714 CHAP. 16 Laurent Series. Residue Integration

(II) From (c) and (b), valid for 1 < lz| <2,

= s U e g o gy
f(z)=nE_0'2—n+1 z”—nZ‘,o rrs il A L e s
(I11) From (d) and (b), valid for |z| > 2,
hat 1 2 3 5 9 .
f(Z)=_2,(2"+1);m=";“2—2—:§—-z—;—---. (|

n=0

If f(z) in Laurent’s theorem is analytic inside C,, the coefficients b, in (2) are zero b
Cauchy’s integral theorem, so that the Laurent series reduces to a Taylor series. Examp]eﬂ

3(a) and 5(I) illustrate this.

i PROBLEM-_SET-161—— —

LAURENT SERIES NEAR A SINGULARITY
AT O

Expand the function in a Laurent series that converges for

0 < |z| < R and determine the precise region of conver-

gence. Show the details of your work.

cos z exp (—1/2%)
— 2 =5
Z Z
r4
3 2 e
3. z°cosh 4 > 3
ra &

LAURENT SERIES NEAR A SINGULARITY
AT z,

Find the Laurent series that converges for 0 < |z — zol <R
and determine the precise region of convergence. Show details.
z
1
5.'L'2', zo=1 6.—2—‘—,
-1 2z — )
sin z 10
. Ty at 20 = 4
- 3m?
8. CAS PROJECT. Partial Fractions. Write a program
for obtaining Laurent series by the use of partial

fractions. Using the program, verify the calculations in

Zo=i

16.2 Singularities and Zeros. Infinity

Roughly, a singular point of an analytic function f(z)isazgat which f(z .
analytic, and a zero is a z at which f(z) = 0. Precise deﬁnitions' follow ©
section we show that Laurent series can be used for classifying singulart

series for discussing zeros.

Example 5 of the text. Apply the program to two othel
functions of your choice.
9. TEAM PROJECT. Laurent Series. (a) Uniqueness
Prove that the Laurent expansion of a given analyti
function in a given annulus is unique.
(b) Accumulation of singularities. Does tan (15
have a Laurent series that converges in a regif
0 < |z| < R? (Give a reason.)
(¢) Integrals. Expand the following functions i
Laurent series that converges for |z| > 0:
z ¢ Z I
;12—[ e Lla, %J S .

Yo t = 4

TAYLOR AND LAURENT SERIES

Find all Taylor and Laurent series with center Zo. Deten
the precise regions of convergence. Show details.
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SEC.16.3 Residue Integration Method

ZEROS

Determine the location and order of the zeros,

1. sin®3z 2. (z + 81t

3. tan? 2 4. cosh?;

5. Zeros. If f(2) is analytic and has a zero
Z = zg, show that fz(z) has a zero of org

6. TEAM PROJECT. Zeros. (a) Derivati
if f(z) has a zero of order n > | gt ; =
has a zero of order n — | at zg.

of order » at
er 2n at z,.

ve. Show that
Zo, then f'(z)

(b) Poles and zeros. Prove Theorem 4,

(0) Isolated k-points, Show that the
a nonconstant ana]
k are isolated.

points at which
ytic function S(2) has a given valye

(d) Identical functions, |
in a domain D and e
D that converges in

ffi(2) and f5(z) are analytic
qual at a sequence of points z,, in

D, show that f1(z) = fo(z) in D.

complex i

taken around a sim
If f(z) is analytic eve

analytic on C and inside

o

n=0
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ple closed path C. The idea is
rywhere on C and insiqg

4.2), and we are done.
The situation changes if JS(2) has a sin

J@ = X ayz -z +

SINGULARITIES

Determine the location of

the singularities, including thoge
at infinity. For poles also

state the order. Gjve reasons,
1 z

z+1
.\_2—\_+\.2 8. tan 7
(z + 29 AN ()

9.z~ mlsing

10. Essential singularity. Discyss ¢1/7*

el s discussed in Example 3 of th
11. Poles, Verify Theore
Theorem 1,

in a similar way as
€ text.
m | forf(z) = ;=3 _ 7L Prove

12. Riemann sphere, Assy

the x-axis be the meridi
sketch (or graph) the i
on the Riemann spher

e (@) |z > 100, (b) the lower
half-plane, (¢) { < |;| <.

ming that we let the image of
ans 0° and 180°, describe and
mages of the following regions

6.3 Residue Integration Method

We now cover a second method of e

jgf(z) dz
c

as follows,

e C, such an integral is zero by Cauchy’s

point z = z inside C but is otherwise

Then £(2) has a Laurent series

+

__2+...
=20 (z~ zq)
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SEC.16.4 Residue Integration of Real Integrals
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== PROBLEM SET 16.3

RESIDUES

Find all the singularities in

a)Oand 1 are inside

the finite Plane and the 7. ?E' tan 27z dz, C: |z ~ 02 =02
corresponding residues, Show the details,
sin 2z 5 8 8. f el’z go. C: the unit circle
1. 8 . P ¢
2

= exp (—z%)

B ian 7 4. /-2 9. jﬁ \p, dz, C:lz] =15
o sindz
b 5. CAS PROJECT. Residy

€ at a Pole, Write 5 program

ata pole of any order in the 10, 3§ M
i c

> dz, |z = o
5+ 13z + 36
Probs. 7-10).

6-10 | RESIDUE INTEGRATION
Evaluate (counterclockwise). Show the details,
z—23

6. ¢ ——rn-— 4

Z, C:Iz—2—iJ=3.2
CZ2_4Z—5

ontour C. Becayge
s thus obtain from

h i)

Integrals of Rational Fun

ctions of cos @ and sin 6
We first consider integrals of the type

es at £2¢ 41

27
(1) J?-f F(cosH,sinO)de

cosf = g—(eie + e"ie) = 21(2 + l)
(2)

sin @ =i.(ei9 - e_‘) =i( — -{)
2i

2i

~
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Chaper 16 Review Questions and Problems

(clockwise!) —=——= PROBLEM SET = I E—
INTEGRALS INVOLVING COSINE AND SINE
Evaluate the following integrals and show the details of
your work.

T 2de
1 A k — cos @

from —o tg
veral simple

27 :
1+
2. f — o ¥
ng residues,

o 3+ coso

27 .2 27
sin® @ cos §
. L =50 L
3'[} 5—4cost9d‘9 4[} l3—-l2c0520d9

IMPROPER INTEGRALS;:
INFINITE INTERVAL OF INTEGRATION

Evaluate the following integrals and show details of your

ond over al} work.
. dx = x2 + 1
st o[ 2n,
. (1 + 533 in %8y
7h f —— 8. f ———dx
/o =1 .8 — 8
9-14| IMPROPER INTEGRALS:

POLES ON THE REAL AXIS
Find the Cauchy principal valuye (showing details):

5 dx dx
| gy
i

e xt 32 4

=

10.

11. f

13. CAS EXPERIMENT.

733

x+5

X~ —x

= 2
dx 12, j =

—x e X~ ]

Simple Poles on the Real
Axis. Experiment with integrals T2 F dx,
JO) =[x = a)(x ~ ag)- - (x — a1, a; real and
all different, k > |, Conjecture that the principal valye
of these integrals is 0, Try to prove this for a special
k, say, k = 3. For general £,

14. TEAM PROJECT. Comments on Real Integrals,

(a) Formula (10) follows from (9). Give the details,

(b) Use of auxiliary resuits, Integrating ¢=%*° around
the boundary C of the rectangle with vertices —a,a,

a+ib, —a + b, letting @—®, and using
= s
[ e Ty = R
0
show that
Vi

52
=-—p

f e"xzcos 2bx dx
0

(This integral is needed in heat conduction in Sec.

12.7)

(c) Inspection. Solve online Probs. I and 2 without
calculation.

 CHAPTER 16 REVIEW. QUESTIONS AND PROBLEMS

e What js 4 Laurent series? Its principal part? Its uge?
Give simple examples.

L Whm kind of singularities did we discuss? Give defi-
nitions and €xamples.

s What s the residue? Its role in integration? Explain

Methods to obtain it.

€an the resiqye at
le? Give reason.

MAE the regidye theorem and the idea of its proof from
femory,

a singularity be zerg? At a simple

6

~

=]

10

- How did we evaluate real integrals by residue integration?
How did we obtain the closed paths needed?

. What are improper integrals? Their principal value?
Why did they occur in this chapter?

- What do you know about zeros of analytic functions?
Give examples,

. What is the extended complex plane? The Riemann
sphere R? Sketch 7 = | + ionR.

. What is an entire function? Can it be analytic at infinity?
Explain the definitions,




