,@:0, O<z<m, 0<y<m/4,

find all solutions of the form u(x,y) = F(x)G(y) that satisfy the boundary
conditions

u(0,y) =0 and u(m,y) =0, 0<y<m/4
b) Find the solution of the problem in part a) that in addition satisfies the
boundary conditions
u(z,0) =sin(z), O0<z<m,
u(z,m/4) =sin(z), 0<z<m.
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Fourier
f<$> = \/% fi)ooo f(w)eiwm dw f((.d) = \/% ffooo f(l-)e—iwz dr
f*9@) V27 f(w)g(w)
f'(@) iwf(w)
e““fQ \/%e—wz/&z
€—a|;r\ \/gaﬂiaQ
T ﬁe‘“‘“'

f(z) =1 for |z| < a, 0 otherwise

Laplace transform

f(t) F(s) = [~ e ™ f(t)dt
e f(t) F(s —a)
cos(wt) o
sin(wt) o
cosh(wt) =
sinh(wt) o
e L
f(t —a)u(t —a) e % F(s)
o(t —a) e s

2 sinwa
T W
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Numerics

e Newton’s method: zy. 1 = zx — f(xx)/f (zk)

e Newton’s method for systems: JF(x®))h®) = —F(x®) and x*+) = x*) 4

e Lagrange interpolation polynomial: Ly(x) = (=) (2= )(@=Tpt))-~(2=on)

T (rp—zn) o (ep—zp—1) (@p—2pq1) (T —Tn)
pn(T) = 50 Li(w) f (2

e Trapezoid rule: f;’f(x) dr ~ h{;fo +fitfot+.+ for+ %fn}

Error of the trapezoid rule: |e| < %=*h? max,<.<p | f”()].

o Simpson rule: [} f(x)dz & %[ fo+4fi+2fa+4fs+. .+ 2fn s+ Afur + fa)
with f; = f(z:).
b—ap4

Error of the Simpson rule: |e] < %2¢h? max,<,<; | [V ().
e GauB-Seidel iteration: x*+1 = b — Lx*+Y) — Ux® with A =1+ L + U.
e Jacobi iteration: x**) =b 4 (I — A)x®
e Euler method: y,11 =y, + hf(z,,yn)

e Improved Euler method: k; = hf(z,,y,), ke = hf(x, + h,y, + k1),
Ynt1 =Yn + %kl + %kQ-

e (Classical Runge-Kutte method:
ki = hf(z,,y0), ko = hf(x, + h/2,y, +ki/2),
ks = hf(z, + h/2,y, + ko /2), ky = hf(x, + h,y, + k3),
Ynt1 = ¥n + gki + 5ko + 3k + gka.

e Backward Euler method: y,11 = yn + Af(2n11, Yni1)

e Finite differences:

oz (IL', y) ~ 2h

aixg ([E, y) ~ 12

du ~ W@ yt+h)—u(z,y—h)

Fy(x7 y) ~ 2h

0%u u(z,y+h)—2u(z,y)+u(z,y—h)

W(xvy) ~ h2



