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Fourier series: reminder ‘
Given a 2rw-periodic function f, consider the series

Si(x) = ao + Y _(ancos nx + by sin nx)

n=1

where -
a = o | f(x)dx
1 ™
an=— f(x) cos nxdx
1 (7 .
bp = — f(x) sin nxdx
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Convergence theorem: reminder

Theorem
Let f be a piece-wise continuous function on [—x, x| (it can be
extended 2w -periodically). Suppose that f has left and right

derivatives at each point. Then the Fourier series S; converges at
each point and

f(x —0)+ f(x+0)
2 )

St(x) =

where f(x £0) = limp_,o, f(x = h).



Further example
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Example

Let f(x) = |x|, —7 < x <7 and f is extended to a 27-periodic
function. Find the Fourier series of f.
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Odd and even functions

fisoddif f(x) = —f(—x).
Fact: fis odd < all a, = 0 (cos coefficients)

fis evenif f(x) = f(—x).
Fact: f is even < all b, = 0 (sin coefficients)



Half range expansions

4

Given a function f on (0, 7) we can extend it either as an odd <,a
even 2r-periodic function expand either as sin or cos Fourier
series.

Example: f(x) = 7 — x. We have

f(x) = ao+Zancosnxf ansmnx

/ f(x) dx,

a,,:/ f(x)cosnx dx, n=1,2,.
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Period 2L

Given f(x) such that f(x) = f(x + 2L). The corresponding Fourier
series has the form

f(x) = ao+Zancos

n=1

1 L
ao:2L/Lf(x) dx

L
an:1/ f(x)cos@xdx, n=1,2,...
L), L

—X + bp sm
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An old exam problem

The function f is defined by the following conditions:

i) f(x) = f(—x) for all real x.

i) f(x) = f(x + 4) for all real x.

i) f(x) =1—xfor0 < x < 2.

Sketch the graph of f for —2 < x < 6. Find the Fourier series of f.



