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Definition: Riemann sums ‘

Let C be a smooth simple curve on the complex plain with end
points zy and z.. We consider a subdivision of this curve into small
pieces by points zy, z1, ..., Zy = Ze on the curve and on each part of
the curve (z;, zj,.1) we choose an additional point ¢;. Let f be a
continuous complex valued function on C. To a partition {z, ..., zn}
with choosen points {(p, ...(,—1 We assign the Riemann sum

Sn=f(Co)(z1 — 20) + f(¢1)(Z2 — z¢) + ... + F(Cn—1)(2n — 2Zn—1)

Now,if n — oo and the partitions are chosen such that |z 1 — zj|
tend to zero,then the sequence S, has a limit, by the definition it is

Jcf(z)dz.



Parametrization of the curve ° '

Proposition

If a simple curve C is parametrized by a differentiable function
g:[a bl — Cwithg'(t) #0. Then

b
/ f(2)dz = / H(a(t)g(t)at
C a

A Riemann sum for the integral fab f(g(t))g'(t)dt is of the form
>k F(9(sk)) 9’ (si)(ti1 — t), where

a=1 <sy <t <8 <..<ty=b,while acorresponding
Riemann sum for the integral of f over C is

>, F(9(sk))(g(tk+1) — 9(t)). The difference between the sums
goes to zero as n — <.



Example
o @

Let C be a quarter-circle, the part of the unit circle with
zo=1, ze =i and let f(z) = z. We want to compute fc z)dz.
1. By the definition: take zx = ¢x = e*™/2" k =0, ..., n, then

n—1 n—1
S, = Z eikﬂ/Zn(ei(k+1)ﬂ'/2n o eikﬂ*/2n) — Z eikﬂ/n(eiﬂ'/Zn - 1)
k=0

iT
in/2n _ern-1
(e —1)—7el.w/2n+1 — —1

e —1
- elﬂ'/ﬁ_‘]

2. By a parametrization, g(t) = e,0 < t < /2, g'(t) = ie''then

/2 t=n/2
/ f(Z)dZ=/ e'iedt = 1/ ity — L g2t T _ 4
c 0 0 2 t=0



An important examples

Let Cr be the circle of radius R centered at the origin, f(z) = z'%

where mis integer.
lm(R):/ zMdz
Cr

We parametrize the circle by g(t) = Re',0 < t < 27.

en : . 2r
Im(R) = ; Rme’tm(iFm’e’t)dt:,'RmH/o oi(m+1)t gy

— 1fm=0,1,2,3,....Then In(R) = 0.
— f(z) =z, m= -1, then I_4(R) = 2ri.
— m=-2,-3,...qgives In(R) =0

The value of /In(R) does not depend on R.



Shift of variable
o

Let now Tg = {|z — 2| = R} and f(z) = (z — )™ then one can do
a change of variable

/ (z—zo)’"dz:/ zMdz = {0’ _m#q
Ta Cr 2ri, m= —1

We write [ f(z)dz as ¢, f(z)dz to remind that the curve is closed

or was fz_20|:H f(z)dz.



Reduction to real valued integrals ° '

Another way to compute the integral of a complex valued function
f(z) = u(z) + iv(z) over a curve C is to use that dz = dx + idy and
then reduce integration to real integration along curve

/Cf(z)dz:/c(u+iv)(dx+idy) :/C(udx—vdy)+i/c(udy+vdx)



Three approaches to integration

— Definition by Riemann sum: provides some intuition and
understanding of the integral, can be used to prove main
properties;

— Parametrization: is used to compute integrals

— Real valued curve integration: helps to handle analytic
functions (see below).

We will study integration of analytic functions.




