Solutions

Problem 1
a
Let

Find the Laplace transform of f.
Lf(s) = / te Pdt + / e dt = Fy(s) + Fy(s).
0 ™

Solution: Explicit calculation:

T _rs 1 —7s 1 . T _rs
Fi(s) = e + = Fy(s) = LS
Finally
1 — e
cr) =174
b

Solve the initial value problem y” + 4y = f(t), t > 0, y(0) = 1, ¥'(0) = 0.
Solution: Let Y (s) = (Ly)(s). We than have

y'+4y=f(t), t >0, y(0) =1, ¥'(0) =0 =
_1—6_“ _1—6_” 11 -7 s

— 21)Y — = .
s+ (7 + 4V (s) 52 52 4 s244 +52+4

= Y (s)

Finally

1 1
y(t) =t —u(t —m)(t —7) — 3 sin 2t + gu(t — ) sin 2t + cos 2t.

Problem 2 Consider the boundary value problem for the Laplace equation:
Upy Uy =0, 0<z <7, 0<y<2m, u0,y)=0u,(my)=0 (%)

a
Find all solutions of (x) on the form u(z,y) = F(z)G(y).

Solution:
F"(z) + kF(z) =0,
) = F(2)G(Y), Upe + Uy, =0 =
ulay) = F(@)G), tes + iy {G”(y) —kG(y) =0
1
uw(0,y) =0,u.(m,y) =0 = k= (n—|—§)2, n=0,1,... .
Respectively
: 1 (n+1/2) —(n+1/2)
F,(x) = sin(n + 5)35, Gn(y) = Ane Y+ Bpe Y.



Find a solution of (*) that also has the following values on the horizontal sides
Tx 11z

3
u(z,0) = u(x,2m) = Sin; + 4sin7 — 5sin -

Solution:
- 1
u(z,y) = Z[Ane(”“/Q)y + Bue 2] gin(n + D)
n=0 2
We have A, = B,, =0 for n # 1,3, 5.
The rest of the coefficients can be found from the systems

A1+Blzl A3+B3:4 A5—|—B5:—5
A163” + Bleigﬂ- = 1, A3€57T + .836757T = 47 145677T + .B56777r = —5,

Finally
1 — e—37r 1 — e37r
Al=———+, Bi=—F——,
e?ﬂr _ 6737r e37r _ 67371'
1 — e—57r 1— 657r
Ay =4——— Byg=—-4—
657r _ e—57r 657r _ e—57r
1— €—7Tr 1— 6771'
Ag=—-5-—"  Bi=5-_-_°
677r _ 6—777 e77r _ 6—77r

Problem 3 Find the inverse Fourier transform of the function
1
(1 +dw)?
(Hint: you may use the formula F(e *u(z)) = m or you may apply the
residue calculus.)

Solution:

1 1 * glwe
Fl o)) =— / ——dw
()@= v [ a5
For complex values of w the denominator vanishes at w = i. Therefore

1 /°° el p 0, x < 0;
—_— ——dw = i
o J_ o (1 +iw)? ivV2rRes|p—im—s = e ®, x> 0.
00 (1+iw)

Problem 4
a
Let u(x,y) = e** cosby. For which value(s) of b is u(z, y) harmonic?

Solution: b = 42. In this case u(x,y) = Re2@+w)

b

Find v(z,y) such that f(z + iy) = u(z,y) + w(z,y) is an analytic function in
the whole complex plane. Justify your answer.

Solution: Respectively f(z) = e* +ic, c € R and v(z,y) = e**sin 2y + c.



Problem 5
Let f(z) = (1—2)73.
a

Use the Maclaurin series (1 — z)™' = >~ /2" and term-wise differentiation to
find the Maclaurin series of f(z). Find the radius of convergence of this series.

Solution:

fz) = % (L) = fl2) = in(m 1)z".

1—=z2 5

Convergence radius is 1, this is the distance from the centre (at the origin) to the
nearest singularity at z=1.

b
Write down the Laurent series of the function f(z) with center zp = 0 that
converges in {z : |z| > 1}.

Solution:

1
f(z) = —Zoon(n—i— 1)W’ for |z| > 1.
0

Problem 6
Evaluate the integral

/OO dx
Coo (X2 +4dx +5)2

Solution: Zeros of denominator z+ = —2 £+ 14¢. We have
e dx 1 T
= 2imRes|,— = —.
| = R s =



