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Problem 1

a) Find the inverse Laplace transform of

1
(s+ 2)(s+ 1) .

Solution We have
1

(s+ 2)(s+ 1) = 1
s+ 1 −

1
s+ 2 .

Using the table, we compute the inverse Laplace transform:

L−1
(

1
(s+ 2)(s+ 1)

)
= L−1

(
1

(s+ 1)

)
− L−1

(
1

(s+ 2)

)
= e−t − e−2t.

b) Solve the initial value problem

y′′ + 3y′ + 2y = δ(t− 1), t ≥ 0, y(0) = 0, y′(0) = 0,

where δ is the Dirac delta function.
Solution Taking the Laplace transform of both sides, we get,

(s2 + 3s+ 2)Y (s) = e−s.

Using the result of part a) and the second shift theorem, we obtain

y(t) = (e−(t−1) − e−2(t−1))u(t− 1) =

0, t < 1
e1−t − e2−2t, t ≥ 1

Problem 2 Consider the boundary value problem for the wave equation:

utt = c2uxx, t > 0, 0 < x < π, u(t, 0) = u(t, π) = 0. (∗)

a) Find all solutions of (∗) on the form u(t, x) = F (t)G(x).
Solution We divide the variables and get

F ′′(t)
F (t) = c2G

′′(x)
G(x) = k.

Taking into account the boundary condition, we have G(0) = G(π) = 0. We
have a solution of the equation G′′ = kc−2G which is equal to zero at two
points. Then kc−2 < 0 and if we denote kc−2 = −p2 then

Gp(x) = ap cos px+ bp sin px.
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The condition G(0) = G(π) = 0 implies ap = 0 and p = 1, 2, ... is integer.
Thus k = −(cp)2 and

Gp(x) = bp sin px, p = 1, 2, ...

Then F ′′p = −(cp)2Fp and Fp(t) = (Ap cos cpt+Bp sin cpt). Finally, renaming
the constants, we get all solutions with separated variables of the form:

up(t, x) = sin px(Ap cos cpt+Bp sin cpt). (∗∗)

b) Find the solution of (∗) that also satisfies the following initial condition

u(0, x) = πx− x2, ut(0, x) = 0, 0 < x < π.

Solution We are looking for a solution u(t, x) of the form

u(t, x) =
∑
p

up(t, x),

where up(x, t) is a solution of the form (**). The initial conditions give

u(0, x) =
∑
p

Ap sin px, ut(0, x) =
∑
p

pcBp sin px.

Then Bp = 0 and Ap are sine-Fourier coefficients of the function f(x) =
πx− x2. We extend f(x) in an odd way to (−π, π) and find

Ap = 2
π

∫ π

0
(πx− x2) sin pxdx = − 2

pπ

∫ π

0
(πx− x2)(cos px)′dx =

2
pπ

∫ π

0
(π − 2x) cos pxdx =

4
p2π

∫ π

0
sin pxdx = 4

p3π
(1− (−1)p).

Finally,
u(t, x) =

∞∑
p=1

4(1− (−1)p)
p3π

cos cpt sin px.
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Problem 3 Calculate the Fourier transform of the function f(t) = e−3t sin bt u(t),
where u(t) is the Heaviside step function.

Solution We note first that sin bt = (eibt − e−ibt)/2i. Then we have

f̂(w) = 1
2i
√

2π

∫ ∞
0

e−3t(eibt − e−ibt)e−itwdt

Using the Fourier transform of the function u(t)eat from the table, we get

f̂(w) = 1
2i
√

2π

(
1

3 + i(w − b) −
1

3 + i(w + b)

)
= b√

2π
1

(3 + iw)2 + b2 .

Problem 4 Let f(z) = z−3ez
2 .

a) Find the Laurent series of f centered at the origin. Where does the series
converge? What type of singularity has f at the origin?
Solution We start with the series ez = ∑∞

n=0
zn

n! . Then

z−3ez
2 = z−3

∞∑
n=0

z2n

n! = z−3 + z−1 +
∞∑
n=2

z2n−3

n!

This is the Laurent series of f centered at the origin, it converges when z 6= 0,
f has a pole (or order 3) at the origin.

b) Compute ∮
C
f(z)dz,

along the unit circle, |z| = 1.
Solution Clearly, f has only one singularity inside the unit circle, the origin.
By the residue theorem ∮

C
f(z)dz = 2πiResz=0f(z).

From the Laurent series in a) we see that Resz=0f(z) = 1. Thus∮
C
f(z)dz = 2πi.
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Problem 5 The analytic function f(z) satisfies

∂f

∂y
= 2z, f(0) = 1.

Find the function f(z).

Solution We mean as usual that z = x + iy. Let f(z) = u(x, y) + iv(x, y). Then
we have

uy + ivy = 2x+ i2y.

It means that uy = 2x and vy = 2y. We combine that with the Cauchy-Riemann
equations ux = vy and vx = −uy. We get

ux = 2y, uy = 2x, vx = −2x, vy = 2y.

We integrate and obtain

u(x, y) = 2xy + c1, v(x, y) = y2 − x2 + c2.

Then f(z) = 2xy + i(y2 − x2) + c = −iz2 + c. The condition f(0) = 1 implies
c = 1. Thus

f(z) = −iz2 + 1.

Problem 6 Evaluate the integral
∫ ∞

0

x2dx

x4 + 16 .

Solution First we note that the function under the integral is even and thus
∫ ∞

0

x2dx

x4 + 16 = 1
2

∫ ∞
−∞

x2dx

x4 + 16

In the last integral the degree of the polynomial x4 + 16 is large then the degree
of x2 by two and by the residue formula we get

∫ ∞
−∞

x2dx

x4 + 16 = 2πi
∑
zj

Resz=zj

z2

z4 + 16 .

Where the sum is taken over all singular points in the upper half-plane. We find
the roots of the equation z4 + 16 = 0. There are two roots in the upper half-plane:



TMA4120 Calculus 4K. Fall 2017 Page 5 of 5

z1 =
√

2 + i
√

2 and z2 = −
√

2 + i
√

2. The formula for the residue at simple pole
gives

Resz=zj
f(z) =

z2
j

4z3
j

= 1
4zj

.

Then the sum of the residues is

Resz=z1f(z) +Resz=z2f(z) = z1 + z2

4z1z2
= −i2

√
2

16 = −i
√

2
8 .

Finally,
∫ ∞

0

x2

x4 + 16dx = 1
2

∫ ∞
−∞

x2

x4 + 16dx = πi
∑
j

Resz=zj

z2

z4 + 16 = π
√

2
8 .



TMA4120 Calculus 4K. Fall 2017 Page i of iii

Miscellaneous

• Heaviside function u(t) =

1, t ≥ 0
0, t < 0

, u(t− a) =

1, t ≥ a

0, t < a

• Dirac Delta function δ(t − a) is zero everywhere except a and satisfies∫∞
−∞ δ(t − a)dt = 1, moreover

∫∞
−∞ g(t)δ(t − a) = g(a) for any continuous

function g.

• Convolution For functions defined on the real line:
f ∗ g(x) =

∫∞
−∞ f(y)g(x− y)dy =

∫∞
−∞ f(x− y)g(y)dy, −∞ < x <∞;

for functions defined only on the positive half-axis:
f ∗ g(x) =

∫ x
0 f(y)g(x− y)dy, x > 0.

Laplace transform

• L{f}(s) = F (s)
∫∞

0 f(t)e−stdt

• L{eatf(t)}(s) = F (s− a)

• L{f ′}(s) = sL{f}(s)− f(0)

• L{f ′′}(s) = s2L{f}(s) − sf(0) −
f ′(0)

• L
{∫ t

0 f(τ)dτ)
}

(s) = 1
s
L{f}(s)

• L{f ∗ g} = L{f}L{g}

• L{f(t − c)u(t − c)} = e−csF (s),
c > 0

• L{tf(t)}(s) = −F ′(s)

• L
{
f(t)
t

}
(s) =

∫∞
s F (σ)dσ

f(t) F (s)

1 1
s

tn, n = 1, 2, ... n!
sn+1

eat 1
s−a

tneat, n = 1, 2, ... n!
(s−a)n+1

cos bt s
s2+b2

sin bt b
s2+b2

eat cos bt s−a
(s−a)2+b2

eat sin bt b
(s−a)2+b2

u(t− c), c > 0 e−cs

s

δ(t− c), c > 0 e−cs



Page ii of iii TMA4120 Calculus 4K. Fall 2017

Fourier series and Fourier transform

• Periodic functions with period 2L, real and complex form

f(x) ∼ a0 +
∞∑
n=1

(an cos nπ
L
x+ bn sin nπ

L
x) ∼

∞∑
n=−∞

cne
inπx/L

a0 = 1
2L

∫ L

−L
f(x)dx, an = 1

L

∫ L

−L
f(x) cos nπ

L
xdx, bn = 1

L

∫ L

−L
f(x) sin nπ

L
xdx

cn = 1
2L

∫ L

−L
f(x)e−inπx/Ldx

• Parseval’s identities 1
2L
∫ L
−L |f(x)|2dx = ∑∞

n=−∞ |cn|2,
∫∞
−∞ |f(x)|2dx =

∫∞
−∞ |f̂(w)|2dw

• f̂(w) = 1√
2π
∫∞
−∞ f(x)e−iwxdx

• f(x) = 1√
2π
∫∞
−∞ f̂(w)eiwxdw

• f̂ ′(w) = iwf̂(w)

• f̂ ′′(w) = −w2f̂(w)

• ̂f(x− a)(w) = e−iawf̂(w)

• f̂(w − b) = ̂eibxf(x)(w)

• f̂ ∗ g =
√

2πf̂ ĝ

f(x) f̂(w)
δ(x− a) 1√

2πe
−iaw

1, −b ≤ x ≤ b

0, |x| > b

√ 2
π

sin bw
w

e−axu(x) 1√
2π(a+iw)

1
x2+a2

√
π
2
e−a|w|

a

e−ax
2 1√

2ae
−w2/(4a)

Complex numbers and analytic functions

• ex+iy = ex(cos y + i sin y),
cos z = eiz+e−iz

2 , sin z = eiz−e−iz

2i , cosh z = ez+e−z

2 , sinh z = ez−e−z

2

• Taylor and Laurant series of an analytic function

f(z) =
∞∑
n=0

an(z − z0)n, an = f (n)(z0)
n! = 1

2πi

∮
C

f(z)
(z − z0)n+1dz

f(z) =
∞∑
n=0

an(z − z0)n +
∞∑
n=1

bn
(z − z0)n

, bn = 1
2πi

∮
C
f(z)(z − z0)n−1dz
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Some useful integrals

•
∫
x sin ax dx = 1

a2 sin ax− x
a

cos ax+ C

•
∫
x cos ax dx = 1

a2 cos ax+ x
a

sin ax+ C

•
∫
x2 sin ax dx = 2

a2x sin ax+ 2−a2x2

a3 cos ax+ C

•
∫
x2 cos ax dx = 2

a2x cos ax− 2−a2x2

a3 sin ax+ C

•
∫
eax sin bx dx = eax

a2+b2 (a sin bx− b cos bx) + C

•
∫
eax cos bx dx = eax

a2+b2 (a cos bx+ b sin bx) + C

•
∫∞
−∞ e

−ax2
dx =

√
π
a
, a > 0


