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Physical meaning of 2nd order differential equation

my” (t) + ky'(t) +yy(t) = f(t), y(0) = yo,y'(0) = y1.

m - mass;
k - resistance (friction for example);
v - elasticity;

f - external force;
Y0, y1 - initial position and velocity.

Impulse: [ f(t)dt
Impulse - "measure of efforts made by the external force”
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Modeling instant hit (hummer blow):

Hummer blow = instant hit with given impulse (for example
impulse equal 1)

Idea: Take a very short hit of impulse 1, let its length approach
zero and see what is going to happen
We model an instant hit at the moment ty.Take

07 t < to;
A(t)=q & to<t<to+A
0, th+A<Lt.

and then pass to the limit as A — 0.
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Bad news and good news

Unfortunately
oo, t=tp,
A0 0, t#to

lim fA(t) = {

does not make much sense.

Fortunately
lima_0(Lfa)(s) perfectly exists!

Hence we can use it in the right-hand side when solving ODE by
using Laplace transform!

Eugenia Malinnikova, NTNU TMA4120, Lecture 3



Dirac delta function

to

t‘o—i—A

We consider the limit of those
functions fa as A — 0. This
limit is called the Dirac delta
function,

9t (t) = 9(t — to)

which is zero unless t = ty and
satisfies

/ dg,(t)dt = 1.
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Laplace transform of the delta function

We can compute integrals of 6(t — tp)g(t)

1 to+A
/ o(t — to)g(t)dt = lim A g(t)dt = g(to),

A—0 t

where g is a continuous function.
In particular, if tg > 0 then

LU = [ e ol )= e

When ty = 0 we write dgp = d and we will agree that £{0} = 1.
We can compute the anti-derivative of ¢y,

t
1
/ 6(r—ro)dr={’t>t° — gy (1)

0, t<ty
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Solving ODE with the Dirac function

Main idea: business as usual
Example (old exam problem):

y"(t) +100y(t) = é(t — 2), y(0) =0,y'(0) = 0.
Test question: can you find y(1) without solving the equation?
Ly Y(s), vy s2Y(s), 6(t —2) s e

e—2s

Y(s)(s®+100) = e Y(s) = ——.
(s)(s* 4+ 100) = e <%, Y(s) 25100

y(t) =271 <e25> = u(t —2)sin10(t — 2).
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Convolution

Let f and g be two piece-wise continuous functions on [0, +00) we
define a new function

h(t) = (f x g)(t) :/0 f(t—T)g(T)dT:/O f(r)g(t—T7)dr

It is called the convolution of f and g. Basic rules for convolutions
are

> frg=gxf

» f x(ag) = a(f * g) when a is a constant
> fx(git+@)=Ffxgi+f*xg

> (Fxg)xw="Fx(g*xw)
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Laplace transform: convolution theorem

Theorem

Suppose that f and g are piece-wise continuous functions and
there Laplace transforms are defined when s > a,

L{f}=F, L{g} = G. Then the Laplace transform of their
convolution f x g is also defined when s > a and

L{f xg}(s) = F(s)G(s)
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Convolution: examples

1 f(t)=t, g(t) =12, frg= [j(t—7)r2dT = t*/12

Check the convolution theorem

L{t} =572, £{t?} = 2573 and L{t*/12} = (2457%) = 257 5.
2. f(t)=cost, g(t)=1,fxg = fot cosTdT =sint

The Laplace transforms are:

L{cost} = 25, L{1} = 1 and L{sint} = ﬁ

3. g(t)=1,fxg= [ f(r)dr and

c{ [ roan} o) = 1))
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Applications of the convolution theorem, examples

Example
Find the Laplace transform of f(t) = fot(t —7)3sin(27)dT.

6 2 12
st 244 04 45t

L{f}(s) = L{t3}(s)L{sin2t}(s) =

Example
Find the inverse Laplace transform of F(s) = 53—152

L7Y($P=s?) 1 = £7Hs 2L H(s—1) 71} = txef = /t e’ (t—7)dr
0

(=t(e"—1)—(te' —e'+1)=e"' —t—1)
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