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We model small vibrations of an elastic homogeneous string,
assume that the string performs small motion in vertical direction
only.

Yurii Lyubarskii, NTNU TMA4120, Lecture 13



We model small vibrations of an elastic homogeneous string,
assume that the string performs small motion in vertical direction
only.
Physical assumptions:

» The string is homogeneous and elastic.

» The gravitational force can be neglected.

» Each part of the string moves only vertically.

We are looking for a function u(x, t) that describes the motion.
The equation is

OPu  ,0%u > T

az” "o © T,
where T is the tension of the string and p is the density. The
equation is called one-dimensional wave-equation.
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D’Alembert solution

Consider the wave equation uy = c?uy and introduce new
variables v = x + ct and w = x — ct. Then

Ux = UyVx + Uy Wy = Uy, + Uy, Uxx = va+2uvw+uww

2
Uy = Uy Ve + Uy Wy = C(Uv - UW)7 U = C (va — 22Uy + Uww)

In the new variables the equation is u,,, = 0!
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D’Alembert solution

Consider the wave equation uy = c?uy and introduce new
variables v = x + ct and w = x — ct. Then

Ux = UyVx + Uy Wy = Uy, + Uy, Uxx = va+2uvw+uww
_ _ _ 2 2
Uy = Uy Ve + Uy Wy = C(Uv - UW)) U = C (va — 22Uy + Uww)

In the new variables the equation is u,,, = 0!

Integrating first with respect to v and then with respect to w we
get
u(x, t) = ¢(v) +p(w) = ¢(x + ct) + ¢h(x — ct),

where ¢ and v are arbitrary functions.

Yurii Lyubarskii, NTNU TMA4120, Lecture 13



Heat equation on the line

Equation: wu; = c2uXX, —oc0o < x<o00, t>0; (%)
Initial condition: u(x,0) = f(x).
Assumption:  f(x) — 0, u(x,t) — 0 as x — £oo fast enough

We can apply the Fourier transform in x ! Let

u(w,t) u(x, t)e "< dx.

vl
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Heat equation on the line

Equation: wu; = c2uXX, —oc0o < x<o00, t>0; (%)
Initial condition: u(x,0) = f(x).
Assumption:  f(x) — 0, u(x,t) — 0 as x — £oo fast enough

We can apply the Fourier transform in x ! Let

1 [ .
olw,t) = — u(x, t)e”"dx.
(w.0) = = [ utxt
Then (%) =
2,2

0(w, t) = —c*w?d(w,t) = b(w,t) = C(w)e <"

We find C(w) from the initial condition.
t=0= C(w) = i(w,0) = f(w) and finally

o(w, t) = e <"t F(w)
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Inverting Fourier transform for the heat equation

Remind the convolution theorem:

F(fxg)= \/277?@;
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Heat kernel

The last formula has the following form

u(x,t) = f(y)* k(y,t)

where 1
k(y, t) = —— —y?/(4c%t)
(y ) 2C\/7rte

it is called the heat kernel (in dimension one).
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