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Summary Lecture 23: Singularities

1. Singularity: Point z0 where f (z) is not analytic/defined (. . . )

2. Isolated singularity:

z0 is the only singularity in |z � z0| < R for some R > 0

+ Laurent’s theorem

f (z) =
1X

n=0

an(z � z0)
n +

1X

n=1

bn

(z � z0)n

| {z }
, 0 < |z � z0| < R

6= 0

Principal value of z0:

1X

n=1

bn

(z � z0)n

z0 order n pole: bn 6= 0, bk = 0, k > n

z0 isolated essential singularity: bn 6= 0 for 1 many n
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Summary Lecture 23: Residue integration

3. Residue integration:

Goal:
¸

C f (z)dz = 2⇡i
P

residues

4. Only one singularity:

z0 only singularity of f (z) enclosed by C (simple, closed, counter

cl.wise)

+ Laurent’s theorem

f (z) = a0 + a1(z � z0) + · · ·+ b1

z�z0

+ b2

(z�z0)2 + . . . , 0 < |z � z0| < R

+ Term wise integration/Laurent’s theorem˛
C

f (z)dz = 2⇡ib1

5. Residue of f (z) at z0: Res
z=z0

f (z) = b1

b1-coefficient in Laurent series that converges in

0 < |z � z0| < R!
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Lecture 24: Residue integration

Kreyszig: Sections 16.3, 16.4

1. Residue integration

2. Formulas for residue of a pole

3. Residue theorem

4. Application: Computing real integrals

5. Examples

Exercises 12 and 13:
Next week - Wednesday 23:59!

Info about exercises, exam, meeting time:
See wikipage.
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Lecture 24: Residues

Res
z=z0

f (z) = b1 where

f (z) =
P

an(z � z0)n + b1

z�z0

+ b2

(z�z0)2 + . . . , 0 < |z � z0| < R

z0 order 1 pole:

Res
z=z0

f (z) = limz!z0
(z � z0)f (z) or Res

z=z0

p(z)
q(z) =

p(z0)
q0(z0)

z0 order n pole:

Res
z=z0

f (z) =
1

(n � 1)!
lim

z!z0

⇣
(z � z0)

nf (z)
⌘(n�1)

z0 isolated essential singularity:

Find b1 from the Laurent series!
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Lecture 24: The Residue theorem

Assume

(A1) C simple, closed curve oriented counterclockwise

(A2) f (z) has singularities z1, . . . , zm enclosed by C

Then ˛
C

f (z)dz = 2⇡i
mX

j=1

Res
z=zj

f (z).
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Summary Lecture 24: Residue integration

1. Residues: Res
z=z0

f (z) = b1 where

f (z) =
P

an(z � z0)n + b1

z�z0

+ b2

(z�z0)2 + . . . , 0 < |z � z0| < R

z0 order 1 pole:

Res
z=z0

f (z) = limz!z0
(z � z0)f (z) or Res

z=z0

p(z)
q(z) = p(z0)

q0(z0)

z0 order n pole:

Res
z=z0

f (z) =
1

(n � 1)!
lim

z!z0

⇣
(z � z0)

nf (z)
⌘(n�1)

z0 isolated essential singularity:

Find b1 from the Laurent series!

2. Residue theorem: Assume

(A1) C simple, closed curve oriented counterclockwisely

(A2) f (z) has finite number of singularities z1, . . . , zm enclosed by

C

Then

˛
C

f (z)dz = 2⇡i
mX

j=1

Res
z=zj

f (z)
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