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Problem 1

a) Find the inverse Laplace transform

f(t):):l{ s?+1 }

s2(s? —4s+9)

b) Solve the initial value problem

y'(t) — 4y (t) +9y(t) =t, t>0;
y(0) =0, y'(0) = 1.

Problem 2 The equation
Pu _ o
otz 0x?’

describes an infinite vibrating string. The initial values are

—oo < x<oo, t>0,

r+1, —-1<x<0;
u(z,0) = {1 — 2z, 0<$<%;

0 otherwise,

and the initial speed is w;(z,0) = 0. Sketch the shape of the string at time ¢t = %

Problem 3

a) Expand

in a Fourier sine-series.

b) Solve the equation
Ugg + Uyy — 20u = 0

in the rectangle
O<z<m O<y<l1.

The boundary values are

u(0,y) =0, u(m,y) =0, 0<y<l;
u(z,0) =0, u(z,1) = 2% — 7z, O<z<m.

Hint: Separate the variables.
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Problem 4 Find the Laurent expansion around the point z = i of the function
1
&) =231

In which domain does the expansion converge?

Problem 5 Construct a conformal mapping w = w(z) of the domain

7T< ()<+7T
[ — r _
4 S el 4

onto the half-plane Im(w) > 0 such that w(1) = 2i.

Problem 6 Find the Fourier transform f(w) of the function

1

1@ = e s

Hint: The calculation of f (w) for w > 0 and w < 0 should be done separately.
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Miscellaneous

e Heaviside function u(t) =
0,t<0 0, t<a

1,t>0 1, t>a
,u(t —a) =

e Dirac Delta function §(t — a) is zero everywhere except a and satisfies
22, 0(t — a)dt = 1, moreover [% g(t)d(t — a) = g(a) for any continuous
function g.

e Convolution For functions defined on the real line:

[rg(@) =2 fWg(x —y)dy = [Z flz —y)g(y)dy, —oo <z < o0;
for functions defined only on the positive half-axis:

frg(x) =[5 fy)glx —y)dy, x>0.

Laplace transform

o L{f}(s)=F(s) [5° f(t)e*dt f(t) F(s)
o L{cf()}(s) = F(s — a) 1 .
o LUFHS) = sE{f}s) — £(0) thn =12 |
eat 1
o L{f"(s) = s2L{f}(s) — s£(0) - s=a
£1(0) ,
tneat,n: 1,2,... (S*Zﬁ
o L{J§ f(r)dr)} (s) = LL{f}(s) sy e
o L{fxg} = L{f1L{g} sin bt -
e N
at .2 b
o LUIOHs) = —F(s) St | oo
u(t —c),c >0 £

d(t—c),c>0 e
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Fourier series and Fourier transform

e Periodic functions with period 2L, real and complex form

f( )NGO—FZ (lnCOS L:E—}—b SlIlf:L‘ Z e znwz/L

n=1 n=-—00

1 /L
ay = ﬁ/—L f(x)dx, a, L/ ) cos —xd:p by, L/

- —inmx/L
Cn =57 /_Lf(m)e dx

o Parseval’sidentities 5 [, | f(2)Pdz = = _ |eal?, [ | f(2)2de = [, | f(w)]*dw

) sin —a:dx

o fw)= =% flz)e ™" da f(2) flw)
o d(x —a) ﬁe‘mw
o f@) = 2 [ flw)endu
R N _b S s < b 2 ll’lb
o Flw) = iwf(w) { ol > b s
o Fiw) = —u?f(w) i 1
€ awu(x) V27 (a+tiw)
o flz—a)(w)=e"f(w)
1 T e—olwl
R _— x24a? 2 a
o flw—10)=e"f(z)(w)
- N e—ax2 ﬁe—w2/(4a)
o fxg=121f§
Complex numbers and analytic functions
o "t =¢F(cosy +isiny),
cosz = ¢ - Zosing = 612_2?_” = <te” sinhz = £
e Taylor and Laurent series of an analytic function
N o n f™M(z0) _ 1 f(z)
(z) = nz:‘;an(z 20" an = I 2mi 7{ (2 — zp)"t! dz
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o0

Z (z — 20) —|—Z by, ;Tij{cf(z)(z—zo)”ldz

— Z - Zo
e Let f(2) have a pole of order n at z5. Then

Res(f} = oty i [ — )" 2]

1)l z=20 dzn—t

In particular

Res{f} = lim (= — ) (2)] itn =1
Res(f} = lim -+ [(= — )"/ (=) ifn=2.

Some useful integrals

e [rsinaxrdr = %sinax— Zcosar +C

e [xcosaxdr = 2COSCLZL‘—|— osinax + C
o [2?sinaxdr = 2xsmax+ 2 cosax + C
o [2?cosaxrdr = 22:Ucosax 2=a’2® gin gz + C

o [e™sinbrdr = a2+b2 5 (asinbx — beosbx) + C

o [ecosbrdr = 2erQ(acosb:L’—i—bsmb:L’) +C

o [ e dy = \/g, a>0



