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v 0, hEncef 0. If k ue+v # 0 then u u 0 Hence

= const and v = const; hence

e = 0. Together this implies u = <
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Laplace’s Equation. Harmonic Functions
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The great importance of ¢

al . . . , e]
o fa'Ct thi:;:o:otsl:eirr::poftant PDE of physics. It occurs in gravitation
equation,

(
’ ’

M3 Laplace’s Equation

If fz) = ulx,y) + ivx, ) is analy
Laplace’s equation

is]
tic in a domain D, then both u and v satisfy

V2 = gy + Uy =0
®)

(V2 read “nabla squared”) and

V20 = Ugy + Uyy = 0,
€)

i ivatives in D.
in D and have continuous second partial deri

1 x x

= Uyy = —Vay-
(10) Ugy = Uy vy

later.
c, as we shall prove .
1 derivatives of all ord S
By adding (10) W&
with respect 10}

ivati ic function is itself analyt'l
Py de’?k‘llizni:p%i;: It]hi::z:tl)::c:ii have continuous par_tla
SCC-. " he mixed second derivatives are equalf Uy = v,;=y.v
PMIFUIM, tSE': ilarly, (9) is obtained by differ'entlatmg__uJc ¥
ey (i)‘ w1ltrlr11 respe:ct to x and subtracting, using Uy = Uyz.
s i jvatives 8

5 i i tinuous second-order partial deriva K

SOllRiOﬂ? y Lapl_ace " e?lﬁ::?l::g%: g:lled potential theory (.sei als?i ::: 12.11)
harmolmc fiuii::;lg(;ll::ri;nparts of an analytic function are harmonic func
the real an

 PROBLEM SET 13 4

1. Cauchy-Riemann equations in polar form. Derive (7)

SEC. 134  Cauchy-Riemann Equations. Laplace’s Equation

EXAMPLE 4 How to Find a Harmonic Conjugate Function by the Cauchy~Riemann Equations
Verify that u = 2 — 2 _ y

s is harmonic in the whole complex plane and find a harmonic conjugate function
v of u,

Solution, V2 =9 by direct calculation. Now 1, = 2y and Uy = =2y

— 1. Hence because of the Cauchy-
Riemann equations a conjugate v of u must satisfy

Uy = up = 2, Uz = ~uy =2y + |,

Integrating the first equation with respect to Y and differentiating the result with respect to x, we obtain

di
v = 2uy + (), ve =2y + &

dx
A comparison with the second equation shows that dh/dy

= 1. This gives i(x) = v + . Hencev = 2vy + v + ¢
(c any real constant) is the most general harmonic conjuga

te of the given u. The corresponding analytic function s

A TYHIQutx o) =244 ]

Example 4 illustrates that aconjugate of a given harmonic Junction is uniquely determined
up to an arbitrary real additive constant.

14. v = yy 15. u = — e

from (1), 16. « = sin x cosh y 17. v = 2v ~ 1)y

5 18, u = 43 — 3xy?
CAUCHY-RIEMANN EQUATIONS .

\T€ the following functions analytic? Use (1) or (). 19. v = e~ sin 2y .
2. f(2) = iz 20. Laplace’s equation. Gjve the details of the derivative
. . : f (9).
2 /(@) = ¢ " cos (y) — je~*sin () of

@) = ¢” (cos y ~ i sin ¥)

Determine a and & so that the given function is
@) = Re (:%) ~ i Im (;?)

harmonic and find a harmonic conjugate.

2@ = 1/(z - 5 7. f@) = —i/z* 21 u = e ™ cos qy
(@) = Arg ; 22. u = cos ax cosh 2y
)= 372/(z3 + 47r%;) 23 u=amd + bxy
&=1nz| + iArg z

24. u = cosh ax cos y

25. CAS PROJECT. Equipotential Lines, Write a
program for graphing equipotential lines u = const of
a harmonic function i and of its conjugate v on the
same axes. Apply the program to @ u=x?%- ¥2,
U=2xy, (b)u=y3— 3% v = 3%y — y3.

26. Apply the program in Prob. 25 to y = ¢%¢og ¥,
U = ¢%siny and to an example of your own.

HARMONIC FUNCTIONS

the following functions harmonic? If your answer

find corresponding analytic function f@ =
v(x, y),

13. u = ~2"y




SEC. 13.6 i i
B Trigonometric and Hyperbolic Functions. Euler’s Formula l f
16 el/'z 1 3 633 | I ‘
3 7. exp (z°%) |

15, TEAM PROJECT . . (d) Uniqueness. It is int i

TEAM ¢ Funcﬁon. :::;r‘:h::lyl:;gferg:s of the Ex- u:iquely determined by the f»rvecft;:gp:t?;sj;((z): i;) is u

) - (a) / ity. Show that ¢? i e” and £'(z) = : e e
entire. What about ¢1/%9 672 ¢7c . e is (2) = f(2), where fis . |
A ey @ assumed to be
ool Wikt sbot e e ien o + i sin ky)? (Use Prove this using the Cauchy-Riemann equation:nme. |

(b) Special values. Fi .
(i) [e™%] < 1 (iiie)s;zfl_i_ld éll z such that (i) e is real, Equations. Find all solutions and
) e, of them in the complex plane graph some

Et)z/zl-lirmzonic. function. Show that u = ¢™ cos 19. & = |
§ ¥%/2) is harmonic and find a conjugate 21. =0
. .ef =

CHAP.13 Complex Numbers and Functions. Complex Differentiation

Periodicity of e* with period 2,
2+27i

(12) e =¢ forallz

is a basic property that follows from (1) and the periodicity of cos y and sin y. Hence all
the values that w = € can assume are already assumed in the horizontal strip of width 27

13) —T<yET (Fig. 336).
20. ¢* = 4 + 3;

22, & = -2 5

This infinite strip is called a fundamental region of ¢°.

APLE 1 Function Values. Solution of Equations
Computation of values from (1) provides no problem. For instance,
14061 _ ,14(0050.6 — i sin 0.6) = 4.055(0.8253 — 0.5646i) = 3.347 — 2.289i

|eh4-16i| = 14 = 4055, Arge' 0% = —06.

13.6 Trigonometri
‘ tricand H : .
Euler’s Formula yperbolic Functions.

Just as we extended the real ¢ t
the familiar real trigonometric fu

To illustrate (3), take the product of
o2t = ¢%(cos | + isin 1) and et = ¢*cos 1 —isinl)

and verify that it equals e%e*(cos® 1 + sin? 1) = &8 = (20T @D,

To solve the equation e = 3 + 4i, note first that le?| = ¢* = 5,x = In5 = 1.609 is the real part of all o th z .
q p e complex e in Sec. 13.5, we now want to extend

solutions. Now, since e* = 5, H
this by the use of the Euler formul;Ctlons to complex trigonometric functions. We can d
ecosy =3, €"siny=4, cosy=06 siny =08, y=0927. as (Sec. 13.5) 0
w -
€~ = cosx + isinux, e~ = cos 5 | it
x.

Ans. = = 1.609 + 0.927i * 2nari(n = 0,1,2,-++). These are infinitely many solutions (due to the periodicity
|

of ¢%). They lie on the vertical line x = 1.609 at a distance 277 from their neighbors. By addi
additi : .
y on and subtraction we obtain for the real cosine and sine

To summarize: many properties of ¢* = exp z parallel those of e®; an exception is the
periodicity of e* with 277i, which suggested the concept of a fundamental region. Keep

. . . . . . - — Ll ix —i
in mind that e is an entire function. (Do you still remember what that means?) Cosx = 5(e™ + e~ ™),

N I i
Slnk—z—[(elx__e ‘l:t)‘

y " '
his suggests the following definitions for complex values 7 =

=x+ iy

T

(1) cosz = %(elz + e_iz)

Sl 1 e -
y Slﬂz—z—i(eu_e 12)'

' It is qui
quite remarkable that here in co

real. This is not an isolated incide
advantage of working in complex.
Furthermore, as in calculus we define

- .
plex, functions come together that are unrelated in

Fig. 336. Fundamental region of the
nt but is typical of the general situation and shows the

exponential function e” in the z-plane

. ! @ tanz = _sm z _cosz
; entire. Prove this. Polar Form. Write in exponential form (6): cos z° tz = e
. .3 —4i and

Function Values. Find ¢ in the form u + iv 8 \ﬁ‘ . 9.3 . d

if z equals 10. Vi, V=i 11. —5 ;

4i 3. 27.”-(1 _ ‘) 12. 1/(1 - Z) 13- 1 —i ( ) S _L_, oo s 1

- 1.8i 5.1—3mi 14-17| Real and Imaginary Parts. Find Re and COS Z sin z°

. = . _ Since €7 i i :
Tl/z 7. \/3 = -721:' 14. ¢ wE: 15. exp (__22) is ent“_e’ cos z and g | '

are analytic except at th ntire functions. tan z and sec Z are not entire; they

€ points w i ;
p here cos z is zero; and cot zand csc z are analytic except




CHAP.13 Complex Numbers and Functions. Complex Differentiation

ROBLEM SET 13.6

s T T _ -n-l.)
NCTIONS 11. sin%i, cos (5 — 7 .
4| FORMULAS FOR HYPERBOLIC FU AL o
w that

i si i 15 Equatlons and Il‘lequa erin
COSh Z COSh XCOSYy 1 Slnh X sm y - |3— e n he d

tions, prove: inz is odd
; ' - nz is o
sinh z = sinh xcos y + i coshxsin y. 13. cos z is even, cos(—z) =cosz and sinz f
sin (—z) = —sinz.

cosh (23 + z2) = cosh zy cosh z; + sinh zy sinh 25 14. |sinh y| = |cos z| = cosh y, |sinh y| = |sin z| = coshy.

Conclude that the complex cosine and sine are not
bounded in the whole complex plane.

15. sin z1cos 25 = jlsin(z1 + 29) + sin(e1 ~ 22))

16-19 | Equations. Find all solutions.

16. sinz = 100 17. cosh2z =0
18. coshz = —1 19. sinhz =0
20. Re tan z and Im tan z. Show that

sinh (z3 + zg) = sinh zq cosh zg + cosh zy sinh za.

. 2 —
cosh?z — sinh®z = 1, cosh® z + sinh® z = cosh 2z
Entire Functions. Prove that cos z, sin z, cosh z, and
sinh z are entire. ‘ .
Harmonic Functions. Verify by differentiation that
Im cos z and Re sin z are harmonic.

@ Function Values. Find, in the form « + iv, . meos"z ,
sin §i 7. cos (—i), sin (=) cos?x + sinh®y
cosh o mtan z = —nycoshy
cosh (=2 + i), cos(—1 —2i) mtan = cos®x + sinh?y

. sinh (3 + 4i), cosh (3 + 4i)

3.7 Logarithm. General Power. Principal Value

Ca i the real
We finally introduce the complex logarithm, )whlzhhfstn:ic::r; l)c/o:ll;lleceajei ;&anaticians
; ich it includes as a special case) and histo : dwen
:‘ogan:::n ti(r::,;1 I(Zl:) :ft’ ;'rclm first get puzzled—which need not happen!—be patient an
or so

i i ith extra care). ' r
thl‘;ﬁgh ;llifriliii;;:rvi:;lm of z = x + iy is denoted by In z (sometimes also by log 2)
en

i i i = i ined for z #
is defined as the inverse of the exponential function; that is, w In z is defi
is
by the relation

e’ =z

etw=ut

(Note that z = 0 is impossible, since W # 0 forall w; see Sec. 13.5.) If we s
and z = rei", this becomes

eV = eu+iu = reio.
' ® argume
from Sec. 13.5, we know that e*** has the absolute value e hand the arg
w, from Sec. 13.5, s
%?es,e must be equal to the absolute value and argument on the rig

u

CPA=ST U=9.

SEC. 13.7 Logarithm. General Power. Principal Value

EXAMPLE 1

e —— |

637

e“ = r gives u = In r, where Inr is the familiar real natural logarithm of the positive
number r = |z|. Hence w = y + jy = In z is given by

) Inz=1nr+ig (r=|z]>0, 0 = arg 7).
Now comes an important point (without analog in real calculus). Since the argument of
z is determined only up to integer multiples of 277, the complex natural logarithm
Inz(z # 0)is infinitely many-valued.

The value of In z corresponding to the principal value Arg z (see Sec. 13.2) is denoted
by Ln z (Ln with capital L) and is called the principal value of In z. Thus
(2) Lnz=1Inlz| +iArgz (z # 0).
The uniqueness of Arg z for given z (# 0) implies that Ln z is single-valued, that is, a

function in the usual sense. Since the other values of arg z differ by integer multiples of 27r,
the other values of In z are given by

3) Inz=1Lnz + 2ni (n=1,2,--4)

They all have the same real part, and their imaginary parts differ by integer multiples
of 27,

If z is positive real, then Argz =0, and Ln z becomes identical with the real natural

logarithm known from calculus, If Z is negative real (so that the natural logarithm of
calculus is not defined!), then Arg z = 77 and

Lnz=1In|z| + mi (z negative real).

From (1) and " = / for positive real r we obtain

(4a) e =

as expected, but since arg (¢%) = Y £ 2n7r is multivalued, so is

(4b) In (€*) = z % 2nmi, n=20,1,---.

Natural Logarithm. Principal Value

Inl=0, 227, *d7i, .. Lnl=0
In4 = 1386294 + 2pgr Ln4 = 1.386294
In(=1) = 2ai, =347, *5mi, .- Lo(=1) =i
In (—4) = 1.386294 -+ @n + lymi Ln (—4) = 1.386294 + i
Ini = mi/2, -3m/2, 5mi/2,--- Lni = mi/2

Indi = 1386294 + 77i/2 + 2nsri Lndi = 1.386294 + ri/2

Ln (-4i) = 1.386294 - 7i/2
Ln (3 — 4i) = 1.609438 — 0.927295;
(Fig. 337) ]

In (—4i) = 1386294 — Ti/2 * dngri
In3~4i)=In5+ iarg 3 — 4i)
= 1609438 — 0.927295; + 2n7ri



