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This shows that the expressions in the parentheses must be the Fourier coefficients by, of
f(x); that is, by (4) in Sec. 11.3,
a
b 2 . nax
by, = A}, sinh EZ_ = J fx) sin=_=dx.

a

From this and (16) we see that the solution of our problem is

< - . nmwx . nmy
17 u(x,y) = 2 Up(x,y) = 2 A¥ sin il sinh T
n=1 n=1
where
2 . nrx
* = f(x) sin—— dx.
(18) i a sinh (nb/a) L 2

We have obtained this solution formally, neither considering convergence nor showing
that the series for u, iz, and uy, have the right sums. This can be prc?ved if one <assu;nes
that f and f' are continuous and f " is piecewise f:ontinuous on the interval 0 = x = a.
The proof is somewhat involved and relies on uniform convergence. It can be found in

[C4] listed in App. 1.

Unifying Power of Methods. Electrostatics, Elasticity

The Laplace equation (14) also governs the electrostatic potential of electrical char.ges in anﬁl
region that is free of these charges. Thus our steady-state heat prob.len.l can also be interprete
as an electrostatic potential problem. Then (17), (18) is the Potentlal in the rectangle R when
the upper side of R is at potential f(x) and the other three sides are grounded.

Actually, in the steady-state case, the two-dimensional wave equation (to be considered

in Secs. 12.8, 12.9) also reduces to (14). Then (17), (18) is the displ.acement ofa rec_tangular
elastic membrane (rubber sheet, drumhead) that is fixed ?long its boundary, with three
sides lying in the xy-plane and the fourth side given the d1§placement fx). o

This is another impressive demonstration of the unifying power of mathe:matlcs;i ;
illustrates that entirely different physical systems may have the same mathematical mode
and can thus be treated by the same mathematical methods.

PROBLEM=SET—12-6————

3. Eigenfunctions. Sketch or graph and compare the
three eigenfunctions (8) with B, =1,€= L,
L =1 fort=0,0.1,02,---, 10. B

4. WRITING PROJECT. Wave and Heat qum; »'“
Compare these PDEs with respect to general l:ie ‘
of eigenfunctions and kind of boundary anc

1. Decay. How does the rate of decay of (8) with fixed
n depend on the specific heat, the density, and the
thermal conductivity of the material?

2. Decay. If the first eigenfunction (8) of thet bar
decreases to half its value within 20 sec, what is the
value of the diffusivity?

SEC.12.6 Heat Equation: Solution by Fourier Series

conditions. State the difference between Fig. 291 in
Sec. 12.3 and Fig. 295.

LATERALLY INSULATED BAR

Find the temperature u(x, f) in a bar of silver of length
10 cm and constant cross section of area 1 cm? (density
10.6 g/cm3, thermal conductivity 1.04 cal/(cm sec °C),
specific heat 0.056 cal/(g °C) that is perfectly insulated
laterally, with ends kept at temperature 0°C and initial
temperature f(x) °C, where

5. f(x) = sin 0.17x

6. f(x) =4 — 0.8]x — 5|

7. f(x) = x(10 — x)

8. Arbitrary temperatures at ends. If the ends x = 0
and x = L of the bar in the text are kept at constant
temperatures U; and Us, respectively, what is the tem-
perature u1(x) in the bar after a long time (theoretically,
as t — )? First guess, then calculate.

9. In Prob. 8 find the temperature at any time.

10. Change of end temperatures. Assume that the ends
of the bar in Probs. 5-7 have been kept at 100°C for a
long time. Then at some instant, call it + = 0, the
temperature at x = L is suddenly changed to 0°C and
kept at 0°C, whereas the temperature at x = 0 is kept
at 100°C. Find the temperature in the middle of the bar
atr = 1, 2,3, 10, 50 sec. First guess, then calculate.

BAR UNDER ADIABATIC CONDITIONS
“Adiabatic” means no heat exchange with the neigh-

- borhood, because the bar is completely insulated, also at

the ends. Physical Information: The heat flux at the ends
1s proportional to the value of du/dx there.

11. Show that for the completely insulated bar, u,. (0, f) = 0,
uzy(L, 1) = 0, u(x, 1) = f(x) and separation of variables
gives the following solution, with A,, given by (2) in
Sec. 11.3.

- NTY _(enm/L)t
u(x, 1) = Ag + >, An cos re
n=1

Find the temperature in Prob. 11 with L = 17,
= l’ and

4 13. f(x) = 1

4. f(x) = cos 2x 15, f(x) = 1 — x/m

6. A bar with heat generation of constant rate H ( > 0)
I modeled by u, = c2ug, + H. Solve this problem if
L'=m and the ends of the bar are kept at 0°C. Hint.

Setu = v — Hx(x ~ m)/(2c?).

s Heat flux. The heat flux of a solution i (x, Hacrossx = 0
defined by ¢ (1) = —Kuy(0,¢). Find ¢ (1) for the

solution (9). Explain the name. Is it physically under-
standable that ¢ goes to 0 as 1 — o2
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TWO-DIMENSIONAL PROBLEMS

18.

19.

20.

21.

22.

23.

24,

25.

Laplace equation. Find the potential in the rec-
tangle 0 = x = 20, 0 = y = 40 whose upper side is
kept at potential 110 V and whose other sides are
grounded.

Find the potential in the square 0 Ex = 2,0 =y =2
if the upper side is kept at the potential 1000 sin 3 7x
and the other sides are grounded.

CAS PROJECT. Isotherms. Find the steady-state
solutions (temperatures) in the square plate in Fig. 297
with a = 2 satisfying the following boundary condi-
tions. Graph isotherms.

(a) u = 80 sin 7rx on the upper side, 0 on the others.
(b) u = 0 on the vertical sides, assuming that the other
sides are perfectly insulated.

(c¢) Boundary conditions of your choice (such that the
solution is not identically zero).

Fig. 297. Square plate

Heat flow in a plate. The faces of the thin square plate
in Fig. 297 with side a = 24 are perfectly insulated.
The upper side is kept at 25°C and the other sides are
kept at 0°C. Find the steady-state temperature u (x, y)
in the plate.

Find the steady-state temperature in the plate in Prob.
21 if the lower side is kept at Up°C, the upper side at
U1°C, and the other sides are kept at 0°C. Hint: Split
into two problems in which the boundary temperature
is 0 on three sides for each problem.

Mixed boundary value problem. Find the steady-
state temperature in the plate in Prob. 21 with the upper
and lower sides perfectly insulated, the left side kept
at 0°C, and the right side kept at f(y)°C.

Radiation. Find steady-state temperatures in the
rectangle in Fig. 296 with the upper and left sides
perfectly insulated and the right side radiating into a
medium at 0°C according to u,(a, y) + hu(a,y) =0,
h > 0 constant. (You will get many solutions since no
condition on the lower side is given.)

Find formulas similar to (17), (18) for the temperature
in the rectangle R of the text when the lower side of R
is kept at temperature f(x) and the other sides are kept
at 0°C.
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EXAMPLE 5

CHAP. 13 Complex Numbers and Functions. Complex Differentiation

Polynomials, Rational Functions

y i i Omials,
[ egative integer pOWerS 1 3,37, are analytic in the entire Complex plﬂne, and so are poly

The nonn gatn y&r 3 olyn

that iS, funCtiOnS of the form

n
f@ = co+ ezt et + o+ ea

where cg, - -+, cn are complex constants.
The quotient of two polynomials g(z) and /(z),

8(2)

f@ = p (;)

UlICtion- This fis analytic except at the POlmS where /1 ~) Oq here we assume that common
18 Ca“ed a latio“al f

f g and /i have been canceled. ‘ . . . .
fac;\j)ll:n; finher analytic functions will be considered in the next sections and chapters

ili lus. Most
i i i i tend familiar concepts of calcu
cepts discussed in this section ex ( .
trheo:tzrrln Fs the concept of an analytic function, the exclusive concern (;f ;ﬁ:;gil;x
::al:l sis. Although many simple functions are not analytic, the. large val"letyetr) rusefu1 iﬁ
func)t,ion's will yield a most beautiful branch of mathematics that is very

engineering and physics.

PROBLEM SET 13.3

| IrITE E T Imf = const 1n the same fl ure a]ld the curves
(Z) S h g y
E

Determine and sketch or graph the sets in the complex plane

given by

L

imit, Continuity, Derivat
IR DERI IVES 24. TEAM PROJECT. Limit, '
COMPLEX FUNCTIONS AND THEIR DERIVATIVI ; ' inui, Sl
A% Lim hat (1) is equivalent to the pal
10-12| Function Values. Find Re f, and Im f and their (a) Limit. Prove that (1) is eq
values at the given point z.

. — 3 . ..
10. f(x) = 5;21_ 12)2 :'13 +i 2fatd = 3 (b) Limit. If lim f(x) exists, show that this li
11. f(z) = 1/(1 + g)atl =

ique.
12. f(z) = (z — 1)/(z + 1) at 2i uniq

inui e mplex numb
i i (¢) Continuity. If z4, zg, ar.e comg i
: hing Functions. Find and graph frion ¥ APl
" g: js“ l;rI;?JaEn(;Ti f?::psurfgces over the z-plane. Also V\;lthhté::lsllf; f(:’ ;m: }(af) ( )
grapi1 the ,two families of curves Re f(z) = const and show Jim f(zn

lz+1 -2 =3}

. - th

2.0<zl <1 f(z) is continuous at z = 0if f(0) = 0 and for z # 0 the

) i i I to:

T<lz—14+2 <7 function f is equa
3.3<le 2y/Iz| 15. |z|2Im (1/2)
4 —mr<Imz<m 14. (Re~)/z2 a
5. |arg z‘ < '131: 16. (Im 22)/|Z| 17. (Re Z)/
6. Re(l/p =] 18-23 | Differentiation. Find the value of the derivati
7.Re z = —1
of

Lz +ilzlz -l : | upl _ 2B at = 5008

g lVi’RI’Il‘ING PROJECT. Sets in the Complex Plane. 18, (z — i)/(z + i) ati 19 - 20

Write a report

portions of the text in your own words and illustrating 21, il — 9" at 0
them with examples of your own.

£ 0
|f(z)| = const in another figure, where (a) f(z) = 2%,

(b) f@) = 1/z, (©) f(2) = z*.

14-17 | Continuity. Find out, and give reason, whether

: N i sult.
by formulating the corresponding 20. (1.5z -+ 2i)/(3iz — 4) at any z. Explain the re !

22, (i® + 3z2%)% at 2i 23. 28/ — Pa—i

relations .
) = Imill
zlLrgo Re f(z) = Re, z]Ln}a Im f(2)
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(d) Continuity. If f(z) is differentiable at zg, show that 25. WRITING PROJECT. Comparison with Calculus,
f(2) is continuous at z,

Summarize the second part of this section beginning with
Complex Function, and indicate what is conceptually
analogous to calculus and what is not.

(e) Differentiability. Show that f(z) = Rez = xis not
differentiable at any z. Can you find other such functions?
(f) Differentiability. Show that f(z) = 212 is dif-
ferentiable only at z = 0; hence it is nowhere analytic.

-13.4 Cauchy—Riemann Equations.
Laplace’s Equation

As we saw in the last section, to do complex analysis (i.e.
any complex function, we require that function to be as
differentiable in that domain.

The Cauchy-Riemann equations are the most
and one of the pillars on which complex
for the analyticity of a complex function

, “calculus in the complex”) on
wlytic on some domain that is

important equations in this chapter
analysis rests. They provide a criterion (a test)

w = f(2) = u(x, y) + iv(x, y).

Roughly, fis analytic in a domain D if and only if the first partial derivatives of i and v
satisfy the two Cauchy-Riemann equations*

) Uy = Uy, Uy = —Uy

everywhere in D; here u, = du/dx and Uy

notations for partial derivatives. The precis
Theorems 1 and 2.

= du/dy (and similarly for v) are the usual
e formulation of this statement is given in

Example: f(z) = 2 = x2 — y2 + 2ixy is analytic for all z (see Example 3 in Sec. 13.3),
and u=x*-4y2 and p = 2xy satisfy (1), namely, u, = 2x = Uy as well as u, =
=2y = —v,. More examples will follow.

'HEOREM 1 Cauchy—Riemann Equations

Let f(z) = u(x, y) + (x, y) be defined and continuous in

point z = x + iy and differentiable at z itself. Then,

partial derivatives of u and v exist and satisfy the Ca
Hence, if f(2) is analytic in a domain D,

(1) at all points of D.

some neighborhood of a

at that point, the first-order
uchy-Riemann equations (1).
those partial derivatives exist and satisfy

“The French mathematician AUGUSTIN-LOUIS CAUCHY (see Sec. 2.5) and the German mathematicians
BERNHARD RIEMANN (1826-1866) and KARL WEIERSTRASS ( 1815-1897; see also Sec. 15.5) are the

founders of complex analysis. Riemann received his Ph.D. (in 1851) under Gauss (Sec. 5.4) at Gattingen, where
he also taught until he died, when he was o

used in basic calculus courses, and made important contributions to differential equations, number theory, and
mathematical physics. He also developed the so-called Riemannian geometry, which is the mathematical
foundation of Einstein’s theory of relativity; see Ref. [GenRef9] in App. 1.



