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PROOF By two cuts C; and C» (Fig. 354

SEC.14.2  Cauchy’s Integral Theorem
Integration
CHAP.14 Complex

i tin D '
P . F@) - G(2) is constan
o) — G'(z) =0 in D; hence. e Is of f(z) can l

y f(zi’,)b tik;erl;rgb(l?m Set 13.4). That is, two mdzﬁlmtse0 ltnl::tgrwae can{l - |
oty lgrOJeCt nstant. The latter drops out in (9) of Sec. 14.1, m
differ only by a co .

i 3.
indefinite integral of f(z). This proves Theorem

Also, if G'(2)

Cauchy’s Integral Theorem
for Mt{ltiply Connected Domains

f( ) ’

claim that

(6) i

both integrals being taken counterclockwll)s:)
or not the full interior of Cg belongs to D¥).

COMMENTS ON TEXT AND EXAMPLES

1. Cauchy’s Integral Theorem. Verify Theorem 1 for
the integral of z2 over the boundary of the square with
vertices +1 * . Hint, Use deformation.

. For what contours C will it follow from Theorem 1 that

ig. 353
f@dz= %f(Z) dz (Fig. 353)
(&)

dz exp (1/2%) N
(@) LZ_I“O, (b) L\22+4 =0

. Deformation principle. Can we conclude from

Example 4 that the integral is also zero over the contour
in Prob. 17

- If the integral of a function over the unit circle equals
2 and over the circle of radius 3 equals 6, can the
function be analytic everywhere in the annulus
1 <z <39

- Connectedness. What is the connectedness of the
domain in which (cos zz)/(z4 + 1) is analytic?

. Path independence. Verify Theorem 2 for the integral
of & from 0 to | + { (a) over the shortest path and
(b) over the x-axis to 1 and then straight up to 1 + ;.

. Deformation. Can we conclude in Example 2 that
the integral of I/(z2 + 4) over (a) |z — 2| =2 and
(b) |z — 2| = 3 is zero?

TEAM EXPERIMENT. Cauchy’s Integral Theorem.,

(a) Main Aspects. Each of the problems in Examples
1-5 explains a basic fact in connection with Cauchy’s
theorem. Find five examples of your own, more
complicated ones if possible, each illustrating one of
those facts,

- (b) Partial fractions. Write f(2) in terms of partial

fractions and integrate it counterclockwise over the unit
circle, where

(or both clockwise, and regardless of whether

Fig. 353. Paths in (5)

i and
) we cut D into two simply connected domains Dy

i i ’s integral theorem the

i lytic. By Cauchy’s in al thy |

i i e boundaries f(2) s ar}a e Fia, 250l
A \thh Tl]li :2&?: cljasoundary of D, (taken in the segs:.h::: :::ifrsrum in FiE oL
integral over : e D an | i
T e € Ovel'dthg_ b%lzlll;czll-ybecause we integrate over them1 :;r]l( Wic;e)
e left with the integrals over Cy (counterclo "
 SoypicE the integration over Ca (10

zero,
integrals over the cutks C a
irections—this is the key—an 8
dggcg‘:ns(clockwise; see Fig. 354); hence by reversing
a

counterclockwise) we have

%fdz—tfdz:o
c

1 2

and (6) follows.

iply connect

N ; ins the same. Thus, for a triply connees

; i ectivity the idea remains the sar fore, the integ

Foedoiimes h:ﬁ?ef Eﬁ?s“al Ca, C3 (Fig. 355). Addm% m(tegS:Itse ;Sl:c"i( wise) and Ca

domain we use e f the integrals over Cy (cO . er.

d the sum of the integ of the integrals over

over the cilts cancelan integral over Cy equals the sum "

ise) i . cted domal
(CIOCleS]T)r:S :exfg\.v}tlael?:: ctgsnterc%ockwise. Similarly for quadruply conne

and C37 all thre

and so on.

2z + 3i @ e z+ 1
if 7) = .
zz+% 22+22

(¢) Deformation of Path. Review (c) and (d) of Team
ject 34, Sec. 14.1, in the light of the principle of defor-
‘Mation of path. Then consider another family of paths

0 f) =

C
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(]

™

Cl
Fig. 355. Triply connected domain

with common endpoints, say, AN =t + ia(t — 1),
0=r=1,aareal constant, and experiment with the

Integration of analytic and nonanalytic functions of
your choice over these paths (e.g., z, Im z, 2% Re 22,
Im z2, etc.).

CAUCHY’S THEOREM APPLICABLE?

Integrate f(z) counterclockwise around the unit circle.

Indicate whether Cauchy’s integral theorem applies. Show
the details.

9. f(z) = exp 2%

1L f(z) = 1/4z - 1)
. f2) = 1/z* - 1.2)
15. f(z) = Rez
17. f(z) = 1/[¢]?
19. f(2) = 23cot ¢

20-30 | FURTHER CONTOUR INTEGRALS

Evaluate the integral. Does Cauchy’s theorem apply? Show
details.

10. 7(z) = tan %z

12. f(z) = 73

14. f(z) = 1/z

16. f(z) = 1/(7rz ~ 1)
18. f(z) = 1/(5z - 1)

20. f Ln(l - 2)dz, C the boundary of the parallelogram
c

with vertices +j, (1 + ).

dz
21. f Z = o Cthecircle |z| = 7 counterclockwise,
¢

22, j( Rezdz, C:
c

y'
m
1 1 x
2z -1 ¥
23. T‘*dz, C: C
ClZii="g
x

Use partial fractions.




AMPLE 1

EOREM 4

{EOREM 5

PROOF (a) We consider any powe

CHAP.15 Power Series, Taylor Series

Application of Theorem 3

Find the radius of convergence R of the following series by applying Theorem 3.

2

n
2( )z” =2 +38+ 68+ 10+
n=2
Solution. Differentiate the geometric series twice term by term and multiply the result by z

2/2. This yields
the given series. Hence R = | by Theorem 3. | |

Termwise Integration of Power Series
The power series

-]
[27% ay 2]
E zn+1:aoz+__z2+___23+_”
n+1
n=0

2 3

obtained by integrating the series ap + @z + agz? + -+ term by term has the same

radius of convergence as the original series. I

The proof is similar to that of Theorem 3.
With the help of Theorem 3, we establish the main result in this section.

Power Series Represent Analytic Functions

Analytic Functions. Their Derivatives
A power series with a nonzero radius of convergence R represents an analytic
function at every point interior to its circle of convergence. The derivatives of this
function are obtained by differentiating the original series term by term. All the
series thus obtained have the same radius of convergence as the original series
Hence, by the first statement, each of them represents an analytic function.

r series (1) with positive radius of convergence R. Let f@
its sum and fy(z) the sum of its derived series; thus

) f@ =D, ant" and f@ =S nad"
n=0 n=1

We show that f(z) is analytic and has the derivative f1(z) in the interior of the cIf
convergence. We do this by proving that for any fixed z with |z| < R and Az~
difference quotient [ f(z + Az) — f(2)}/ Az approaches f1(2). By termwise addition®

have from (4)

ferbD-fO & (et = n_l]
)8 4 T AT f1<z)-zzan[ 2 ey

Note that the summation starts with 2, since the constant term drops out in 18

difference f(z + Az) — f(2), and so does the linear term when we subtract fi(2)

difference quotient.

Flation to Calcylys. Mat

H128s calculus, Give deta; @
W b etails. oy e
,, w1s¢.a addition, Write out the OF oot
’ h' I8¢ addition and subtractj

Theorem

A 3. Prove that n

! Jl ;
‘Product. Show that (] — ;52

JUSing the Caych

SEC.15.3  Functions Given by Power Series

b | 689
(b) We claim that the series in (5) can be writte
n

©® 3 .
1§2 Az + A" 4 22z + A" 4 .. 4 (n — 2);"3
=227z + Ag)

e | +(n - 1)z;"2

somewhat technical proof of this is given i .
(©) W'e consider (6). The br e

n — 1. Since (n — 1)2 SEnln-1)

9 and the 1 . .
the absolute value of this seri argest coefficient is

Z, é RO’ RO < R,

0 e
'AZ, 2 ,an,”(’l — I)Rg—z.
n=2
This series with i
ay instead of |a,]| i
converges absolut n! 1s the second deri i
Forowes ahip utely by Theorem 3 of this . erived series of (2) at 7 =
series (7) converges, Lot on and Theorem 1 of Sec. 15.2. He
- 15.2. Hence

Sin ; . i the .
ce (6) is the right side of (5), our pres:rl::n reosf;u(z ) (without the factor |Az]) be K(Ro)
is 0).

fet A9 — f(2)
Az ~h@)| = |Azlk(Ry).

Letting A
20 and notin
2 s that R, ; )
any po . ng 0 (<R is
ser)i/el: 1;: interior to the circle of Convergezce :;Zlfrary,
- F'rom this the statements about the higherlzisef'e
i

n_v‘v/(:ltf:onleude that f(z) is analytic at
‘ative 1s represented by the derived
vatives follow by induction |

erial in this section gener-

BY DIFFERENTIA
. TION OR
Find the radius of converg i
the. Cauchy-Hadamard fo
series of simpler terms b

details of the
proof
on of i
e o ence in two ways: (a) directl
rmula in Sec. 15.2, and (b) ;ro);nbi

Yy using Theorem 3 or Theorem 4

- (n — |
p> “zf) @=2)" . i !;‘E( z )2““

1 as n—> oo, g5

= >m+ "

n=0 n=2 - —

Yy product, (b) by differentiating » noo 2+ 1\ 27
n

(P CR DR W S A

n=1 -
A1 nn + 1)




~ SEC.154  Taylor and Maclaurin Series

CHAP.15 Power Series, Taylor Series
691

i (=3)" 17. Odd function. If f(z) in (2) is odd (i.e., f(—2) = —f(2)),

Ny 2n . The . . ‘
2 DD’ show that a,, = 0 for even n. Give examples. remainder of the Taylor series (1) after the term an(z — £0)" is il

-1
o n 18. Binomial coefficients. Using (1 + 2)P(1 + )% = . \n+1 ‘
> (") (g) (1 + z)P*9, obtain the basic relation 3) Ru(2) = @~ 20 f f(z*) f
S \k 27ri [ (2% — 2oy I(gx = ) dz* |
= 2+ 1), < (p)( q ) (p + q) (proof bel . '
; D )= ; elow). Writing out the correspond; i f
§1 5n ao\n/\r—n r ponding partial sum of (1), we thus have (]
i 2n@2n — 1) 222 19. Find applications of Theorem 2 in differential equa- £@2) = f(zo) + Sasizofe, (z ~ z9)? i
S " tions and elsewhere. ) 20) 1 flzo) + Y 7463 e f
i [(n + k)]_lzn+k 20. TEAM PROJECT. Fibonacci numbers.? (a) The i e "
i . . s
= k Fibonacci numbers are recurswe.ly defined by + g f(n)(Z ) + Ry(2) ‘
- ag=ay =1, a1 =a, +tay—y if n=1,2,---, n! 0 n(2). hift |
s (" + "’) e Find the limit of the sequence (ay, + 1/ax). This i |
=0 M (b) Fibonacci’s rabbit problem. Compute a list of 18 1s called Taylor’s formula with remainder. |
= 5" — 1) . ay," *,apa. Show that ayp = 233 is the number |
Xk of pairs of rabbits after 12 months if initially there We see that Taylor series are power series From the last sectj |
=2 is 1 pair and each pair generates 1 pair per month, Series represent analytic functions, And we now show th ohon we know that power ‘
beginning in the second month of existence (no deaths represented by power series, namely. b oW that every analytic function can be |
20| APPLICATIONS ing) Taylor seri i  ome > by Taylor series (with various centers). Thi !
OF THE IDENTITY THEOREM pectmine): ylor series very important in complex analysis. Indeed. fh i Makes |
) (c) Generating function. Show that the generating complex analysis than their rea] counterparts are in cal e e more fundamental in l
clearly and explicitly where and how you are using function of the Fibonacci numbers is f(z) = n calculus.
rem 2. 1 — z — z?); that is, if a power series (1) represents :
1/(1 — z — z%); that is, if a po (1) represen THEOREM 1 Taylor’s Theorem

this f(z), 1ts coefficients must be the Fibonacci numbers
and conversely. Hint. Start from f(z)(1 — z — 2 =1
and use Theorem 2.

Even functions. If f(z) in (2) is even (ie,
“(~z) = f(z)), show that a, = 0 for odd n. Give

zxamples.

The remainders R @ of (1) ¢
an be r .
satisfy the iﬂequalzy e represented in the

».4 Taylor and Maclaurin Series

The Taylor series® of a function f(z), the complex analog of the real Taylor series is (5) o] = M
nl =75
S 1 o
M f@) = X anlz = 29"  where  ay = o) where M is the maximuy, ;
< n et m of |£(2)| on a circle lz =20l = rinD whose interior is

or, by (1), Sec. 14.4, PR
OOF T ; -
he key tool is Cauchy’s integral formula in Sec. 14.3; writing z and 7+ instead of d
Zp an

1 f(z*) ¢ (so that 2* is the variable of integration), we have
) G~ i @ =zt
©) fly =L 7@ *
P o de
In (2) we integrate counterclockwise around a simple closed path C that contains 2mi e 2

interior and is such that f(z) is analytic in a domain containing C and every point 1f

z lies inside C, for which i
’ we take a circle of radi i .
A Maclaurin series® is a Taylor series with center zg = 0. radius r with center zo and interior inD

(Fig. 367). We develo i i
; . P 1/(z* — 2) in (6) in =
manipulation (worth remembering!) w(e )ﬁrstph(;‘:/l:rs gy Sande eshrai

2 EONARDO OF PISA, called FIBONACCI (= son of Bonaccio), about 1180-1250, Itn}iﬂn math
credited with the first renaissance of mathematics on Christian soil.
3BROOK TAYLOR (1685-1731), English mathematician who introduced real Taylor sert

MACLAURIN (1698-1746), Scots mathematician, professor at Edinburgh.

) L ! |

0) — .
(z*—zo)<1 _u)

Z*_Zo
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. === P-ROBLEM=SET 154
EXAMPLE 6 Integration -
Find the Maclaurin series of f(z) = arctan z. d using £(0) = O we get 1. Calculus. Which of the series in this section have you
Solution. We have f{(z) = 1/(1 + z%). Integrating (19) term by term an & discussed in calculus? What is new?
n 3 5 : 2. On Examples 5 and 6. Give all the details in the
i (_1) 2n+l _ _ _ T + —_— 4 (|Z| < 1)7 . . . .
arctanz =, z iU T derivation of the series in those examples.
no2nt 1
this series represents the principal value of w = u + iv = arctan z defined as that value for whi:a 310 MACLAURIN SERIES
lul < @/2 Find the Maclaurin series and its radius of convergence,
‘ . 2
. z+2
EXAMPLE 7 Development by Using the Geometric Series 3, sin = 4 2 2
Develop 1/(c — z) in powers of z — zo, where ¢ — zg # 0. 3 1 p 1
Solution. This was done in the proof of Theorem 1, where ¢ = z*. The beginning was simple algebra and " g+ ot 1+ 2i
then the us.e of (11) with z replaced by (z — zo)/(c — zo): 7. 2sin? (z/2) 8. sin?;

1 1z Z'ZO)"
1 _ 1 . 2 c— g

c—z c-z2-G-z20 | iTEe) CTRD
(¢~ z0) c— 20

2
z—2 Z~ 20
_ 1 1+ 0+< — ).’_...).
c— 29 [ ¢~ 2o

This series converges for

=20

<1, thatis, |z = zol <le—zol

¢ — 2o

EXAMPLE 8 Binomial Series, Reduction by Partial Fractions
Find the Taylor series of the following function with center zo = 1.

2:2+92+5

f@) = Br2og-12

Solution. We develop f(2) in partial fractions and the first fraction in a binomial series

Ll —m
L _g+gm= E( 1 )Zn

(1+2™ n=0
20 mim + 1) ,  m(m+1)m+2) 4 My
=1-mz+ 21 by 31 5

i i i by term. This |
with m = 2 and the second fraction in a geometric series, and then add the two series term by

1 L ! 7 i =l( 1l z)
f(Z)=(Z+2)2+Z_3—[3+(Z—1)]2 2—-@z-1) 9 [1 +3(z— DI

n - AN = r(—=1)"n + 1) 1 _
1 & /-2 z—l)_ <Z )=E[___—-—n (z )
=;n§o< " )( 3 EO 2 o gn+2 2
g8 31 23 _12_275(-_1)3—---.
"o s O T g T Y T ew @

-1
We see that the first series converges for |z — 1| < 3 and the second f_ortslzhave
because 1/(z + 2)2 is singular at —2 and 2/(z — 3) at 3, and these pTl: A
from the center zg = 1. Hence the whole series converges for |z — 1 f

T 1- 4GS

| < 2. This had to be
distance 3 and 2, TS

SEC. 154 Taylor and Maclaurin Series

z 2
9. j exp (—%) dt 10. exp (z3) f exp (—12) dr
0 0

HIGHER TRANSCENDENTAL
FUNCTIONS

integrand. (The integrals cannot be evaluated by the usual
methods of calculus. They define the error function erf z,
sine integral Si(z), and Fresnel integrals* S(z) and C(2),
which occur in statistics, heat conduction, optics, and other
applications. These are special so-called higher transcen-
dental functions.)

z z
11, S(z) = j sin £2 dr 12. Cz) = f cos 12 dr
Y 0 0

2y0i e “sins
=1 =t i(7) = ftliet
\/_fo e dr 14, Si(z) fo ; dt

5. CAS Project. sec, tan. (a) Euler numbers. The
Maclaurin series

E.
_2_!222.;.?2 — .
defines the Euler numbers Egpn. Show that Eg = 1,
Ey= -1, E4 =5, Eg= —6l. Write a program that
omputes the Es,, from the coefficient formula in N
Or extracts them as a list from the series. (For tables
See Ref. [GenRef1], p. 810, listed in App. 1.)

(b) Bernoullj numbers. The Maclaurin series

Eq ,

@)  secz=E,

*AUGUSTIN FRESNEL (1788~1827),

697

defines the Bernoulli numbers By,. Using undetermined
coefficients, show that
3 B1="2 B2=% By=o,
By=—35, Bs=0, Bo=7, .
Write a program for computing B,,.

(c) Tangent. Using (1), (2), Sec. 13.6, and (22), show
that tan z has the following Maclaurin series and
calculate from it a table of By, -+, Bag:

(24) tanz = .21 - .4' =i
e —1 Mo
. 2n,52n
=l —1yn—-1 27 D 2n—1
2 T e By 2,
ol @2n)!
16. Inverse sine. Developing 1/V1 ~ 72 and integrating,
show that

3 5

. 1\z 1-3\z

= -+ | —]—

aresin z = z -+ <2> 3 (2 - 4) 5

N ( 1:3-5 ) 4

2:4-6/7

Show that this series represents the principal value of
arcsin z (defined in Team Project 30, Sec. 13.7).

17. TEAM PROJECT. Properties from Maclaurin
Series. Clearly, from series we can compute function
values. In this project we show that properties of
functions can often be discovered from their Taylor or

Maclaurin series. Using suitable series, prove the
following.

+ o (lz < 1.

(a) The formulas for the derivatives of €%, cos z, sin z,
cosh z, sinh z. and Ln (1 + 2)

() 3 + ™) = cos 2
() sinz # 0 for all pure imaginary z = iy # 0

TAYLOR SERIES

Find the Taylor series with center zo and its radius of
convergence.

18. l/z, z20=1

20. cos?z, zo = /2

22, cosh (z — i), Zo = i
23. 1/(z — D2 zo= —i
25. sinh 2z — i), z9 = i/2

19. 1/(1 + 2),
21. cos z,

20 = —i
0= T

24. ez(z—z)’ 20=1

French physicist and engineer, known for his work in optics.



EXAMPLE 4

EXAMPLE 5

SEC.15.5 Uniform Convergence. Optional

POWER SERIES

Where does the power series converge uniformly? Give

reason.
n
> n
“~

CHAP. 15 Power Series, Taylor Series :

Weierstrass M-Test
Does the following series converge uniformly in the disk |z| = 12

s M+

I

M
T+
ul”

1 m? + cosh m|z|

=0
i e of 31/m? (see -
Solution. Uniform convergence follows by the Weierstrass M-test and the convergenc /m* ( , E L(z ; l)zn
Sec. 15.1, in the proof of Theorem 8) because 2 =
R oy i 53—,
- 2 4. E - 1 (Z ’)
m? + cosh mlz| m D
: ) i
g n _
= ,)12 5. E (2 )(42 + 21)11
n=2

No Relation Between Absolute

n=0
and Uniform Convergence o <Z N ,>
We finally show the surprising fact that there are series that converge absoll'xtely but not B 12 4
uniformly, and others that converge uniformly but not absolutely, so that there is no relation i 3 i
between the two concepts. S+ 1) <
= (="

(z —2)"

>

n=1

No Relation Between Absolute and Uniform Convergence

ik 32
The series in Example 2 converges absolutely but not uniformly, as we have shown. On the other hand, the series

705

(b) Termwise differentiation. Derive Theorem 4
from Theorem 3.

(c) Subregions. Prove that uniform convergence of a
series in a region G implies uniform convergence in
any portion of G. Is the converse true?

(d) Example 2. Find the precise region of convergence
of the series in Example 2 with x replaced by a complex
variable z.

(¢) Figure 369. Show thatx% 3,1 (1 + x2)™™ = |
if x # Oand 0if x = 0. Verify by computation that the
partial sums sy, s, 53 look as shown in Fig. 369.

|

Fig. 369. Sum s and partial
sums in Team Project 18(e)

HEAT EQUATION

Show that (9) in Sec. 12.6 with coefficients (10) is a solution
of the heat equation for r > 0, assuming that f(x) is
continuous on the interval 0 = x = L and has one-sided

= (_l)m—l _ 1 1 1

rove that the series converges uniformly in the indicated

2 2
m=1 X2+m -\'2+ 1 o+ 2 x“+3 3
[egion.

converges uniformly on the whole real line but not absolutely. a L

. its fir b4 derivatives at all interior points of that interval. Proceed as
By the familiar Leibniz test of calculus (see App. A3.3) the remainder R, does not exceed i ) s el = 1020 et p
Prqaf- byl te value, since we have a series of alternating terms whose absolute values form a monoto b= 2n + ! ollows.
term in absolute ) € . ; 3 |
decreasing sequence with limit zero. Hence given € > 0, for all x we have s 19. Show that ,Bnl is bounded, say |Bn| < K for all n.
| | I D ld=1 Conclude that
: —_——<—-<e€ if n > Ne) = —. n=1"
IRu)] = e € o lugl < Ke™itoif 42 1o>0
lzl =1

This proves uniform convergence, since N(€) does not depend on x.

and, by the Weierstrass test, the series (9) converges
The convergence is not absolute because for any fived x we have

e Sin™ || uniformly with respect to x and ¢ for r = 1,0 =x=1L.

|(_1)1n—1 1 > e allz Using Theorem 2, show that u (x, 1) is continuous for
= n t = tg and thus satisfies the boundary conditions (2)
| 2 4m x2+m " fort = fo.
k . 2=z =10 2 A2ty
Zm S0 22" + 1 20. Show that [ou,/a¢| < ApKe™ito if ¢ = to and the

series of the expressions on the right converges, by

Izl =3 the ratio test. Conclude from this, the Weierstrass
test, and Theorem 4 that the series (9) can be

differentiated term by term with respect to t and the

, allz resulting series has the sum du/dr. Show that (9) can
be differentiated twice with respect to x and the

where k is a suitable constant, and k2 1/m diverges.

PROBLEM SET 15.5

1. CAS EXPERIMENT. Graphs of Partial Sums. (a)
Fig. 368. Produce this exciting figure using your CAS.
Add further curves, say, those of sa56, S1024, €tc. on the

.zl =025

(b) Power series. Study the no:'mnifo 1
vergence experimentally by graphing part 8

the endpoints of the convergence Inter¥
Z=1x.

'PROJECT. Uniform Convergence.
! Weierstrass M-test. Give a proof.

resulting series has the sum 4%u/dx2. Conclude from
this and the result to Prob. 19 that (9) is a solution
of the heat equation for all t = to. (The proof that (9)
satisfies the given initial condition can be found in
Ref. [C10] listed in App. 1.)
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CHAPTER 15 REVIEW QUESTIONS AND PROBLEMS

1. What is convergence test for series? State two tests from
memory. Give examples.
2. What is a power series? Why are these series very
important in complex analysis?
3. What is absolute convergence? Conditional convergence?
Uniform convergence?
4. What do you know about convergence of power series?
5. What is a Taylor series? Give some basic examples.
6. What do you know about adding and multiplying power
series?
7. Does every function have a Taylor series development?
Explain.
8. Can properties of functions be discovered from
Maclaurin series? Give examples.
9. What do you know about termwise integration of
series?
10. How did we obtain Taylor’s formula from Cauchy’s
formula?

RADIUS OF CONVERGENCE

Find the radius of convergence.

1L Y @+ )"
n=0
£ 4n
2
n=2

12.

(z — )"
n—1

= n(n — |
13. Y "—(L")(z - "

"5 nan
4. > @30

SUMMARY. OF CHAPTER-ID

Power Series, Taylor Series

= (=3t
Z
3n

15.
n=1

16-20 | RADIUS OF CONVERGENCE

Find the radius of convergence. Try to identify the sum of
the series as a familiar function.

P z‘n = (_2)"1
16. > 17. > T

n=1 n=0

= (="
18. 2 —(WZ)ZTH»I

o @2n+ D!

® zn+1/2 = zn
19> 20, S ———

S5 @+ 1) no (34"

MACLAURIN SERIES

Find the Maclaurin series and its radius of convergence.
Show details.

21. cosh z2
23. cos (zz)
25. (¢ — 1)/

TAYLOR SERIES

Find the Taylor series with the given point as center and its
radius of convergence.

22. 1/(1 - 2)®
24. 1/(mz + 1)

26. 25, i

27. sinz, m
28. 1/z, 2i
29. Lnz, 3

30. &, i

is of the form (Sec. 15.2)

n=0

Sequences, series, and convergence tests are discussed in Sec. 15.1. A power Ser

M 2 an(z — zo)" = ap + ay1(z — zg) + as(z — zo)% + ** 7

Zo is its center. The series (1) converges for |z — zo| < R and diverges
|z — zo| = R, where R is the radius of convergence. Some power series €O

_
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for all z (then we write R = ). In exceptional cases a power series may converge
.only. at'the center; such a series is practically useless. Also, R = lim |a,/a gI
if this limit exists. The series ( 1) converges absolutely (Sec. 15.2) and uiz;:l;"o;;;l]y
(Sec.'IS.S) in every closed disk |z — Zol = r <R (R > 0). It represents an analytic
tfunctlc?n {1('Z) for 'lz'— 2ol < R. The derivatives f'(z), f(z),-- are obtained by
;;nsnz/ll;fes ifesr::tl‘;.tslgr? of (1), and these series have the same radius of convergence

Convers?ly, every analytic function f(z) can be represented by power series. These
Taylor series of f(z) are of the form (Sec. 15.4)

- |

) f@=3 ”—,f(")(Zo)(z —z)"
n=0""

(Iz = zo)l < R),

as in calculus. They converge for all z in the open disk with center z and radius
geqerally equal to the distance from zq to the nearest singularity of f(z) (point at
which f(z) ceases to be analytic as defined in Sec. 15.4), If f(2) is entire (analytic
for all z; see Sec. 13.5), then (2) converges for all z. The functions €%, cos z, sin z,

etc. have Maclaurin series, that is, Ta i i imi
s , Taylor series with center 0, similar to those i
calculus (Sec. 15.4). e
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