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t, 0<t<m

Probl 1 Let f(1) =
roblem f(1) {7T7 t>
a) Find the Laplace transform of f.

b) Solve the initial value problem y” + 4y = f(t), t > 0, y(0) =1, y'(0) = 0.

Problem 2 Consider the boundary value problem for the Laplace equation:
Upg + Uy =0, 0 <z <7, 0<y<2m, u(0,y)=0,u,(m,y)=0 ()
a) Find all solutions of (k) on the form u(x,y) = F(x)G(y).

b) Find a solution of (x) that also has the following values on the horizontal
sides

3 7 11
w(z,0) = u(x,2m) = sin =T 1 4sin L — Bsin ——.
2 2 2
Problem 3 Find the inverse Fourier transform of the function
1
(14 iw)*

Hint: you may use the formula F(e ™ u(x)) = L or you may apply the
o

2m(14+iw)
residue calculus.)

Problem 4  Let u(x,y) = €2* cos by.
a) For which value(s) of b is u(z,y) harmonic?
b) Find v(x,y) such that f(x + iy) = u(z,y) + iv(x,y) is an analytic function
in the whole complex plane. Justify your answer.
Problem 5  Let f(z) = (1—2)73

a) Use the Maclaurin series (1 — z)™! = 3°° 2" and term-wise differentiation
to find the Maclaurin series of f(z). Find the radius of convergence of this
series.

b) Write down the Laurent series of the function f(z) with center zp = 0 that
converges in {z : |z| > 1}.
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Problem 6 Evaluate the integral

/00 dx
—oo (22 4 4z + 5)%
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Miscellaneous

1,t>0 1, t>
e Heaviside function u(t) = { T (t—a)= { b= 0

0, t<0 0, t<a

e Dirac Delta function §(t — a) is zero everywhere except a and satisfies
25, 6(t — a)dt = 1, moreover [*5 g(t)d(t — a) = g(a) for any continuous
function g.

e Convolution For functions defined on the real line:

frg(x) =20 f(W)g(z —y)dy = J7 fle —y)gy)dy, —oo <z < o0;
for functions defined only on the positive half-axis:

frg(x) =[5 fy)g(x —y)dy.

Laplace transform

o L{f}(s) = F(s) J5° f(t)e~*dt f(t) F(s)
o L{eF(D)}(s) = Fs —a) 1 !
o L{f'}(s) = sL{f}(s) — f(0) t"'n=12,.. é,i—ﬂl
o L{"Hs) = SL{THs) = sf(0) - et 1
70 -
" at) - ]-7 27 _n—'n-l—l
o £{J fran}(s) = Le{f}(e) oo =)
bt =
o £{f*g} = L{/}L{g) o 4
: b
o L{f(t— Ault — o)} = e=F(s), sin bt P+
c>0
e cos bt o) TP
o L{tf(t)}(s) = —I"(s) . \
e sin bt (=

u(t—c),c>0 L

t—c),e>0 e
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Fourier series and Fourier transform

e Periodic functions with period 2L, real and complex form

)
f(x) ~ o + Z(an Ccos nm — x4+ b sin —SL’ Z ot mﬂ'x/L

L

n=1 n=—00

1 /L
ap = ﬁ/—L flz)dz, a, L/ f(x)cos —xdx b, L/ f(x)sin —:cd:c

— —inmx/L
Y7 ./—L J(w)e d

e Parseval’s identities ﬁ f_LL |f(2)Pde = 3200 o lenl?, [0 | f(2)Pde = [ |f(w)|2dw
o flw) = =, flw)emrde /(@) f(w)
(5(56 _ a) \/%e—iaw

o flw) = = [2% flw)e=duw

o fiw) = —w?f(w)
o fl@—a)(w) = e flw) e "u(x) Ttario)
o flw—1b) = e f(z)(w) ) ealu
- R x2+a? 2 a
o fxg=1V2rfj ) ,
e—azv \/LQ_ae_w /(4“)

Complex numbers and analytic functions

o ”TW = ¢%(cosy + isiny),

1z —iz . iz __
cosy = £ §iny = £=¢
2 ’ 24

e“+e *
2

— . coshz = ,sinh z =

e Taylor and Laurant series of an analytic function

_ s n _ f(n)(zo) _ 1
f@—zmww%%————;ff(

!
oy n! 2m Jo

1

ef—e”

f(z)

z— ZO)n—I—l

z

2

dz

f(2) = an(z — 2)" i b, = —j[ f(2)(z — 2)" dz

(z—z0)" 2mi Jo



