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CHAP. 11 Fourier Analysis

Coefficients C,. Derive the formula for C,, from Ay,

and By,

. Change of spring and damping. In Example I, what

happens to the amplitudes Cy, if we take a _stiffer spring,
say, of k = 497 If we increase the damping?

Phase shift. Explain the role of the By’s. What happens

if we let c —0?

. Differentiation of input. In Example 1, what happens

AN 9
if we replace r () with its derivative, the rectangular ;vave
What is the ratio of the new Cy to the old ones?

Sign of coefficients. Some of the A,, in Example 1 are

positive, some negative. All B,, are positive. Is this
physically understandable?

6-11| GENERAL SOLUTION

2 _ . .
Find a general solution of the ODE y" + wly = r(n) with
r(f) as given. Show the details of your work.

6.
7.
8.

10.

11.

r(f) = sin at + sin Bt w? % o, B

r(f) = sint,w = 0.5,09,1.1,15,10

Rectifier. r(1) = /4 |cos 1] if =7 <1< and
r(t + 2m) = r@), lol # 0,24,

. What kind of solution is excluded in Prob. 8 by

lw| #£0,2,4,--7 ‘ )
Rectifier. r(r) = /4 |sin 1} if 0 <t < 277 an
r@t + 2m) = r(), lol #0,2,4,

- if —m<t<0
r() ={ L K lo| #1,3,5,
1 if

o<t<m,

12. CAS Program. Write a program for solving the ODE

jus

of

t considered and for jointly graphing input and output

an initial value problem involving that ODE. Apply

the program to Probs. 7 and 11 with initial values of your
choice.

13-16| STEADY-STATE DAMPED OSCILLATIONS

illations of y" + ¢y’ +y =1
ind the steady-state oscillations 0 '
l:vlnr:g ¢ > 0 and r(?) as given. Note that the spring constant
is k = 1. Show the details. In Probs. 14-16 sketch r(1).
N
13. r() = E(an cos nt + by, sin nf)

n=1

—1 if —w<t<0
1 "m={ | if o<i<mw

15. r(n = 1(m2 — 1% if —m<I<T and
r(t + 2y = r(n

16. r() =
{ rif —m/2 <t </2

w/2 <t <372

and r(t+2m) = r(f)

and r(r +2m) = rll
a —tif

RLC-CIRCUIT 3
Find the steady-state current /(1) in tEellélfg:md:,
Fig. 275, where R = 10Q,L = IH, C = Y
E() V as follows and periodic with perio A "
sketch the first four partial sums. N9te that o
of the solution decrease rapidly. Hint. Reme

ODE contains E'(1), not E(z), cf. Sec. 2.9.

—502 if -w<t<0

17'5(')={ 502 if 0<t1<T

18. E() = {

19. E(t) = 200¢(7* - 12) (-7 <1< )

SEC. 114 Approximation by Trigonometric Polynomials

495

100(—1% if ~w<r1<0 20. CAS EXPERIMENT. Maximum Output Term.
i " ’ _ .

100 (r + 1% if O<ri<m Graph and discuss outputs of y” + ¢y’ + ky = r(r) with

»(t) as in Example 1 for various ¢ and & with emphasis on
the maximum C,, and its ratio to the second largest |C,,).

- 11.4 Approximation

by Trigonometric Polynomials

Fourier series play a prominent role not only in differential equations but also in
approximation theory, an area that is concerned with approximating functions by
other functions—usually simpler functions. Here is how Fourier series come into the
picture.

Let f(x) be a function on the interval —7 < x < 77 that can be represented on this
interval by a Fourier series. Then the Nth partial sum of the Fourier series

N

Jx) = ag + E(an cos nx + b, sin nx)
n=1

is an approximation of the given f(x). In (1

Then we ask whether (1) is the “best”

of the same degree N, that is,

M

) we choose an arbitrary N and keep it fixed.
approximation of f by a trigonometric polynomial
by a function of the form

N
Fx) = Ag + Z(An cos nx + B, sin nx)

n=1

- (N fixed).

Here, “best” means that the “error” of the approximation is as small as possible.

Of course we must first define what we mean by the error of such an approximation,

— F(x)|. But in connection with Fourier series
it is better to choose a definition of error that measures the goodness of agreement between

JSfand F on the whole interval —1r = x = r. This is preferable since the sum f of a Fourier
series may have jumps: Fin Fig. 278 is a good overall approximation of £, but the maximum

We could choose the maximum of | Fx)

of | f(x) = F(x)| (more precisely, the supremum) is large. We choose
mw
3) E= f (f— Fdx.
~T
- - \\ f ,,l
- \ s
l \ _,”F
|
x, x

Fig. 278. Error of approximation



