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Summary Lecture 18: Complex line integrals
1. Complex line integral:

fc[af(z)—i—bg( )dz—afc dz+bfcg

f_cf - _fc
fcluczf z)dz = [ f( dz+ Jo,f(z)dz when G NG =0

| [of(2)dzl <M -L| M= maéc|f( )|, L =lengthofC
ze

2. Cauchy’s integral theorem
f analytic in simply connected domain D, C C D simple, closed cur\

= %fzdz: C\A?V-C.
c

3. ConsequenceS'

(a) [ f(z)dz is independent of path in D

(b) The indefinite integral of f exists in D, i.e. a function F s.t.

F(z)=f(z) and  [?f(2)dz=F(2)- F(z).
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Summary Lecture 18: Domains with holes
4. Domains with holes:
Cut to have a simlply connected domain...
... add segments along cut to have closed curve...

Then use Cauchy:

><
;
o
D ‘
Cauchy in the cut domain D* and cancelations along cut:

f(2)dz= @ f(z)dz
G G
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Summary Lecture 18: Example
C; any simple, closed curve surrounding z = z

G, :circle |z — z|> = r?

Cauchy’s integral theorem in domain with one hole, m € Z:

yﬁcfz—zmdz:gﬁ (2~ z0)"dz

Go:z(t) =z +reit

lasttime | 2mi, m= —1,
Exl |0, m#-1, meZ
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Lecture 19: Complex Analysis

’ Kreyszig: Sections 14.3, 14.4‘

1. Cauchy integral formula
2. Analytic functions infinitely differentiable

3. Properties of analytic functions:
Cauchys inequality and Liouvilles theorem

4. Examples
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Lecture 19: Cauchy’s integral formula

f is analytic in simply connected domain D

z9 € D, C C Dsimple closed curve,
positively oriented, enclosing z,

Then
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Lecture 19: Analytic => infinitly differentiable
fanalyticin D = f co-differentiable in D, and

f(")(zo) — L‘% &dz
c

- 27 Jo (2 — 7o)t
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Lecture 19: Properties of analytic functions

Cauchy’s inequality:
!
fanalyticin |z — 2| <7 = |[f"P(z)| <X max |f(2)]
" |z—z|=r
Gauss mean value theorem: )
1 i ;
fanalyticin |z — zp| <17 = f(zo)zz— f(zo + re') dt
T Jo

Liouville’s theorem:
f analytic, boundedinC = fis constant
Maximum (modulus) principle:
f analytic in domain D and |f(z)| attains its max in D
—> fisconstantin D
Morera’s theorem:
f continuous in D and §,. f(z)dz = 0 for all simple, closed C C D
= fanalyticin D

Mathematics 4K (TMA4120) 8/9



Summary Lecture 19

1. Cauchy’s integral formula: | f(z) =

C2niJoz— &

1@,

if

(A1) f is analytic in simply connected domain D
(A2) zg € D, C C D simple closed curve, positively oriented,

enclosing z.
2. Infinitly differentiable:

fanalyticin D = finfinitely differentiable in D, and

I (z0)

_nl f(2)
- 271?% (z — z9)n+1

dz

3. Properties of analytic functions:

!
Cauchy’s inequality: | |f(" (z9)| < % ax If(2)

" \z—z|=r

if f analytic

Liouville’s theorem: f analytic, boundedinC = fis

constant

Morera’s theorem: f continuous in D and ¢, f(z)dz = 0 for all
simple, closed C C D = f analyticin D
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