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Problem 1

a) Find the inverse Laplace transform of
1
(s+2)(s+1)

Solution We have
1 1 1

(s+2)(s+1) s+1 542
Using the table, we compute the inverse Laplace transform:

e (wrern) =< (o) ¢ (erg) -

b) Solve the initial value problem

y'+3y +2y=0(t—1), t=>0,y(0)=0, y(0)=0,
where 0 is the Dirac delta function.
Solution Taking the Laplace transform of both sides, we get,
(s* +3s+2)Y(s) ="
Using the result of part a) and the second shift theorem, we obtain

0, t<1
el—t _ 62_2t, t 2 1

y(t) = (7Y — XDyt — 1) = {

Problem 2 Consider the boundary value problem for the wave equation:
Uy = Uy, 1 >0, 0 <z <7, ult,0)=u(t,7)=0. (¥
a) Find all solutions of () on the form u(t,z) = F(t)G(z).
Solution We divide the variables and get
Pt LG)

F(t) G(z)

Taking into account the boundary condition, we have G(0) = G(7) = 0. We
have a solution of the equation G” = kc¢=2G which is equal to zero at two
points. Then kc™2 < 0 and if we denote kc™? = —p? then

Gp(z) = apcos px + b, sin pz.
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The condition G(0) = G(7) = 0 implies a, = 0 and p = 1,2, ... is integer.
Thus k = —(cp)? and

Gp(x) =bysinpr, p=1,2,..

Then F)) = —(cp)*F, and F,(t) = (A cos cpt + By sin ¢pt). Finally, renaming
the constants, we get all solutions with separated variables of the form:

u,(t, ) = sin px(A, cos cpt + B, sin cpt). (%)
b) Find the solution of (%) that also satisfies the following initial condition

u(0,2) =1z — 2%, w(0,2) =0, 0<ux<m.
Solution We are looking for a solution u(¢, x) of the form
u(t,z) =3 uy(t, z),
P

where u,(z,t) is a solution of the form (**). The initial conditions give

u(0,z) = ZAP sinpz, w(0,x) = chBp sin pzx.
p

p

Then B, = 0 and A, are sine-Fourier coefficients of the function f(z) =
7z — x?. We extend f(z) in an odd way to (—m,7) and find

2 (7 2 s
A:—/ — %) sinprdr = —— — 2%)(cos pr)'dw =
» 7T0(7m x) sin prdz pﬂo(wx x%)(cos px)'dx
2 ™
— | (7 — 2x) cos pxdx =
pr Jo
4 4
pTﬂ' 0 Slnp:L‘d:E:pTﬂ(l—(—l)p)
Finally,
2 41— (—=1)?
u(t,x):z: ( p3<7T ))coscptsinp:c.
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Problem 3 Calculate the Fourier transform of the function f(t) = e~ sin bt u(t),
where u(t) is the Heaviside step function.

Solution We note first that sin bt = (e — ¢=®)/2i. Then we have

A

f<w>=2ij%/o°°e

73t(ez‘bt _ efibt)efitwdt

Using the Fourier transform of the function u(¢)e® from the table, we get

Fw) = — LS S R !
T 2iv2r \B3+i(w—1b) 3+i(w+b))  V2r (3+iw)?+ b
Problem 4 Let f(z2) = 2 3p2”

a) Find the Laurent series of f centered at the origin. Where does the series
converge? What type of singularity has f at the origin?

. . . n
Solution We start with the series e* = 3°0° o =7. Then
o ,2n oo 2n—3
—3 2 _ z _ _ ¥
L3077 — =3 LTS
n! n!
n=0 n=2

This is the Laurent series of f centered at the origin, it converges when z # 0,
f has a pole (or order 3) at the origin.

b) Compute
d
$ £z,
along the unit circle, |z| = 1.

Solution Clearly, f has only one singularity inside the unit circle, the origin.
By the residue theorem

%C f(2)dz = 2miRes,—of(2).

From the Laurent series in a) we see that Res,—f(z) = 1. Thus

fc f(2)dz = 2mi.
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Problem 5 The analytic function f(z) satisfies

of B
oy 2z, f(0) = 1.
Find the function f(z).

Solution We mean as usual that z = x + iy. Let f(z) = u(x,y) + iv(z,y). Then
we have
Uy + 10y = 22 + 12y.

It means that u, = 2z and v, = 2y. We combine that with the Cauchy-Riemann
equations u, = v, and v, = —u,. We get

Uy = 2y, Uy = 2T, Uy = —21, v, = 2.
We integrate and obtain
u(z,y) = 2xy +c1, v(z,y) =y* — 2+ co.
Then f(z) = 2zy + i(y* — 2?) + ¢ = —iz? + ¢. The condition f(0) = 1 implies

c=1. Thus
f(z) = =iz + 1.

Problem 6 Evaluate the integral
/00 r2dx
o x*+16

Solution First we note that the function under the integral is even and thus

/00 2%dx B 1/00 r2dx

0o 2t+16 22?416

In the last integral the degree of the polynomial 2* + 16 is large then the degree
of 22 by two and by the residue formula we get

o zidx 22
S 9miS Res,_, ————.
/oox4+16 m; N 16

Where the sum is taken over all singular points in the upper half-plane. We find
the roots of the equation z*+ 16 = 0. There are two roots in the upper half-plane:
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21 = V24 iv2 and 2z = —v/2 + iv/2. The formula for the residue at simple pole
gives
o 1

R z=2z; = T 2 = -
e5:=2,f(2) 123 1z

Then the sum of the residues is

ntzm —i2V2 —iV2

42129 16 8

Res,—., f(2) + Res,—., f(z) =

Finally,

/00 x? 1 /00 x? 22 2
\ .

Y =z — _dr =S Res,_. —
A116" T 2 167" mzj: o=z
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Miscellaneous

e Heaviside function u(t) =
0,t<0 0, t<a

1,t>0 1, t>a
,u(t —a) =

e Dirac Delta function §(t — a) is zero everywhere except a and satisfies
22, 0(t — a)dt = 1, moreover [% g(t)d(t — a) = g(a) for any continuous
function g.

e Convolution For functions defined on the real line:

[rg(@) =2 fWg(x —y)dy = [Z flz —y)g(y)dy, —oo <z < o0;
for functions defined only on the positive half-axis:

frg(x) =[5 fy)glx —y)dy, x>0.

Laplace transform

o L{f}(s) = F(s) J5= f(t)e'dt f(t) F(s)
o L{ef(1)}(s) = F(s —a) 1 !
o L{f'}(s) = sL{f}(s) — f(0) t"n=12,.. £
o L{f"}(s) = s*2L{f}(s) — sf(0) — et L
£1(0) o
" at’ - 1727"' ,ni'wrl
o Ll f(r)an)} () = LLLFH) oo (5=
cos bt =i
o L{fxg}=L{f}L{g} o
- b
o L{f(t — ult — )} = e=F(s), sin b 42
c>0
e™ cos bt )i
o L{tf(1)}(s) = —F(s) N b
e sin bt Goa) i
o L{IUY(s) = [ F(0)do
u(t —c),c>0 £
d(t—c),c>0 e
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Fourier series and Fourier transform

e Periodic functions with period 2L, real and complex form

f( )Na0+z anCOSTZE—}—b Slnffﬂ Z Cn emmc/L

n=1 n=-—00

1 /L
ag = ﬁ/—L flz)dz, a, L/ ) cos —xdx by, L/ ) sin —xd:v

- —inmx/L
Cn =57 /_L f(x)e dx

e Parseval’s 1dent1t1es = \f( WPde =300 lenl?, J20 | f(2))Pdae = [25 |f(w)\2dw
o fw)= I P f(x) f(w)
d(x —a) \/%—ﬂe*m“’

o f(2) = S I flw)emedw
\/?M

— LA €_axU(l') m

o flz—a)(w)=e"f(w)

~ — T e—alwl
o flw—b)= e f(z)(w) Tz S
o [xg=12rf§ e—ar” \/%e_wz/(‘l“)

Complex numbers and analytic functions

o "t = ¢"(cosy + isiny),

cos z = ﬂ ,sinz = ”_2:?71‘2, coshz = €4~ sinh 2 = €=
e Taylor and Laurant series of an analytic function
> f(z0) 1 f(z)
F(2) = 3 an(z = 20)", an = ——¢ d
nz::(] " " n! 2mi Jo (z — zo)"H!
1

—7{ f(2)(z — 20)" dz

n
(z —2o)" 2mi Je

z) = i}an(z—zo —l—z
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Some useful integrals

o [zsinardr = a%sinax— Zcosar +C
e [rcosaxrdr = ;ﬂcosax—i—%sinax—i—C

. . 2.2
o [2?sinaxrdr = Sasinar + =% cosazx + C

a2 .
o [2?cosaxrdr = a%a:cosa:v— {%smax—kc

ax

o [e®sinbrdr = o (asinbr —beosbr) + C

o [e™cosbrdr = %(acosbx + bsinbx) + C

o [ e dy = \/g, a>0



