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Problem 1
a) Find the inverse Laplace transform of

s(s+2)

F(s)= .
(s) s34+ s2+s54+1

(Hint: s* +s°+s+1=(s*+1)(s+1).)
Solution The partial fraction decomposition is

Fs) - s(s+2) 3 s _1_1 111
V4 s24+s+1 28241 28241 2s+1

Using the table ofthe Laplace transforms we obtain

3 1 1
LYF) = §cost—|— §sint— §e_t

b) Solve the integral equation f(t) = cost + e~ [{ f(7)e* dr.
Solution We rewrite it as a convolution equation: f(t) = cost + (f * e2)(t) and
apply the Laplace transform. We get

S 1
F
52—1—1+ (8)34—2

F(s) =

Solving for F',obtain F'(s) = %.Hom part a) we know that

3 1 1
f(t)= 5 cost+ §Sint— ée_t

Problem 2 Let f(x) be the 2-periodic function such that f(z) = 1 — |z| for
lz] < 1.

a) Find the Fourier series of f(x).

Solution We see that f is an even function,the Fourier series contains only
cosine terms. We compute the coefficients:

1 /1 1 1
a0:§/_1(1—|x|)dx:/0 (1—$)d£ﬂ=§,
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b)

1 1
a, = / (1 —|z|) cosnradr = 2/ (1 — z)cosnrrdr =
—1 0

— 4 —_—
2 e 20— cosnm) [ g, n= 2k
e ner 0, n =2k

Then
1 s(2k + 1)z

4 & co
o=t m @

Find a particular solution of the differential equation y” + 9y = f(z).

Solution To find a particular solution, we consider the Fourier series of f(x)
and solve the equation for each term of this series. First we look for a function

yo such that y +9yo = 1/2, we get yo = z. Then for each n > 1 we find y,
such that y” 49y, = a, cosnmz. By the method of undetermined coefficients
we look for a solution y, of the form

yn(x) = A, cosnmz + B, sinnrz

We obtain (9 — n°n®)A, = a, and B, = 0. Thus y,, = %— cosnnz and
summing all terms up,

cos(2k + 1)x

y(@) =15 - 7 Z (2k + 12((2k + 1)27% — 9)

Problem 3 Compute the Fourier transform of the function

el —el |z < 1

and write down the solution of the initial value problem for the heat equation
Ut = Ugy fOr —00 < & < 00, t >0 u(z,0) = f(z) in integral form.

Solution We compute the Fourier transform by definition.

A

flu) = = /°° f

) 1 1 .
x)e "dr = —/ (e7ll —emhye Ty
V2r

1
6 —e 1 —zwz’dm 4 _/ 6—1' - 6_1 e—iwar:daj
\/ 27 / V2 ( )

1 1—¢ —(1—iw) 1 — efw 1— 6—(1+iw) e~ _ 1
et — et —— =
w

= —ie
V2T

1— 1w w 14w

\/5 1 _, cosw _, sinw
7\ 1+ w? 1+ w? w(l + w?)
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To write the solution of the heat equation in the integral form we first apply the
Fourier transform: @,(w,t) = —w?d(w,t) and 4(w,t) = e~***a(w, 0) we have

u(a,t) = F e ™" f(w))
we can write it either as the inverse Fourier transform:

( t) 1 /oo e—th (1 _q _1SiIl’U)) ixwd
ulx, = — —lll—e cosw—e ——)e w
TJocol+ w? w

or better, using the convolution theorem and the formula et — (2t)~12F (e—wz/ ),
as

1 T 1 1
u(z,t) = F Y (fema?/t4t) = Frem® /(1) =

V2t o/t N

1 (:17—1)2
/1(e_|y| —e e wdy

Problem 4 Find the image of the half-plane {Rez > 0} under the mapping
w = e*.

Solution We have w = €* = ¢*™% = e%™. Thus |w| = €* and arg(w) = y. The

half-plane {Rez > 0} is the set where x > 0, the image of this set is {w : |w| > 1}.
The image of this half-plane is the set {w : |w| > 1}, it is the exterior of the unit

disk.
7

N

7

N

\o

N\
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. . n
Problem 5 Consider the series >, g—nz%.

a) Find the radius of convergence of this series.

Solution We can apply the ratio test for this series. Let a, = (2n) 13"z,
then )
anss] _ (n+ 13

|an|

—3|z>, n— .

We see that when z| < 1/y/3the series converges and when |z| > 1/v/3 it
diverges. The radius of convergence is R = 1//3.

b) Let f(z) be the sum of the series, write down the series expansion of f’(z)
and find f'(z).

Solution We differentiate each term and obtain

o o 3
f'(z)= Z 3n2n=l =3, Z gnolg2n=2 — n —Z3z’ 2| < 1/\/5
n=1 n=1 - Y~

We have used the formula for the sum of the geometric series in the last
equality.

c¢) Show that f(z) = —1Ln(1 — 32?) in a disk around the origin.

Solution We know that f'(z) = 225 and f(0) = 0 from the series expansion.

Consider the function g(z) = —3Ln(1 — 322). Clearly, g(0) = Ln(1) = 0 and

1 -6z 3z

! —_ —— —
9@ =57 32 = 1 32

Hence g(z) = f(z) when |z| < 1//3.

Problem 6  Evaluate the integral [ %,

Solution 1 We use complex parametrization e = z, z is on the unit circle, C' =

{z:|z| =1}. Then sinf = (z — 1/2)/(2i), df = dz/(iz)

= [ H G

B 7{ 42%dz B 4@'% zdz
CJoiz(422 — (22 —1)2) T Jozt—622 41
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Now the function f(z) = si—ezr7 has four poles, z1, 29,23,24 that are zeros of
the polynomial ¢(z) = 2* — 622 + 1. To find the poles we first solve the equation
q(z) = Oas an equation in 2%. We get

2 =3+v/8=3+2V2

We get two positive real solutions for z2. Then

2 =V3—2V2, 2z =—-\V3—-2V2, =z =1\3+2V2, =z =-/3-2V2

(You may note that (1 +v/2)? =3 +2v/2 and (1 — v/2)? = 3 — 2y/2 but it is not
necessary to finish the computation.)

We see that |z3] = |2z4] > 1 and |21] = |22] < 1. Then the residue theorem implies
I=4i j{c f(2)dz = 4i(2mi)(Res,, f(2) + Res., f(2)) = —8w(Res,, f(2) + Res,, f(2))
p(z) _ pl(20)

Now, to compute the residues in simple poles we use the formula ReSZOW = JC

=

Res - = % = !
TA—6224+1 Az —12z; 422 —12

For zjand zywe have 27 = 3 — 24/2 and

z _ 1 __Q
622+1 4(—2v/2 16

Finally, I = —87(—/2/8) = 7v/2.
Solution 2 We start with the formula sin? 6 = (1 — cos20)/2. Then
[_/TF do _/7T 2d0 _/2 - do
) x14sin?0  J-x3—cos20 Joaxr 3 —coso

We integrate a 2m-periodic function over the interval (—2m, 27)it is twice the pe-

riod. Then p
Y
—r 3 —Cos¢
Now we apply the complex parametrization
dz dz dz
1=2 = 4}[ —— =M ——.
ciz(3— (z+21)/2)  Joi6z—2-1) " Jo2—6z+1

The function g(z) = (22 — 6z 4+ 1)~! has two simple poles w; = 3 — 2v/2 and
Wy = 3+ 2v/2. Only the first one is inside the unit disk. Then the residue theorem
gives

Reszjz4_ , J=12.

1 8
I = — w = — = = 2,
8nResy, 9(%) 87T2w1 6" 1/ ™2



