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Review of yesterday’s lecture

Yesterday we
@ studied harmonic motions,

@ studied solutions of second-order linear inhomogeneous
differential equations,

@ looked at the method of undetermined coefficients.
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Today’s lecture

Today we shall
@ look at variation of parameters,
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Today’s lecture

Today we shall
@ look at variation of parameters,
@ study forced harmonic motions.
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General solutions to
inhomogeneous equations

If y, is a particular solution to the inhomogeneous equation
y" + py' +qy = fand y; and y», form a fundamental set of
solutions to the homogeneous equation y” + py’ + qy = 0,
then the general solution to the inhomogeneous equation

y'+py' +qy=fis
Y=Ypt+Ciyi +Cyo

where ¢, and ¢, are constants.
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The method of undetermined
coefficients

Consider the inhomogeneous second-order linear differential
equation

y'+py' +qy=t
If the function f has a form that is replicated under
differentiation, then look for a solution with the same general
form as f.
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Problem 2 from June 2012

@ Find a particular solution of y” — 4y’ + y = te! + t.

@ Find the solution of y” — 4y’ + y = te' + t, where
y'(0) =y(0)=0.
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Solution

Let y(t) = ate' + be' + ct + d.
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Solution

Let y(t) = ate! + be' + ct + d. Then
y'(t) = ae' + ate' + be' + ¢ = ate' + (a+ b)e' + ¢,
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Solution

Let y(t) = ate! + be' + ct + d. Then
y'(t) = ae' + ate' + be' + ¢ = ate' + (a+ b)e' + ¢,
y'(t) = ae' + ate! + (a+ b)e' = ate' + (2a+ b)ée,
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Solution

Let y(t) = ate! + be' + ct + d. Then
y'(t) = ae' + ate' + be' + ¢ = ate' + (a+ b)e' + ¢,
y'(t) = ae' + ate! + (a+ b)e! = ate! + (2a+ b)e', and
y'(t) —4y/'(t) + y(t) = ate' + (2a + b)ée'
— 4(ate' + (a+ b)e' + ¢)
+ ate' + be' + ¢t + d
= —2ate' — (2a+2b)e' + ¢t +d — 4c
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Solution

Let y(t) = ate! + be' + ct + d. Then
y'(t) = ae' + ate' + be' + ¢ = ate' + (a+ b)e' + ¢,
y'(t) = ae' + ate! + (a+ b)e! = ate! + (2a+ b)e', and
y'(t) —4y/'(t) + y(t) = ate' + (2a + b)ée'
— 4(ate' + (a+ b)e' + ¢)
+ ate' + be' + ¢t + d
= —2ate' — (2a+2b)e' + ¢t +d — 4c

so y(t) = ate' + be' + ct + d is a solution of
y'—4y'+y=te'+tifandonlyifa= -1, b=-a=1,c=1
and d = c4 = 4.
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Solution

Let y(t) = ate! + be' + ct + d. Then
y'(t) = ae' + ate' + be' + ¢ = ate' + (a+ b)e' + ¢,
y'(t) = ae' + ate! + (a+ b)e! = ate! + (2a+ b)e', and
y'(t) —4y/'(t) + y(t) = ate' + (2a + b)ée'
— 4(ate' + (a+ b)e' + ¢)
+ ate' + be' + ¢t + d
= —2ate' — (2a+2b)e' + ¢t +d — 4c

so y(t) = ate' + be' + ct + d is a solution of
y'—4y' +y = te’+tifandonlyifa_ —I,b=-a=1c=1
and d = c4 = 4. So y(t) = Fte' + Je' + t+ 4isa partlcular
SO|Ut|On Of y” 4y + y tet + t B Eg‘lﬁiglan University of

Science and Technology
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Solution

To find the solution of y” — 4y’ + y = te! + t where
y'(0) = y(0) = 0, we will first find the general solution of
y'—4y' +y=tet +t
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Solution

To find the solution of y” — 4y’ + y = te! + t where

y'(0) = y(0) = 0, we will first find the general solution of

y" —4y' + y = te! + t. To do that, we will first find the general
solution of y” — 4y’ + y = 0.
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Solution

To find the solution of y” — 4y’ + y = te! + t where

y'(0) = y(0) = 0, we will first find the general solution of

y" —4y' + y = te! + t. To do that, we will first find the general
solution of y” — 4y’ + y = 0. The characteristic polynomial of
y'—4y' +y=0is \2 —4) + 1,
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Solution

To find the solution of y” — 4y’ + y = te! + t where

y'(0) = y(0) = 0, we will first find the general solution of

y" —4y' + y = te! + t. To do that, we will first find the general
solution of y” — 4y’ + y = 0. The characteristic polynomial of
y" —4y' +y =0is \®> — 4\ + 1, and the characteristic roots

are \ =
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Solution

To find the solution of y” — 4y’ + y = te! + t where

y'(0) = y(0) = 0, we will first find the general solution of

y" —4y' + y = te! + t. To do that, we will first find the general
solution of y” — 4y’ + y = 0. The characteristic polynomial of
y" —4y' +y =0is \®> — 4\ + 1, and the characteristic roots

4+/16_4
2

y'—4y'+y=0is y(t) = C4 e(2+\/§)t 4 Cge(Q—\/é)f_

are \ = — 2 + /3, so the general solution of
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Solution

To find the solution of y” — 4y’ + y = te! + t where

y'(0) = y(0) = 0, we will first find the general solution of

y" —4y' + y = te! + t. To do that, we will first find the general
solution of y” — 4y’ + y = 0. The characteristic polynomial of
y" —4y' +y =0is \®> — 4\ + 1, and the characteristic roots

4+/16_4
2

are \ = — 2 + /3, so the general solution of

y' —4y +y =0is y(t) = ¢,V 4 c,e@VI_ |t follows
that y(t) = ¢1e®+V3) 4 c,e@ V3 4 Zltet + Lol + t+ 4 is the
general solution of y” — 4y’ + y = te + t.
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Solution

If y(t) = creB+Vdt 1 e~V Zlgel 4 Lot 4 t 4 4, then
Y'(t) = c1(2 + V3)elP+Vt 4 cp(2 — /3)eR VI 1 Jlet 41,
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Solution

If y(t) = creB+Vdt 1 e~V Zlgel 4 Lot 4 t 4 4, then
Y'(t) = c1(2 + V3)elP+Vt 4 cp(2 — /3)eR VI 1 Jlet 41,
y(O) =C +C + g,
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Solution

If y(t) = creB+Vdt 1 e~V Zlgel 4 Lot 4 t 4 4, then
Y'(t) = c1(2 + V3)elP+Vt 4 cp(2 — /3)eR VI 1 Jlet 41,
y(0)=ci+c+ %, and y'(0) = (2 + V3) + (2 — V3) + 1,
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Solution

If y (1) = ¢1e@+V3t 4 V3 4 Sltet + Lot +t + 4, then
Y'(t) = c1(2 + V3)elP+Vt 4 cp(2 — /3)eR VI 1 Jlet 41,
y(0)=ci+c+ %, and y'(0) = (2 + V3) + (2 — V3) + 1,
so y'(0) = y(0) = 0 ifand only if ¢; + ¢, = —3 and
ci(2+v3) + (2 — V3) = —1.
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Solution

If y (1) = ¢1e@+V3t 4 V3 4 Sltet + Lot +t + 4, then
Y'(t) = c1(2 + V3)elP+Vt 4 cp(2 — /3)eR VI 1 Jlet 41,
y(0)=ci+c+ %, and y'(0) = (2 + V3) + (2 — V3) + 1,
so y'(0) = y(0) = 0 ifand only if ¢; + ¢, = —3 and
ci(2+v3) + (2 — V3) = —1.

The solution of the linear system

Ot o= —2
1 2 — P
ci(24+V3) + (2 - V3) = —1

isci=J:—7ande =72 7.
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Solution

Thus

y(t) = (% - g) eP+Vt 4 <;—§ -~ %) eVt et Telyt44
is a solution of y” — 4y’ + y = te! + t which satisfies that
y'(0) =y(0) =0.
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Forced harmonic motion

We will now apply the technique of undetermined coefficients
to analyze harmonic motion with an external sinusoidal
forcing term.
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Forced harmonic motion

We will now apply the technique of undetermined coefficients
to analyze harmonic motion with an external sinusoidal
forcing term.

The equation we need to solve is

y" +2cy' +wiy = Acos(wt).
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Forced undamped harmonic
motion

Let us first assume that ¢ = 0.
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Forced undamped harmonic
motion

Let us first assume that ¢ = 0. Then the equation becomes

y" + wiy = Acos(wt).

NTNU
Norwegian University of
Science and Technology

www.ntnu.no ‘\ TMA4115 - Calculus 3, Lecture 6, Jan 31, page 12




Forced undamped harmonic
motion

Let us first assume that ¢ = 0. Then the equation becomes
y" + wiy = Acos(wt).

The general solution to the homogeneous solution
Yy +wiy = 0is yn = ¢ cos(wot) + €2 sin(wot).
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Forced undamped harmonic
motion

Let us first assume that ¢ = 0. Then the equation becomes
y" + wiy = Acos(wt).

The general solution to the homogeneous solution

Yy +wiy = 0is yn = ¢ cos(wot) + €2 sin(wot).

Let us find a particular solution by using the method of
undetermined coefficients.
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Forced undamped harmonic
motion

Let us first assume that ¢ = 0. Then the equation becomes
y" + wiy = Acos(wt).

The general solution to the homogeneous solution

Yy +wiy = 0is yn = ¢ cos(wot) + €2 sin(wot).

Let us find a particular solution by using the method of
undetermined coefficients. We will first look at the case
where w # wy, and then at the case where w = wy.
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The case w # wy
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The case w # wy

We will look for a solution to y” + 2¢y’ + w3y = Acos(wt) of
the form y, = acos(wt) + bsin(wt).
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The case w # wy

We will look for a solution to y” + 2¢y’ + w3y = Acos(wt) of
the form y, = acos(wt) + bsin(wt).

Yo (1) + w§yp(1)
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The case w # wy

We will look for a solution to y” + 2¢y’ + w3y = Acos(wt) of
the form y, = acos(wt) + bsin(wt).

Y5 (1) + whyp(t) = —aw?® cos(wt) — bu? sin(wt)
+ awh cos(wt) + bwj sin(wt)
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The case w # wy

We will look for a solution to y” + 2¢y’ + w3y = Acos(wt) of
the form y, = acos(wt) + bsin(wt).

Y5 (1) + whyp(t) = —aw?® cos(wt) — bu? sin(wt)
+ awh cos(wt) + bwj sin(wt)
= a(w3 — w?) cos(wt) + b(w3 — w?) sin(wt)
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The case w # wy

We will look for a solution to y” + 2¢y’ + w3y = Acos(wt) of
the form y, = acos(wt) + bsin(wt).
Y5 (1) + whyp(t) = —aw?® cos(wt) — bu? sin(wt)
+ awh cos(wt) + bwj sin(wt)
= a(w3 — w?) cos(wt) + b(w3 — w?) sin(wt)

A
2_ 2
wow

SO Jp is a particular solution if and only if g = and

b=0.
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The case w # wy

We will look for a solution to y” + 2¢y’ + w3y = Acos(wt) of
the form y, = acos(wt) + bsin(wt).
Y5 (1) + whyp(t) = —aw?® cos(wt) — bu? sin(wt)
+ awh cos(wt) + bwj sin(wt)
= a(w3 — w?) cos(wt) + b(w3 — w?) sin(wt)

A
2_ 2
wow

b = 0. Thus y,(t) = -2 cos(wt) is a particular solution,

2_ 2
wow

SO Jp is a particular solution if and only if g = and
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The case w # wy

We will look for a solution to y” + 2¢y’ + w3y = Acos(wt) of
the form y, = acos(wt) + bsin(wt).
Y5 (1) + whyp(t) = —aw?® cos(wt) — bu? sin(wt)
+ awh cos(wt) + bwj sin(wt)
= a(w3 — w?) cos(wt) + b(w3 — w?) sin(wt)

A
2_ 2
wow

b =0. Thus y,(f) = ﬁ cos(wt) is a particular solution, and
0

the general solution is
y(t) = ¢1 cos(wot) + 2 sin(wot) + 2 cos(wt).
0
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The case w # wy

The general solution to y” + 2¢cy’ + w3y = Acos(wt) is
y(t) = ¢ cos(wot) + ¢ Sin(wot) + 42— cos(wt).

2_,,2
wow
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The case w # wy

The general solution to y” + 2¢cy’ + w3y = Acos(wt) is
y(t) = ¢ cos(wot) + 2 sin(wot) + 2 cos(wt).

0
Let us look at the solution where the motion starts at
equilibrium.

NTNU
Norwegian University of
Science and Technology

\

www.ntnu.no N TMA4115 - Calculus 3, Lecture 6, Jan 31, page 14



The case w # wy

The general solution to y” + 2¢cy’ + w3y = Acos(wt) is
y(t) = ¢ cos(wot) + 2 sin(wot) + 2 cos(wt).
0

Let us look at the solution where the motion starts at
equilibrium. This means that y(0) = y’(0) = 0.
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The case w # wy

The general solution to y” + 2cy’ + woy Acos(wt) is
y(t) = ¢y cos(wot) + €2 sin(wpt) + 2 “— cos(wt).

Let us look at the solution where the motion starts at
equilibrium. This means that y(0) = y’(0) = 0. We then have
that 0 = y(0) = ¢ + 2 — and 0 = y'(0) = cawo,
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The case w # wy

The general solution to y” + 2cy’ + woy Acos(wt) is
y(t) = ¢y cos(wot) + €2 sin(wpt) + 2 “— cos(wt).

Let us look at the solution where the motion starts at
equilibrium. This means that y(0) = y’(0) = 0. We then have
that 0 = y(0) = ¢ + 2 — and 0 = y’(0) = cowo, SO

y(t) = wgiu (cos(wt) — cos(wot)).
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The case w # wy

y(t) = -2 (cos(wt) — cos(wot))

2_ .2
Wy —wW
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The case w # wy

Consider the solution y(t) = ﬁ(cos(wt) — cos(wpt)).
0
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The case w # wy

Consider the solution y(t) = ﬁ(cos(wt) — cos(wpt)).
0
Let W = (wo + w)/2 and 6 = (wp — w)/2.
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The case w # wy

Consider the solution y(t) = ﬁ(cos(wt) — cos(wpt)).
0

Let W = (wp +w)/2 and 6 = (wp — w)/2. w is called the mean
frequency, and ¢ is called the half difference.
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The case w # wy

Consider the solution y(t) = ﬁ(cos(wt) — cos(wpt)).
0

Let W = (wp +w)/2 and 6 = (wp — w)/2. w is called the mean
frequency, and ¢ is called the half difference. We then have
that

y(t) = %(cos(wt) — cos(wol))
wo — W
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The case w # wy

Consider the solution y(t) = ﬁ(cos(wt) — cos(wpt)).
0

Let W = (wp +w)/2 and 6 = (wp — w)/2. w is called the mean
frequency, and ¢ is called the half difference. We then have
that

y(t) = ZL

5 (cos(wt) — cos(wot))
wo — W

A _ _
= 255 (Co8((@ — 9)t) — cos((w + 9)1))
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The case w # wy

Consider the solution y(t) = ﬁ(cos(wt) — cos(wpt)).
0

Let W = (wp +w)/2 and 6 = (wp — w)/2. w is called the mean
frequency, and ¢ is called the half difference. We then have
that

y(t) = ZL

5 (cos(wt) — cos(wot))
wo — W

- %(cos((w — 0)t) — cos((w + 0)t))
Asin(dt) .
=5 sin(wt).
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The case w # wy

y(t) = 2555 sin(@t)
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The case w = wy

NTNU
Norwegian University of
Science and Technology

A4115 - Calculus ecture 6, Jan 31, page 18



The case w = wy

We will look for a solution to y” + 2¢y’ + w3y = Acos(wot).
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The case w = wy

We will look for a solution to y” + 2¢y’ + w3y = Acos(wot).
Since Acos(wyt) is a solution to the homogeneous equation
y" +2cy’ + wiy = 0, we will look for a solution of the form
Yp = t(acos(wot) + bsin(wot)).
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The case w = wy

We will look for a solution to y” + 2¢y’ + w3y = Acos(wot).
Since Acos(wyt) is a solution to the homogeneous equation
y" +2cy’ + wiy = 0, we will look for a solution of the form
Yp = t(acos(wot) + bsin(wot)).
Y5 (1) + whyp(t) = 2wo(—asin(wot) + bcos(wot))
+ twi(—acos(wot) — bsin(wt))
+ wat(acos(wot) + bsin(wot))
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The case w = wy

We will look for a solution to y” + 2¢y’ + w3y = Acos(wot).
Since Acos(wyt) is a solution to the homogeneous equation
y" +2cy’ + wiy = 0, we will look for a solution of the form
Yp = t(acos(wot) + bsin(wot)).
Y5 (1) + whyp(t) = 2wo(—asin(wot) + bcos(wot))
+ twi(—acos(wot) — bsin(wt))
+ wat(acos(wot) + bsin(wot))
= 2w0(—asin(wot) + bCOS((xJot)).
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The case w = wy

We will look for a solution to y” + 2¢y’ + w3y = Acos(wot).
Since Acos(wyt) is a solution to the homogeneous equation
y" +2cy’ + wiy = 0, we will look for a solution of the form
Yp = t(acos(wot) + bsin(wot)).
Y5 (1) + whyp(t) = 2wo(—asin(wot) + bcos(wot))
+ twi(—acos(wot) — bsin(wt))
+ wat(acos(wot) + bsin(wot))
= 2w0(—asin(wot) + bCOS((xJot)).

So y, is a particular solution if and only if a= 0 and b = 2_fzo'
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The case w = wy

Thus y,(t) = %tsin(wot) is a particular solution,
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The case w = wy

Thus y,(t) = %tsin(wot) is a particular solution, and the
general solution is
y(t) = c1 cos(wot) + 2 8in(wot) + F-tsin(wot).
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The case w = wy

Thus y,(t) = %tsin(wot) is a particular solution, and the
general solution is

y(t) = c1 cos(wot) + o Sin(wot) + -t sin(wot).

Let us look at the solution where the motion starts at
equilibrium.
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The case w = wy

Thus y,(t) = %tsin(wot) is a particular solution, and the
general solution is

y(t) = ¢1 cos(wot) + C2sin(wot) + 5 At sin(wot).

Let us look at the solution where the motion starts at
equilibrium. This means that y(0) = y/(0) = 0.
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The case w = wy

Thus y,(t) = %tsin(wot) is a particular solution, and the
general solution is

y(t) = ¢1 cos(wot) + C2sin(wot) + 5 At sin(wot).

Let us look at the solution where the motion starts at
equilibrium. This means that y(0) = y’(0) = 0. We then have
that 0 = y(0) = ¢y and 0 = y’(0) = cowo,
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The case w = wy

Thus y,(t) = %tsin(wot) is a particular solution, and the
general solution is

y(t) = ¢1 cos(wot) + C2sin(wot) + 5 At sin(wot).

Let us look at the solution where the motion starts at
equilibrium. This means that y(0) = y’(0) = 0. We then have
that 0 = y(0) = ¢y and 0 = y’(0) = cowo, SO

y(t) = g2 tsin(wot).
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The case w = wy
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The forced damped harmonic
motion
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The forced damped harmonic
motion

If we add a damping term to the system we get the equation
y" +2¢cy’ +wiy = Acos(wt).

NTNU
Norwegian University of
Science and Technology

www.ntnu.no ‘\ TMA4115 - Calculus 3, Lecture 6, Jan 31, page 21




The forced damped harmonic
motion

If we add a damping term to the system we get the equation
y" +2¢cy’ +wiy = Acos(wt).
Let us assume that ¢ < wy.
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The forced damped harmonic
motion

If we add a damping term to the system we get the equation
y" +2¢cy’ +wiy = Acos(wt).

Let us assume that ¢ < wp. Then the general solution to the
homogeneous equation y” + 2cy’ + w3y = 0'is

yn(t) = e%(cy cos(nt) + c2sin(nt)) where n = /ws — c2.
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The forced damped harmonic
motion

If we add a damping term to the system we get the equation
y" +2¢cy’ +wiy = Acos(wt).

Let us assume that ¢ < wp. Then the general solution to the

homogeneous equation y” + 2cy’ + w3y = 0'is

yn(t) = e%(cy cos(nt) + c2sin(nt)) where n = /ws — c2.

To find a particular solution we will use the technique of

undetermined coefficients and the complex method.
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The forced damped harmonic
motion

If we add a damping term to the system we get the equation
y" +2¢cy’ +wiy = Acos(wt).

Let us assume that ¢ < wp. Then the general solution to the

homogeneous equation y” + 2cy’ + w3y = 0'is

yn(t) = e%(cy cos(nt) + c2sin(nt)) where n = /ws — c2.

To find a particular solution we will use the technique of

undetermined coefficients and the complex method. This

means that we will be looking for a solution z(t) = ae"' to

the equation z” + 2¢z’ + w3z = Ae™". B NTNU
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The forced damped harmonic
motion

If z(t) = ae™!,
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The forced damped harmonic
motion

If z(t) = ae™!, then

Z'(t)+2cz(t) +wiz(t) =
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The forced damped harmonic
motion

If z(t) = ae™!, then

Z'(t)+2cz(t) +wiz(t) = ((iw)?+2¢(iw)+wid)ae™!
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The forced damped harmonic
motion

If z(t) = ae™!, then
Z'(t)+2cz(t) +wiz(t) = ((iw)?4-2¢(iw)+w?d)ae™ = P(iw)ae™!

where P()\) = A2 + 2¢c) + w3 is the characteristic polynomial.
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The forced damped harmonic
motion

If z(t) = ae™!, then

Z'(t)+2cz(t) +wiz(t) = ((iw)?4-2¢(iw)+w?d)ae™ = P(iw)ae™!
where P()\) = >\2 + 2¢ + wi is the characteristic polynomial.
Thus z(t) = P(M st = H(iw)Ae“! is a solution to

Z" +2c7' + wiz = Ae!t where H(iw) = P(Iw)
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The forced damped harmonic
motion

If z(t) = ae™!, then

Z'(t)+2cz(t) +wiz(t) = ((iw)?4-2¢(iw)+w?d)ae™ = P(iw)ae™!
where P()\) = \? 4 2¢) + wj is the characteristic polynomial.
Thus z(t) = P(‘,‘w) et = H(iw)Ae“!is a solution to

Z" +2c7' + wiz = Ae!t where H(iw) = . The function
H(iw) is called the transfer function.

P(/
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The forced damped harmonic
motion

If z(t) = ae™!, then
Z'(t)+2cz(t) +wiz(t) = ((iw)?4-2¢(iw)+w?d)ae™ = P(iw)ae™!
where P()\) = \? 4 2¢) + wj is the characteristic polynomial.
Thus z(t) = P(‘,‘w) et = H(iw)Ae“!is a solution to

Z" +2c7' + wiz = Ae!t where H(iw) =

H(iw) is called the transfer function.
Let R = |P(iw)| and ¢ = Arg(P(iw)).

P(, . The function
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The forced damped harmonic
motion

If z(t) = ae™!, then

Z'(t)+2cz(t) +wiz(t) = ((iw)?4-2¢(iw)+w?d)ae™ = P(iw)ae™!
where P()\) = \? 4 2¢) + wj is the characteristic polynomial.
Thus z(t) = P(‘,‘w) et = H(iw)Ae“!is a solution to

Z" +2c7' + wiz = Ae!t where H(iw) = P(, . The function
H(iw) is called the transfer function.

Let R = |P(iw)| and ¢ = Arg(P(iw)). Then P(iw) = Re'® and
H(iw) = te ™.
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The forced damped harmonic
motion

So z(t) = H(iw)Ae™“! = lReficheiwt _ %e"(wfﬂﬁ),
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The forced damped harmonic
motion

So Z(t) — H(iw)Aeiwt — lRefigbAeiwt — %ei(wtfqb), and
Yp(t) = Re(z(t)) = 4 cos(wt — ¢) is a particular solution to
y" +2cy' +wiy = Acos(wt).
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The forced damped harmonic
motion

So z(t) = H(iw)Ae®! = Le~ " Agit = £2¢/(“1=9) "and

Yp(t) = Re(z(t)) = 4 cos(wt — ¢) is a particular solution to
y"+2cy' + wiy = Acos(wt).

The general solution to

y" +2¢cy’ +wiy = Acos(wt).

is y(t) = e~%(cy cos(nt) + cosin(nt)) + 4 cos(wt — ).
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The forced damped harmonic
motion

Y y(t) = e~ (cy cos(nt) + c2sin(nt)) + 4 cos(wt — ¢)
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The forced damped harmonic
motion

Y y(t) = e~°(cy cos(nt) + c2sin(nt)) + 4 cos(wt — ¢)

y(t) = A cos(wt — ¢)
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Steady-state and transient terms

The general solution to
y" +2¢cy’ +wiy = Acos(wt).

is y(t) = e~%(cy cos(nt) + casin(nt)) + 4 cos(wt — ).
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Steady-state and transient terms

The general solution to
y" +2¢cy’ +wiy = Acos(wt).
is y(t) = e~%(cy cos(nt) + casin(nt)) + 4 cos(wt — ).
The term e~%(cy cos(nt) + ¢, sin(nt)) is called the transition

term, and the term 4 cos(wt — ¢) is called the steady-state
term.
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Variation of parameters

We are looking for a particular solution to an inhomogeneous
second-order linear differential equation

y'+p(t)y +q(t)y = f(t).
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Variation of parameters

We are looking for a particular solution to an inhomogeneous
second-order linear differential equation

y'+p(t)y +q(t)y = f(t).

Suppose that y; and y, form a fundamental set of solutions
to the homogeneous equation y” + p(t)y’ + q(t)y = 0.

NTNU
Norwegian University of
Science and Technology

\

www.ntnu.no N TMA4115 - Calculus 3, Lecture 6, Jan 31, page 26



Variation of parameters

We are looking for a particular solution to an inhomogeneous
second-order linear differential equation

y"+p(t)y +q(t)y = ().

Suppose that y; and y, form a fundamental set of solutions
to the homogeneous equation y” + p(t)y’ + q(t)y = 0.

The idea behind the variation of parameters method is to
look for a particular solution of the form

y(t) = vi(t)y1(t) + vo(t)y2(t) where v4 and v, are unknown
functions.
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Example

Let us find a particular solution to the equation

y" +y =tan(t).
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Example

Let us find a particular solution to the equation

y" +y =tan(t).

The functions y;(t) = cos(t) and y»(t) = sin(t) form a
fundamental set of solutions of the equation y” + y = 0,
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Example

Let us find a particular solution to the equation

y" +y =tan(t).

The functions y;(t) = cos(t) and y»(t) = sin(t) form a
fundamental set of solutions of the equation y” + y = 0,
so we let

y(t) = vi(t)y1(t) + va(t)ya(t) = v4(t) cos(t) + vo(t) sin(t).
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Example

Let us find a particular solution to the equation

y" +y =tan(t).

The functions y;(t) = cos(t) and y»(t) = sin(t) form a
fundamental set of solutions of the equation y” + y = 0,

so we let

y(t) = vi(t)y1(t) + va(t)ya(t) = v4(t) cos(t) + vo(t) sin(t).
Then

y'(t) = vj(t) cos(t) — vq(t)sin(t) + v5(t)sin(t) + va(t) cos(t).
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Example

Let us find a particular solution to the equation

y" +y =tan(t).

The functions y;(t) = cos(t) and y»(t) = sin(t) form a
fundamental set of solutions of the equation y” + y = 0,

so we let

y(t) = vi(t)y1(t) + va(t)ya(t) = v4(t) cos(t) + vo(t) sin(t).
Then

y'(t) = vj(t) cos(t) — vq(t)sin(t) + v5(t)sin(t) + va(t) cos(t).
Let us assume that v;(t) cos(t) + v4(t) sin(t) = 0.
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Example

Let us find a particular solution to the equation

y" +y =tan(t).

The functions y;(t) = cos(t) and y»(t) = sin(t) form a
fundamental set of solutions of the equation y” + y = 0,

so we let

y(t) = vi(t)y1(t) + va(t)ya(t) = v4(t) cos(t) + vo(t) sin(t).
Then

y'(t) = vj(t) cos(t) — vq(t)sin(t) + v5(t)sin(t) + va(t) cos(t).
Let us assume that v;(t) cos(t) + v4(t) sin(t) = 0. Then
y'(t) = —wy() sin(t) + vo(t) cos(t),

NTNU
Norwegian University of
Science and Technology

www.ntnu.no ‘\ TMA4115 - Calculus 3, Lecture 6, Jan 31, page 27




Example

and

t
t
t
t

~—

y'(t) +y(t)=-v
+ V5
+ Vi

sin(t) — vq(t) cos(t)
cos(t) — vo(t) sin
t

~— ~—

cos(t) + vo(t) sin
sin(t) + v4(t) cos(t).

N~ o~
~—
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Example

and

t
t
t
t

~—

y'(t) +y(t)=-v
+ V5
+ Vi

sin(t) — vq(t) cos(t)
cos(t) — vo(t) sin(t)
)sin(t)

t

~— ~—

cos(t) + vo(t) sin(t
sin(t) + v4(t) cos(t).

N~ o~
~—

So y(t) = vi(t)y1(t) + va(t)y2(t) is a solution to
y" 4+ y =tan(t) if v{(t) cos(t) + v4(t) sin(t) = 0 and
—vi(t)sin(t) + vo(t) cos(t) = tan(t).
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Example

The solution of the linear system

vi(t) cos(t) + vo(t)sin(t) =0
—vi(t)sin(t) + vo(t) cos(t) = tan(t)

_ —tan(f)sin(t) o —sin?(t)
 cos?(t) +sin?(t) tan()sin(?) = cos(t)

(
;o tan(t)cos(t) o
Vo(t) = cos2(f) 1 sin?(l) tan(t) cos(t) = sin(t).
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Example

So if we let
—sin®(t) , [ cos?(t) —1
0= [ sty = [ “eestn
= /cos(t) — co;(t) = sin(t) — In|sec(t) + tan(?)|
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Example

So if we let

n2 204 _
t /cos (1) 1dt

cos(t)

cos(t

-]
/

o8 t) = sin(t) — In|sec(t) + tan(?)|

and

vo(t) = /sin(t)dt: —cos(t)

NTNU
Norwegian University of
Science and Technology
www.ntnu.no \

. TMA4115 - Calculus 3, Lecture 6, Jan 31, page 30



Example

then

y(t) = va(t)yr(t) + va(t)y2(t)
= (sin(t) — In| sec(t) + tan(t)|) cos(t) — cos(t) sin(t)

is a particular solution to the equation y” + y = tan(t).
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Variation of parameters
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Variation of parameters

To find a particular solution to y” + py’ + qy = f using the
method of variation of parameters we follow these steps.
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Variation of parameters
To find a particular solution to y” + py’ + qy = f using the
method of variation of parameters we follow these steps.
@ Find a fundamental set of solutions y;, y» to the
homogeneous equation y” + py’ + qy = 0.
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Variation of parameters

To find a particular solution to y” + py’ + qy = f using the
method of variation of parameters we follow these steps.
@ Find a fundamental set of solutions y;, y» to the
homogeneous equation y” + py’ + qy = 0.
Q Let y, = viy1 + voy» where v and v, are functions to be
determined.
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Variation of parameters

To find a particular solution to y” + py’ + qy = f using the
method of variation of parameters we follow these steps.
@ Find a fundamental set of solutions y;, y» to the
homogeneous equation y” + py’ + qy = 0.
Q Let y, = viy1 + voy» where v and v, are functions to be
determined.
@ Find v{ and v} such that

ViYi + Va2 = 0
iy +vey, =1
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Variation of parameters

To find a particular solution to y” + py’ + qy = f using the
method of variation of parameters we follow these steps.
@ Find a fundamental set of solutions y;, y» to the
homogeneous equation y” + py’ + qy = 0.
Q Let y, = viy1 + voy» where v and v, are functions to be
determined.
@ Find v{ and v} such that

Viys + VoYo =0
Vivi + Vayp = 1.

Q Letv(t) = / vi(t) dt and v,(t) = / v5(t) dt.
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Variation of parameters

To find a particular solution to y” + py’ + qy = f using the
method of variation of parameters we follow these steps.
@ Find a fundamental set of solutions y;, y» to the
homogeneous equation y” + py’ + qy = 0.
Q Let y, = viy1 + voy» where v and v, are functions to be
determined.
@ Find v{ and v} such that

Viyi + Vay2 =0

iy + Vaye = f.
Q Letv(t) = / vi(t) dt and v,(t) = / v5(t) dt.
@ Substitute v; and v, into y, = viy1 + Vo).

NTNU
Norwegian University of
Science and Technology

www.ntnu.no ‘\ TMA4115 - Calculus 3, Lecture 6, Jan 31, page 32




Variation of parameters
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Variation of parameters

_ [ —r(D)f(1)

[ ()
where W(t) is the Wronskian of y; and y»,

and
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Variation of parameters

_ [ —r(D)f(1)

_ [ n(Of()
where W(t) is the Wronskian of y; and y», then

y(t) = va()y1(t) + va(t)ya(t)

is a solution of y” + py’ + qy = f.

and
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Problem 2 August 2012

Find the solution of y” — 2y’ + y = £ for x > 0 which
satisfies y(1) = y’(1) = 0.
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Solution
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Solution

We will us variation of parameters to find a particular solution
of y” — 2y’ +y = £, so we first have to find a fundamental
set of solutionsto y” — 2y + y = 0.
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Solution

We will us variation of parameters to find a particular solution
of y” — 2y’ +y = £, so we first have to find a fundamental
set of solutions to y”" — 2y + y = 0.

The characteristic polynomial of y” —2y +y =0s

N —2X+1=(\—1)2
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Solution

We will us variation of parameters to find a particular solution
of y” — 2y’ +y = £, so we first have to find a fundamental
set of solutions to y”" — 2y + y = 0.

The characteristic polynomial of y” —2y +y =0s

N -2 +1=(\-1)? s0 y(x) = e and y»(x) = xe* form a
fundamental set of solutions to y” — 2y + y = 0.
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Solution

We will us variation of parameters to find a particular solution
of y” — 2y’ +y = £, so we first have to find a fundamental
set of solutions to y”" — 2y + y = 0.

The characteristic polynomial of y” — 2y + y =0is

N -2 +1=(\-1)? s0 y(x) = e and y»(x) = xe* form a
fundamental set of solutions to y” — 2y + y = 0.

The Wronskian of y; and y» is

W(x) = y1(X)ya(x) = y1(X)y2(X)
— eX(ex +XeX) . exxex _ e2x.
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Solution

It follows that if we let
—vo(Xx)f(x —xe*XeX/x
vi(x) Z/%dx:/—/dx: —dx = —x

e2x

NTNU
Norwegian University of
Science and Technology

www.ntnu.no ‘\ TMA4115 - Calculus 3, Lecture 6, Jan 31, page 36




Solution

It follows that if we Iet

- [ [ [
- i : [
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Solution
It follows that if we Iet

0 A [ 2 [
- 240 ; [ [lawen

y(x) = vi(X)yi(X) + va(x)y2(x) = —x€* + xe*In(x)
is a particular solution of y” — 2y’ +y = £,
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Solution

It follows that the general solution of y” —2y' + y = %X is
y(x) = cre* + coxeX — xe* + xe*In(x).
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Solution

It follows that the general solution of y” —2y' + y = %X is
y(x) = cre* + coxeX — xe* + xe*In(x).

y(x) = cre* + coxe* — xe* + xe* In(x)
=1+ (2 — 1+ In(x))xe”,
then
]
y'(x)=ce"+ ;xex +(c; —1+1In(x))e*

+(c2 — 1+ In(x))xe*,
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Solution

y(1)=cie+(c—1)e=(cr+c—1)e
and
y/(1):C1e+e—|—(Cg—1)6+(C2—1)e:(c1 ‘1—202—1)67
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Solution

y(1)=cie+(cc—1)e=(ci+c.—1)e

and

y(1)=cie+e+(cz—1)e+(c.—1)e=(ci +2c — 1)e,
SO y(x) = c1e* + (¢ — 1 + In(x))xe* satisfies
y(1)=y'(1)=0ifandonlyif ¢; + ¢, =1 and ¢ + 2¢c, = 1.
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Solution

y()=cie+(cz—1)e=(ci+c—1)e
and
y/(1):C1e+e—|—(Cg—1)6+(C2—1)e:(c1 +2Cz—1)e,

SO y(x) = c1e* + (¢ — 1 + In(x))xe* satisfies
y(1)=y'(1)=0ifandonlyifc; + ¢, =1 and ¢; +2¢, = 1.
The solution of the linear system

Ci1+C = 1
Cc1+2c =1
isci=1and c, =0. NTNU
B Norwegian University of
Science and Technology
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Solution

So y(x) = e — xe* + In(x)xe* is a solution of
y" —2y'+y =< on (0, 0) which satisfies y(1) = y’(1) = 0.
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Problem 2 December 2010

@ The motion of a mechanical system is described by the
differential equation

y"+6y ' +18y =0.

Determine whether the motion is under-damped, is
over-damped or is critically damped. Find a particular
solution y(t) that satisfies the initial conditions y(0) = 0,
y'(0) = 0.6.

@ Find the steady-state solution of the equation

y" 4+ 6y’ 4+ 18y = 45 cos 3t.
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Solution
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Solution

The characteristic polynomial of y” + 6y’ + 18y =0 is
M2 46\ 4+ 18,
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Solution

The characteristic polynomial of y” + 6y’ + 18y =0 is
A2 + B\ + 18, and the characteristic roots are
A= —6+ ”236_72 = -3+3].
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Solution

The characteristic polynomial of y” + 6y’ + 18y =0 is
A2 + 6 + 18, and the characteristic roots are

"k '236 — 72 _ 343 Itfollows that the system is

under-damped and that the general solution of
y'+ 6y +18y =01is y(t) = c;el=33) 4 (=331,
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Solution

The characteristic polynomial of y” + 6y’ + 18y =0 is
A2 + 6 + 18, and the characteristic roots are

"k '236 — 72 _ 343 Itfollows that the system is

under-damped and that the general solution of
y" + 6y +18y = 0is y(t) = c1€(~3+3)1 4 ge(=3-301,
If y(t) = cye(=3+301 1 c,e(=3-30! then y(0) = ¢ + Cz,
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Solution

The characteristic polynomial of y” + 6y’ + 18y =0 is
A2 + 6 + 18, and the characteristic roots are

—6+£+v36-72

A= 5 = —8 4+ 3/. It follows that the system is

under-damped and that the general solution of

y' 4+ 6y +18y = 0is y(t) = ¢ e=3+3)t 1 g, e(=3-30)1,

If y(t) = c1e(=3+3) 1 c,e(=3-30! then y(0) = ¢ + ¢z, SO
y(0) =0if and only if c; = —c;.
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Solution

The characteristic polynomial of y” + 6y’ + 18y =0 is
A2 + 6 + 18, and the characteristic roots are

—6+£+v36-72

A= 5 = —8 4+ 3/. It follows that the system is

under-damped and that the general solution of

y// + 6y + 18y 0is y( ) = ¢ e(—3+3i)t + Cze(—3—3i)t_

If y(t) = c1e(=3+3) 1 c,e(=3-30! then y(0) = ¢ + ¢z, SO
y(0) =0if and only if c; = —c;.

If y(t) = ¢ (63130t — e(=3=301) 'then

y'(t) = ¢ (-3 + 3i)el3+3)1 — (-3 — 3/)el~3-3)") and
y'(0) = ¢1((—3 +3i) — (-3 — 3i)) = 6¢cy/,
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Solution

The characteristic polynomial of y” + 6y’ + 18y =0 is
A2 + 6 + 18, and the characteristic roots are

—6+£+v36-72

A= 5 = —8 4+ 3/. It follows that the system is

under-damped and that the general solution of

y// + 6y + 18y 0is y( ) = ¢ e(—3+3i)t + Cze(—3—3i)t_

If y(t) = c1e(=3+3) 1 c,e(=3-30! then y(0) = ¢ + ¢z, SO
y(0) =0if and only if c; = —c;.

If y(t) = ¢ (63130t — e(=3=301) 'then

y'(t) = ¢ (-3 + 3i)el3+3)1 — (-3 — 3/)el~3-3)") and
y'(0) = ¢1((—3 +3i) — (—3 — 3i)) = 6¢1i, so y'(0) = 0.6 if

and On|y |f C1 — L0 B NTNU
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Solution

So y(t) = 75 (el733) — e(=3-301) — 1e=3sin(3t) is a
particular solutlon y(t) that satisfies the initial conditions
y(0) =0, y'(0) = 0.6.
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Solution

So y(t) = 55 (733t — o(3-30) — 1e=3!sin(3t) is a
particular solution y(t) that satisfies the initial conditions
y(0) =0, y'(0) = 0.6.

To find the steady-state solution of the equation

y" + 6y’ + 18y = 45 cos 3t, we will first find the general
solution of y” 4+ 6y’ + 18y = 45 cos 3t.
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Solution

So y(t) = 55 (733t — o(3-30) — 1e=3!sin(3t) is a
particular solution y(t) that satisfies the initial conditions

y(0) =0, y'(0) = 0.6.

To find the steady-state solution of the equation

y" + 6y’ + 18y = 45 cos 3t, we will first find the general
solution of y” + 6y’ + 18y = 45 cos 3t. We have already seen
that the general solution of y” + 6y’ + 18y =0 is

y(t) = cel=3+3)1 1 c,e(=3-3)1 50 we just have to find a
particular solution of y” + 6y’ + 18y = 45 cos 3t.
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Solution

We will use the method of undetermined coefficient to find a
particular solution of y” + 6y’ + 18y = 45 cos 3t.
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Solution

We will use the method of undetermined coefficient to find a
particular solution of y” + 6y’ + 18y = 45 cos 3t.
Let y(t) = Acos 3t + Bsin 3t.
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Solution

We will use the method of undetermined coefficient to find a
particular solution of y” + 6y’ + 18y = 45 cos 3t.
Let y(t) = Acos 3t + Bsin3t. Then
y"(t) +6y'(t) + 18y(t) = —9Acos 3t — 9Bsin 3t
— 18Asin 3t + 18Bcos 3t
+ 18Acos 3t + 18Bsin 3t
= (9A + 18B) cos 3t
+ (—18A+9B)sin 3t,
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Solution

We will use the method of undetermined coefficient to find a
particular solution of y” + 6y’ + 18y = 45 cos 3t.
Let y(f) = Acos 3t + Bsin3t. Then

y"(t) +6y'(t) + 18y(t) = —9Acos 3t — 9Bsin 3t
— 18Asin 3t + 18B cos 3t
+ 18Acos 3t + 18Bsin 3t
= (9A + 18B) cos 3t
+ (—18A+9B)sin 3t,
so y(t) = Acos 3t + Bsin 3t is a particular solution of

y" + 6y’ + 18y = 45cos 3t if and only if 9A + 18B = 45 and
—1 8A + gB - O B Eg‘lﬁigian University of

Science and Technology
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Solution

The solution of the linear system
9A+18B =45
—-18A+9B=0
isA=1and B=2,
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Solution

The solution of the linear system
9A + 18B = 45
—-18A+9B=0

is A=1and B =2, so y(t) = cos 3t + 2sin 3t is a particular
solution of y” + 6y’ + 18y = 45 cos 3t.
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Solution

The solution of the linear system
9A+18B =45
-18A+9B=0
is A=1and B =2, so y(t) = cos 3t + 2sin 3t is a particular
solution of y” + 6y’ + 18y = 45 cos 3t.

It follows that the general solution of
y"” + 6y’ + 18y = 45cos 3t is

y(t) = ce(3+30t 4 c,e(3-301 | cos 3t + 25sin 3t.
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Solution

The solution of the linear system
9A+18B =45
-18A+9B=0
is A=1and B =2, so y(t) = cos 3t + 2sin 3t is a particular
solution of y” + 6y’ + 18y = 45 cos 3t.

It follows that the general solution of
y"” + 6y’ + 18y = 45cos 3t is

y(t) = ce(3+30t 4 c,e(3-301 | cos 3t + 25sin 3t.
Since c;e(=3+3)t 4 c,e(—3-3)t _s 0 as t — oo, it follows that

y(t) = cos 3t + 2sin 3t is the steady-state solutlon of the
equat|0n y” =+ 6y -+ 18y 45 CcoS 31’ B Norweglan University of

Science and Technology
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Plan for next week
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Plan for next week

Wednesday we shall

@ study how to solve systems of linear equations,

@ introduce row reduction, echelon forms, pivot positions,
the row reduction algorithm, and parametric descriptions
of solution sets of systems of linear equations.

Section 1.1-1.2 in “Linear Algebras and Its Applications”
(pages 1-23).
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Plan for next week

Wednesday we shall

@ study how to solve systems of linear equations,

@ introduce row reduction, echelon forms, pivot positions,
the row reduction algorithm, and parametric descriptions
of solution sets of systems of linear equations.

Section 1.1-1.2 in “Linear Algebras and Its Applications”
(pages 1-23).
Thursday we shall introduce and study

@ vectors,

@ linear combinations of vectors,

@ subsets spanned by vectors,

@ vector equations.

Section 1.3 in “Linear Algebras and Its Applications” (pages
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