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@ looked at how to use complex numbers to solve
polynomial equations,

@ looked at the fundamental theorem of algebra,
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Review of yesterday’s lecture

Yesterday we

@ looked at how to use complex numbers to solve
polynomial equations,

@ looked at the fundamental theorem of algebra,
@ introduced the complex exponential function,

@ and studied extensions of trigonometric functions to the
complex numbers.
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Today’s lecture

Today we shall
@ study second-order linear differential equations,
@ introduce the Wronskian,

@ completely solve second-order homogeneous linear
differential equations with constant coefficients.
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Second-order differential
equations

A second-order differential equation is a differential equation
which can be written on the form

y” = f(t7y7y,)'

NTNU
Norwegian University of
Science and Technology

www.ntnu.no ‘\ TMA4115 - Calculus 3, Lecture 4, Jan 24, page 4




Second-order differential
equations

A second-order differential equation is a differential equation
which can be written on the form

y” = f(t7y7y,)'

A solution to such an equation is a twice continuously
differentiable function y(t) satisfying

y (1) = H(t, y (1), y'(1)).
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Examples of second-order
differential equations

@ y’ +cos(y) = é€.
@ y'+5y=0.
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Examples of second-order
differential equations

@ y’ +cos(y) = é€.
@ y'+5y=0.
@ t2y” +sin(t)y = 3.
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Second-order linear differential
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Second-order linear differential
equations

A second-order linear differential equation is a differential
equation with can be written on the form

y'+p)y +aq(t)y = g(t).
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Examples of second-order
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@ y” +cos(y) = e'is not linear.
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Examples of second-order
differential equations

@ y” +cos(y) = e'is not linear.
@ y' +5y =0islinear.
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Examples of second-order
differential equations

@ y” +cos(y) = e'is not linear.
@ y' +5y =0islinear.
@ t3y" +sin(t)y = 3is linear.

NTNU
Norwegian University of
Science and Technology

www.ntnu.no ‘\ TMA4115 - Calculus 3, Lecture 4, Jan 24, page 7



Existence and uniqueness of
solutions to a second-order linear
equation
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Existence and uniqueness of
solutions to a second-order linear
equation

Suppose the functions p, g and g are continuous on the
interval (o, B).
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Existence and uniqueness of
solutions to a second-order linear
equation

Suppose the functions p, g and g are continuous on the
interval («, ). Let f be any point in («a, 3).
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Existence and uniqueness of

solutions to a second-order linear
equation

Suppose the functions p, g and g are continuous on the
interval («, ). Let { be any point in («, ). Then for any real
numbers a and b there is one and only one function defined
on («, #) which is a solution to

y'+pt)y +q(t)y = g(t)
on («, 5) and satisfies the initial conditions y(#) = a and
y'(t) = b.
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Second-order linear homogeneous
differential equations

A second-order linear differential equation

y'+p(t)y +q(t)y = g(1)
is homogeneous if g = 0.
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Second-order linear homogeneous
differential equations

A second-order linear differential equation

y'+p()y +aq(t)y = g(t)

is homogeneous if g = 0. If g # 0, then the differential
equation is called inhomogeneous or nonhomegeneous.
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Second-order linear homogeneous
differential equations

A second-order linear differential equation

y'+p()y +aq(t)y = g(t)

is homogeneous if g = 0. If g # 0, then the differential
equation is called inhomogeneous or nonhomegeneous.

@ y’ + 5y = 0is homogeneous.
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Second-order linear homogeneous
differential equations

A second-order linear differential equation

y'+p()y +aq(t)y = g(t)

is homogeneous if g = 0. If g # 0, then the differential
equation is called inhomogeneous or nonhomegeneous.

@ y’ + 5y = 0is homogeneous.
@ t3y” + sin(t)y = 3 is inhomogeneous.
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The superposition principle
If y; and y» are solutions to the second-order homogeneous
linear differential equation

y'+p()y +aq(t)y =0,

then so is y(t) = c1y1(t) + cay2(t) for any choice of constants
¢1 and c..
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Linear combinations

@ When y; and y» are functions and ¢; and ¢, are
constants, then the function ¢y (t) + cy(t) is a linear
combination of y; and ys.
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Linear combinations

@ When y; and y» are functions and ¢; and ¢ are
constants, then the function ¢y (t) + cy(t) is a linear
combination of y; and ys.

@ So the previous results says that if y; and y, are
solutions to a second-order homogeneous linear
differential equation, then any linear combination of y;
and y» is also a solution to the same differential
equation.
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Example

Let us find the solution of the differential equation

1 4/ 6
y—7y+t—2y:0 (1)

on the interval (0, co) which satisfies that y(2) = 8 and
y'(2) = 0.
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Example

Let us find the solution of the differential equation

1 4/ 6
Y—F}’th—gy:o (1)

on the interval (0, co) which satisfies that y(2) = 8 and

y'(2) =0.
Let y(f) =t". Then
y'(t) — n(n—1)t""2 — 4nt"2 + 6¢"2

n? —5n+6)t"?
n—2)(n-3)t"2

T+ oy

(
(
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Example

Let us find the solution of the differential equation

1/ 4/ 6
Y—F}’th—gy:o (1)

on the interval (0, co) which satisfies that y(2) = 8 and

y'(2) =0.
Let y(f) =t". Then

Y1)~ 3y/(0)+ Syt = nln— )12 — 4nt? 1 6172
= (" —5n+6)t"?
= (n—2)(n—-3)t"2.

So y is a solution of (1) if and only if n =2 or n = 3.
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Example

Let y(t) = ci12 + ct® where ¢; and ¢, are constants.
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Example

Let y(t) = ci12 + ¢t where ¢; and ¢, are constants. Then it
follows from the superposition principle and the calculations
above that y is a solution of (1).
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Example

Let y(t) = ci12 + ¢t where ¢; and ¢, are constants. Then it
follows from the superposition principle and the calculations
above that y is a solution of (1).

y'(t) = 2¢it + 362,
y(2) = 4cq + 8c,
y,(2) = 4C1 -+ 12C2,
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Example

Let y(t) = ci12 + ¢t where ¢; and ¢, are constants. Then it
follows from the superposition principle and the calculations
above that y is a solution of (1).

y'(t) = 2¢it + 362,
y(2) = 4cq + 8c,
y,(2) = 4C1 -+ 12C2,

so y(2) =8 and y'(2) =0 if and only if 4¢; + 8¢, = 8 and
4C1 + 1202 =0.
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Example

The solution of the linear system

4ci +8¢c, =8
4C1 +12Cz=0

isci=6and c, = -2,
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Example

The solution of the linear system

4ci +8¢c, =8
4C1 +12Cz=0

is ¢y = 6 and ¢, = —2, so the solution of (1) which satisfies
that y(2) = 8 and y'(2) = 0 is y(t) = 612 — 213,
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Example

Let { € (0,00) and a, b € R.
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Example

Let & € (0,00) and a, b € R. Let us now find the solution of
(1) which satisfies that y(f) = aand y'(%) = b.
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Example

Let & € (0,00) and a, b € R. Let us now find the solution of
(1) which satisfies that y(f) = aand y'(%) = b.
Let y(t) = c11? + ¢t where ¢; and ¢, are constants.
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Example

Let & € (0,00) and a, b € R. Let us now find the solution of
(1) which satisfies that y(f) = aand y'(%) = b.
Let y(t) = ci12 + ¢t where ¢; and ¢, are constants. Then

y(to) = Cy tg + Cgtg,
yl(to) =2¢c1ly + 302['2,

NTNU
Norwegian University of
Science and Technology

www.ntnu.no ‘\ TMA4115 - Calculus 3, Lecture 4, Jan 24, page 15




Example

Let & € (0,00) and a, b € R. Let us now find the solution of
(1) which satisfies that y(f) = aand y'(%) = b.
Let y(t) = ci12 + ¢t where ¢; and ¢, are constants. Then

y(to) = Cy tg + Cgtg,
yl(to) =2¢c1ly + 302['2,

so y(t)) = aand y'(t) = b. if and only if ¢ + ¢t = aand
2¢1f + 3021'5 =b.
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Example

The solution of the linear system
cit? +ofd =a
2¢1f + 302t§ =

. 3at2—btd
isc =22 and ¢, =
0

bt —2aty
t4 ]
0
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Example

The solution of the linear system

cit? +ofd =a
2¢1f + SCth =b

isc) = 3at2t4 b8 and C = o tzat" so the solution of (1) which
satisfies that y(to) = a and y( h) = bis
y(t) _ Sat t2 2at0 t3
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Example

The solution of the linear system

cit? +ofd =a
2¢1f + SCth =b

isc) = 3at2t4 b8 and C = o tfat" so the solution of (1) which
satisfies that y(to) = a and y( h) = bis
y(t) _ Sat t2 2at0 t3

Notice that t = y1(to)y2(to) Vi (t)y=(to) where yy(t) = 2
and y»(t) = t3.
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The Wronskian

Let v and v be two differential functions. The Wronskian of u
and v is the function

W(t) — det (L‘I’,(t) "‘”) — u(V(1) — V(B (D).
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Solutions to initial value problems
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Solutions to initial value problems

Suppose the functions y; and y» are solutions to the
differential equation

y'+p()y +q(t)y =0 (2)

on the interval («, §).
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Solutions to initial value problems

Suppose the functions y; and y» are solutions to the
differential equation

y'+p()y +q(t)y =0 (2)

on the interval («, 5). Let fy be a point in the interval («, /)
and let a and b be arbitrary real numbers.
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Solutions to initial value problems

Suppose the functions y; and y» are solutions to the
differential equation

y'+p()y +q(t)y =0 (2)

on the interval («, 5). Let fy be a point in the interval («, /)
and let a and b be arbitrary real numbers. If W(t) is the
Wronskian of y; and y» and W(1) # 0,
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Solutions to initial value problems

Suppose the functions y; and y» are solutions to the
differential equation

y'+p()y +q(t)y =0 (2)

on the interval («, 5). Let fy be a point in the interval («, /)
and let a and b be arbitrary real numbers. If W(t) is the
Wronskian of y; and y» and W(1) # 0, then there exist
constants ¢; and ¢, such that y(f) = ¢ y1(t) + cay2(t) is the
unique solution to (2) on («, ) which satisfies y(f) = a and

y'() = b.
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Proof

It follows from the superposition principle that
y(t) = c1yi(t) + coyo(t) is a solution to (2) for any choice of
constants ¢; and c..
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Proof

It follows from the superposition principle that

y(t) = c1yi(t) + coyo(t) is a solution to (2) for any choice of
constants ¢; and c..

y(th) = aand y'(t) = bif and only if c1y1(t) + coya(th) = a
and C1y1,(to) + ngé(to) = b.
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Proof

It follows from the superposition principle that

y(t) = c1yi(t) + coyo(t) is a solution to (2) for any choice of
constants ¢; and c..

y(th) = aand y'(t) = bif and only if c1y1(t) + coya(th) = a
and C1y1,(to) + ngé(to) = b.

Since y1(to)ys(to) — y2(to)yi(to) = W(t) # 0,
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Proof

It follows from the superposition principle that

y(t) = ciyi(t) + coy»(t) is a solution to (2) for any choice of
constants ¢; and c..

y(t) = aand y'(ty) = bif and only if c1y1(f) + C2y(b) = a
and C1y1,(to) + ngé(to) = b.

since yi(t)ys(to) — ye(to)yi (o) = W(t) # 0, the system

ciyi(t) + coye(th) = a
cyy(h) + Coya(te) = b
has a solution,
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Proof

It follows from the superposition principle that
y(t) = c1yi(t) + coyo(t) is a solution to (2) for any choice of
constants ¢; and c..
y(th) = aand y'(t) = bif and only if c1y1(t) + coya(th) = a
and C1y1,(to) + ngé(to) = b.
Since y1(t)y5(to) — yo(to)y;(t) = W(k) # 0, the system
C1y1(to) + Czyg(to) =a
c1yi(t) + cays(to) = b
has a solution, so there exist constants ¢; and ¢, such that
y(t) = c1y1(t) + coy2(t) is a solution to (2) on («, ) which
satisfies y(&) = aand y'(t) = b. B NTNU
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Proposition 1.26
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Proposition 1.26

Suppose the functions y; and y» are solutions to the
differential equation

y'+p(t)y +q(t)y =0

in the interval (o, 3).
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Proposition 1.26

Suppose the functions y; and y» are solutions to the
differential equation

y'+p(t)y +q(t)y =0

in the interval (a, 8). Then the Wronskian of y; and y» is
either identically equal to zero on the interval («, ), or it is
never equal to zero on the interval (o, 5).
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Proof
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Proof

If we differentiate the Wronskian W we get

W'(t) = (y1(t)ya(t) — y1(t)ya())
VAL t

= yi(8)ya(t) + ya(8)y2 (1) — y1' (1) ya(t) — ya(D)ya(1)
= y1(8)y2 (1) = y1' (8)ya(t).
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Proof

If we differentiate the Wronskian W we get

W'(1) = (r1(t)ya(t) — yi()ya(1))
t)—l—}ﬁ(t

= yi(t)ya( )y2 (1) = yi (1)ya(1) — yi(t)ya(1)
= y1(8)y2 (1) = y1' (8)ya(t).

Since y; and y» are solutions to the differential equation
y"+py' +qy = 0, we have that yy(t) = —p(t)y;(t) — q(t)y1
and y; (t) = —p(t)yz(t) — q(t)ye.
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Proof

It follows that
W'(t) = y1(t)ys (1) — yi (t)y2
t

so W is a solution to the first-order differential equation
W = —pW.
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Proof

If & is a point in («, ), the solution to this equation is

W(t) = W(t)e foPO%.
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Proof

If & is a point in («, ), the solution to this equation is

W(t) = W(t)e foPO%.

It follows that if W(t) = 0, then W(t) = 0 for all tin («, ),
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Proof

If & is a point in («, ), the solution to this equation is

W(t) = W(t)e foPO%.

It follows that if W(f,) = 0, then W(t) = 0 for all t in («, ),
and if W(f) # 0, then W(t) # 0 for all t in («, /).
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Linear dependent functions
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Linear dependent functions

@ Two functions u and v are linear dependent on an
interval (a, ) if there exist two constants ¢; and c,
which are no both zero, such that c,u(t) + c,v(t) = 0 for
all t € (a, p).
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Linear dependent functions

@ Two functions u and v are linear dependent on an
interval (a, ) if there exist two constants ¢; and c,
which are no both zero, such that c,u(t) + c,v(t) = 0 for
all t € (a, p).

@ u and v are linear independent if they are not linear
dependent.
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Linear dependent functions

@ Two functions u and v are linear dependent on an
interval (a, ) if there exist two constants ¢; and c,
which are no both zero, such that c,u(t) + c,v(t) = 0 for
all t € (a, p).

@ u and v are linear independent if they are not linear
dependent.

@ If u = cv for some constant c, then v and v are linear
dependent because u — cv = 0.
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Linear dependent functions

@ Two functions u and v are linear dependent on an
interval (a, ) if there exist two constants ¢; and c,
which are no both zero, such that c,u(t) + c,v(t) = 0 for
all t € (a, p).

@ u and v are linear independent if they are not linear
dependent.

@ If u = cv for some constant ¢, then u and v are linear
dependent because u — cv = 0.

@ Conversely, if u and v are linear dependent, then
ciu + cov = 0 for some choice of constants ¢; and ¢,
which are no both zero,
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Linear dependent functions

@ Two functions u and v are linear dependent on an
interval (a, ) if there exist two constants ¢; and c,
which are no both zero, such that c,u(t) + c,v(t) = 0 for
all t € (a, p).

@ u and v are linear independent if they are not linear
dependent.

@ If u = cv for some constant c, then v and v are linear
dependent because u — cv = 0.

@ Conversely, if u and v are linear dependent, then
ciu + cv = 0 for some choice of constants ¢; and ¢,
which are no both zero, and then u = —(cx/cy)v if

¢ #0,and v = —(ci/c)uif o # O.B NTNU
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Linear dependent functions

Two functions u and v are linear dependent if and only if u is
a constant multiple of v, or v is a constant multiple of u.
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Proposition 1.27

Suppose the functions y; and y» are solutions to the
differential equation

y'+p(t)y +q(t)y =0

in the interval (o, 3).
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Proposition 1.27

Suppose the functions y; and y» are solutions to the
differential equation

y'+p(t)y +q(t)y =0

in the interval (o, 3).

Then yy and y, are linearly dependent on («, ) if and only if
the Wronskian of y; and y» is identically equal to zero on the
interval (a, B).
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Proof

If y1(t) = cy»(t) for some constant c,
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Proof

If y1(t) = cy»(t) for some constant c, then
W(t) = y1(t)ya(t) — yi(t)ya(t) = cya(t)ys(t) — cyy(t)ya(t) = 0.
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Proof

If y1(t) = cy»(t) for some constant c, then

t
W(t) = y1(t)ya(t) — yi(t)ya(t) = cya(t)ya(t) — cya(t)ya(t) = 0.

Slmllarly, if yo(t) = cy1( ) some constant c,
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Proof

If y1(t) = cy»(t) for some constant c, then
W(t) = y1(t)y, (2

)
t( t) — yi(t)ya(t) = cya(t)ya(t) — cya(t)ya(t) = 0.

Slmllarly, if yo(t) = cy1( ) some constant ¢, then

W(t) = y1()y2(t) — yi(t)ya(t) = cys(t)yi(t) — cyi(t)ys(t) = 0.
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Proof

If y1(t) = cy»(t) for some constant c, then

t)
W(t) = y1(t)ya(t) — yi(t)ya(t) = cya(t)ya(t) — cya(t)ya(t) = 0.

Slmllarly, if yo(t) = cy1( ) some constant ¢, then

W(t) = y1(t)ya(t) — yi(8)ya(t) = eyr(t)y(t) — cyi(t)ys(t) = 0.
Conversely, suppose that W(t) = 0 for all tin («, ).
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Proof

If y1(t) = cy»(t) for some constant c, then

W(t) = y1(t)yz(t) — yi(t)ya(t) = cya(t)ys(t) — cys(t)ya(t) = 0.
Similarly, if y»(t) = cy;(t) some constant c, then

W(t) = y1(1)y2(t) — yi(t)ya(t) = cys(t)yi(t) — cyi(t)ys(t) = 0.
Conversely, suppose that W(t) = 0 for all tin («a, ). If

Y2(t) = 0, then ya(t) = Oyx(1).
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Proof

If y1(t) = cy»(t) for some constant c, then

W(t) = y1(t)yz(t) — yi(t)ya(t) = cya(t)ys(t) — cys(t)ya(t) = 0.
Similarly, if y»(t) = cy;(t) some constant c, then

W(t) = y1(1)y2(t) — yi(t)ya(t) = cys(t)yi(t) — cyi(t)ys(t) = 0.
Conversely, suppose that W(t) = 0 for all tin («a, ). If

Yo(t) = 0, then yo(t) = Oyq (). If yo(th) # O for some f in

(a, B),
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Proof

If y1(t) = cy»(t) for some constant c, then

W(t) = y1(t)yz(t) — yi(t)ya(t) = cya(t)ys(t) — cys(t)ya(t) = 0.
Similarly, if y»(t) = cy;(t) some constant c, then

W(1) = yi(Dya(t) - vi(ya(t) = ey (t)yi(t) — eyi(ya(t) = 0.
Conversely, suppose that W(t) = 0 for all tin («a, ). If

Yo(t) = 0, then yo(t) = Oyq (). If yo(th) # O for some f in

(a, B), then it follows from the continuity of y, that there is a
subinterval (c, d) of («, 8) which contains t, such that

yo(t) # 0 for all tin (c, d).
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Proof

If y1(t) = cy»(t) for some constant c, then

W(t) = y1(t)yz(t) — yi(t)ya(t) = cya(t)ys(t) — cys(t)ya(t) = 0.
Similarly, if y»(t) = cy;(t) some constant c, then

W(1) = yi(Dya(t) - vi(ya(t) = ey (t)yi(t) — eyi(ya(t) = 0.
Conversely, suppose that W(t) = 0 for all tin («a, ). If

Yo(t) = 0, then yo(t) = Oyq (). If yo(th) # O for some f in

(a, B), then it follows from the continuity of y, that there is a
subinterval (c, d) of («, 8) which contains t, such that

yo(t) # 0 for all tin (c, d). On this interval we have

d
Z0a(0)/52(1)
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Proof

If y1(t) = cy»(t) for some constant c, then

W(t) = y1(t)yz(t) — yi(t)ya(t) = cya(t)ys(t) — cys(t)ya(t) = 0.
Similarly, if y»(t) = cy;(t) some constant c, then

W(1) = yi(Dya(t) - vi(ya(t) = ey (t)yi(t) — eyi(ya(t) = 0.
Conversely, suppose that W(t) = 0 for all tin («a, ). If

Yo(t) = 0, then yo(t) = Oyq (). If yo(th) # O for some f in

(a, B), then it follows from the continuity of y, that there is a
subinterval (c, d) of («, 8) which contains t, such that

yo(t) # 0 for all tin (c, d). On this interval we have

d _ yi(0)ya(t) — y1(t)ya(1)
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Proof

If y1(t) = cy»(t) for some constant c, then

W(t) = y1(t)yz(t) — yi(t)ya(t) = cya(t)ys(t) — cys(t)ya(t) = 0.
Similarly, if y»(t) = cy;(t) some constant c, then

W(1) = yi(Dya(t) - vi(ya(t) = ey (t)yi(t) — eyi(ya(t) = 0.
Conversely, suppose that W(t) = 0 for all tin («a, ). If

Yo(t) = 0, then yo(t) = Oyq (). If yo(th) # O for some f in

(a, B), then it follows from the continuity of y, that there is a
subinterval (c, d) of («, 8) which contains t, such that

yo(t) # 0 for all tin (c, d). On this interval we have

yi(t)ya(t) — yi(t)ys(t) _ —W(t)

d t
a1 (D/ye(1) = (a(D))? = (D)
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Proof

If y1(t) = cy»(t) for some constant c, then

W(t) = y1(t)yz(t) — yi(t)ya(t) = cya(t)ys(t) — cys(t)ya(t) = 0.
Similarly, if y»(t) = cy;(t) some constant c, then

W(1) = yi(Dya(t) - vi(ya(t) = ey (t)yi(t) — eyi(ya(t) = 0.
Conversely, suppose that W(t) = 0 for all tin («a, ). If

Yo(t) = 0, then yo(t) = Oyq (). If yo(th) # O for some f in

(a, B), then it follows from the continuity of y, that there is a
subinterval (c, d) of («, 8) which contains t, such that

yo(t) # 0 for all tin (c, d). On this interval we have

yiye(t) = y(t)ye(t) _ W) _

d t
a1 (D/ye(1) = (a(D))? = (D)
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When is the Wronskian zero?

Hence, on the interval (c, d), y1(t)/y2(t) is equal to a
constant ¢, and y;(t) = cy»(t).
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When is the Wronskian zero?

Hence, on the interval (c, d), y1(t)/y2(t) is equal to a
constant ¢, and y;(t) = cy(t). In particular, y;(f) = cy2(b)
and y;(t) = cy3(to)-
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When is the Wronskian zero?

Hence, on the interval (c, d), y1(t)/y2(t) is equal to a
constant ¢, and y;(t) = cy(t). In particular, y;(f) = cy2(b)
and y;(to) = cy3(bo).
Since both y;(t) and cy»(t) are solutions to the initial value
problem

y"+pt)y +q(t)y =0, y(t) = y1(). ¥'(t) = yi ()

on («, B),
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When is the Wronskian zero?

Hence, on the interval (c, d), y1(t)/y2(t) is equal to a
constant ¢, and y;(t) = cy(t). In particular, y;(f) = cy2(b)

and y;(t) = cy3(to)-
Since both y;(t) and cy»(t) are solutions to the initial value
problem

y'+p(t)y +q(t)y =0, y(b) = yi(k), ¥'(k) = yi(t)
on («a, B), it follows that y;(t) = cy2(t) on («a, B).
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Theorem 1.23
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Theorem 1.23

Suppose that y; and y», are linearly independent solutions to
the differential equation

y'+p(t)y +q(t)y =0

on the interval («, 5). Then any solution to the equation is a
linear combination of y; and y».
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Proof

Since y; and y» are linearly independent, neither is a
constant multiple of the other,
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Proof

Since y; and y» are linearly independent, neither is a
constant multiple of the other, so the Wronskian W of y; and
y» is not zero at any point.
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Proof

Since y; and y» are linearly independent, neither is a
constant multiple of the other, so the Wronskian W of y; and
y» is not zero at any point.

Let y be a solution to the equation.
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Proof

Since y; and y» are linearly independent, neither is a
constant multiple of the other, so the Wronskian W of y; and
y» is not zero at any point.

Let y be a solution to the equation. Pick a point & in («, 5)
andlet a= y(&) and b = y'(f).
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Proof

Since y; and y» are linearly independent, neither is a
constant multiple of the other, so the Wronskian W of y; and
y» is not zero at any point.

Let y be a solution to the equation. Pick a point & in («, 5)
andlet a= y(&) and b = y'(f).

Since W(1) # 0 there exist constants ¢; and ¢, such that
C1y1(to) + Czyg(fo) =aand C1y1/(t0) + Czyé(to) =b.
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Proof

Since y; and y» are linearly independent, neither is a
constant multiple of the other, so the Wronskian W of y; and
y» is not zero at any point.

Let y be a solution to the equation. Pick a point & in («, 5)
andlet a= y(&) and b = y'(f).

Since W(1) # 0 there exist constants ¢; and ¢, such that
C1y1(to) + Czyg(fo) =aand C1y1/(t0) + Czyé(to) =b.

Then both y and ¢, y; + c.y» are solutions to the initial value
problem y” + p(t)y’ + q(t)y =0, y(&) = a, y'(t) = bon the
interval (a, §).
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Proof

Since y; and y» are linearly independent, neither is a
constant multiple of the other, so the Wronskian W of y; and
y» is not zero at any point.

Let y be a solution to the equation. Pick a point & in («, 5)
andlet a= y(&) and b = y'(f).

Since W(1) # 0 there exist constants ¢; and ¢, such that
C1y1(to) + Czyg(fo) =aand C1y1/(t0) + Czyé(to) =b.

Then both y and ¢, y; + c.y» are solutions to the initial value
problem y” + p(t)y’ + q(t)y =0, y(&) = a, y'(t) = bon the
interval («, ). It follows that y = c1y1 + Coye.

NTNU
Norwegian University of
Science and Technology

www.ntnu.no ‘\ TMA4115 - Calculus 3, Lecture 4, Jan 24, page 30




Fundamental set of solutions
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Fundamental set of solutions

@ Two linearly independent solutions to a second-order
homogeneous linear differential equation is said to form
a fundamental set of solutions.
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Fundamental set of solutions

@ Two linearly independent solutions to a second-order
homogeneous linear differential equation is said to form
a fundamental set of solutions.

@ The previous result then says that if y;, y» form a
fundamental set of solutions to a second-order
homogeneous linear differential equation, then any
solution to that differential equation can be written as a
linear combination of y; and y-.
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Fundamental set of solutions

@ Two linearly independent solutions to a second-order
homogeneous linear differential equation is said to form
a fundamental set of solutions.

@ The previous result then says that if y;, y» form a
fundamental set of solutions to a second-order
homogeneous linear differential equation, then any
solution to that differential equation can be written as a
linear combination of y; and y-.

@ If y; and y» are solution to a second-order homogeneous
linear differential equation, then we can check if they
form a fundamental set of solutions either
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Fundamental set of solutions

@ Two linearly independent solutions to a second-order
homogeneous linear differential equation is said to form
a fundamental set of solutions.

@ The previous result then says that if y;, y» form a
fundamental set of solutions to a second-order
homogeneous linear differential equation, then any
solution to that differential equation can be written as a
linear combination of y; and y-.

@ If y; and y» are solution to a second-order homogeneous
linear differential equation, then we can check if they
form a fundamental set of solutions either

@ Dby showing that neither is a constant multiple of the other,
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Fundamental set of solutions

@ Two linearly independent solutions to a second-order
homogeneous linear differential equation is said to form
a fundamental set of solutions.

@ The previous result then says that if y;, y» form a
fundamental set of solutions to a second-order
homogeneous linear differential equation, then any
solution to that differential equation can be written as a
linear combination of y; and y-.

@ If y; and y» are solution to a second-order homogeneous
linear differential equation, then we can check if they
form a fundamental set of solutions either

@ Dby showing that neither is a constant multiple of the other,
@ or by showing that the Wronskian of y; and y» is not zero
i NTNU
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Second-order homogeneous linear
differential equations with
constant coefficients
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Second-order homogeneous linear
differential equations with
constant coefficients

A second-order homogeneous linear differential equation
with constant coefficients is a differential equation with can
be written on the form

y'+py' +aqy=0

where p and g are constants.
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Finding solutions to second-order
homogeneous linear differential
equations with constant
coefficients
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Finding solutions to second-order
homogeneous linear differential
equations with constant
coefficients

Inserting y(t) = e into the differential equation, we obtain
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Finding solutions to second-order
homogeneous linear differential
equations with constant
coefficients

Inserting y(t) = e into the differential equation, we obtain

y'+py +qy = \eM + preM + geM = (A2 + p\ + g)eM.
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Finding solutions to second-order
homogeneous linear differential
equations with constant
coefficients

Inserting y(t) = e into the differential equation, we obtain

y'+py +qy = \eM + preM + geM = (A2 + p\ + g)eM.

Since e +# 0, we have that y(t) = e’ is a solution if and only
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Characteristic polynomial

The polynomial A2 + pX + q is called the characteristic
polynomial of the differential equation y” + py’ + qy = 0.
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Characteristic polynomial

The polynomial A2 + pX + q is called the characteristic
polynomial of the differential equation y” + py’ + qy = 0.
A root of the characteristic polynomial is called a
characteristic root.
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Characteristic polynomial

The polynomial A2 + pX + q is called the characteristic
polynomial of the differential equation y” + py’ + qy = 0.
A root of the characteristic polynomial is called a
characteristic root.

The characteristic roots are

\_ —PEVP—4q
5 .

NTNU
Norwegian University of
Science and Technology

www.ntnu.no ‘\ TMA4115 - Calculus 3, Lecture 4, Jan 24, page 34




Characteristic polynomial

The polynomial A2 + pX + q is called the characteristic
polynomial of the differential equation y” + py’ + qy = 0.
A root of the characteristic polynomial is called a
characteristic root.

The characteristic roots are

\_ —PEVP—4q
5 .

Looking at the discriminant p? — 4q, we see that there are 3
cases to consider:
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Characteristic polynomial

The polynomial A2 + pX + q is called the characteristic
polynomial of the differential equation y” + py’ + qy = 0.
A root of the characteristic polynomial is called a
characteristic root.

The characteristic roots are

\_ —PEVP—4q
5 .

Looking at the discriminant p? — 4q, we see that there are 3
cases to consider:

Q@ p°-49>0,
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Characteristic polynomial

The polynomial A2 + pX + q is called the characteristic
polynomial of the differential equation y” + py’ + qy = 0.
A root of the characteristic polynomial is called a
characteristic root.

The characteristic roots are

\_ —PEVP—4q
5 .

Looking at the discriminant p? — 4q, we see that there are 3
cases to consider:

Q@ p*-49>0,

Q@ ¥ -4g9<0,
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Characteristic polynomial

The polynomial A2 + pX + q is called the characteristic
polynomial of the differential equation y” + py’ + qy = 0.
A root of the characteristic polynomial is called a
characteristic root.

The characteristic roots are

\_ —PEVP—4q
5 .

Looking at the discriminant p? — 4q, we see that there are 3
cases to consider:

Q@ p°-49>0,

9P2—4q<0, NTNU
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Distinct real root
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Distinct real root

If o> — 4q > 0, then the characteristic polynomial \2 + p\ + g
has two distinct real roots Ay and ..
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Distinct real root

If o> — 4g > 0, then the characteristic polynomial \? + p\ + g
has two distinct real roots Ay and ..

The 2 functions y;(t) = eM! and y»(t) = e’2! are then
solutions to the differential equation y” + py’ + qy = 0.
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Distinct real root

If o> — 4q > 0, then the characteristic polynomial \2 + p\ + g
has two distinct real roots Ay and ..

The 2 functions y;(t) = eM! and y»(t) = e*2! are then
solutions to the differential equation y” + py’ + qy = 0.

The Wronskian of y; and y» is then

W(t) = y1(t)ya(t) — ya(t)y5(1)
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Distinct real root

If o> — 4q > 0, then the characteristic polynomial \2 + p\ + g
has two distinct real roots Ay and ..

The 2 functions y;(t) = eM! and y»(t) = e*2! are then
solutions to the differential equation y” + py’ + qy = 0.

The Wronskian of y; and y» is then

W(t) = yi(8)ys(t) — ya(t)yi (1) = daeMlee! — \etele!
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Distinct real root

If o> — 4q > 0, then the characteristic polynomial \2 + p\ + g
has two distinct real roots Ay and ..

The 2 functions y;(t) = eM! and y»(t) = e*2! are then
solutions to the differential equation y” + py’ + qy = 0.

The Wronskian of y; and y» is then

W(t) = y1(t)ya(t) — ya(t)yi(t) = doeMiee! — NeeleM!
— ()\2 _ )\1)6()\1+)\2)f

NTNU
Norwegian University of
Science and Technology

\ TMA4115 - Calculus 3, Lecture 4, Jan 24, page 35

www.ntnu.no \



Distinct real root

If o> — 4q > 0, then the characteristic polynomial \2 + p\ + g
has two distinct real roots Ay and ..

The 2 functions y;(t) = eM! and y»(t) = e*2! are then
solutions to the differential equation y” + py’ + qy = 0.

The Wronskian of y; and y» is then

W(t) = yi(t)ys(t) — ya(t)yi(t) = o€’ — Nye™ele!
= (M2 — A)eiTt L0
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Distinct real root

If o> — 4q > 0, then the characteristic polynomial \2 + p\ + g
has two distinct real roots Ay and ..

The 2 functions y;(t) = eM! and y»(t) = e’2! are then
solutions to the differential equation y” + py’ + qy = 0.

The Wronskian of y; and y» is then

W(1) = y1(8)ya(t) — ya(t)yi (1) = dae™ie — \eele!
= (A2 — A\y)eMi Tt £
so y; and y» forms a fundamental set of solutions, and every

solution of y” + py’ + qy = 0 has the form ¢y y; + cy» where
¢, and ¢, are constants.
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Example

Let us find the general solution to the second-order
differential equation y” — 2y’ + y = 0.
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Example

Let us find the general solution to the second-order
differential equation y” — 2y’ + y = 0.
The characteristic polynomial is \> — 3\ + 2,

NTNU
Norwegian University of
Science and Technology

www.ntnu.no TMA4115 - Calculus 3, Lecture 4, Jan 24, page 36



Example

Let us find the general solution to the second-order

differential equation y” — 2y’ + y = 0.

The characteristic polynomial is A2 — 3\ + 2, and the
2

characteristic roots are A = 3£3-8 — 341 — 1
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Example

Let us find the general solution to the second-order
differential equation y” — 2y’ + y = 0.

The characteristic polynomial is A2 — 3\ + 2, and the
2

1
It follows that the general solution is y(t) = ¢1€?! + co€'.

characteristic roots are \ = 3iﬁ =3 {
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Complex roots

If 0> — 4q < 0, then the characteristic polynomial \2 + p\ + g
has two distinct complex roots Ay and X,
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Complex roots

If 0> — 4q < 0, then the characteristic polynomial \2 + p\ + g
has two distinct complex roots Ay and A\, which have the form
A = a-+iband )\, = a— ibwhere a and b are real numbers

and b # 0.
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Complex roots

If 0> — 4q < 0, then the characteristic polynomial \2 + p\ + g
has two distinct complex roots Ay and A\, which have the form
A = a+iband \, = a— ib where a and b are real numbers
and b # 0.

The 2 functions z;(t) = eM! = e?(cos(bt) + i sin(bt)) and
Zo(t) = et = e%(cos(bt) — /sm(bt)) are then solutions to the
differential equation y” + py’ + qy = 0.
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Complex roots

If 0> — 4q < 0, then the characteristic polynomial \2 + p\ + g
has two distinct complex roots Ay and A\, which have the form
A = a-+iband A, = a— ibwhere a and b are real numbers
and b # 0.

The 2 functions z;(t) = eM! = e?(cos(bt) + i sin(bt)) and
Zo(t) = et = e%(cos(bt) — /sm(bt)) are then solutions to the
differential equation y” + py’ + qy = 0.

The two functions y;(t) = Re(zi(t)) = e cos(bt) and

¥o(t) = Im(z;(t)) = e sin(bt) are also solutions to the
differential equation y” + py’ + qy = 0.
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Complex roots

The Wronskian of y;(t) = e® cos(bt) and y» = e sin(bt) is
W(t) =y1(t)ya(t) — ya(D)y1 (1)
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Complex roots

The Wronskian of y;(t) = e® cos(bt) and y» = e sin(bt) is
W(t) =y1(t)ya(t) — ya(t)yi(t)
=e? cos(bt)(ae® sin(bt) + be? cos(bt))
— e? sin(bt)(ae® cos(bt) — be? sin(bt))
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Complex roots

The Wronskian of y;(t) = e® cos(bt) and y» = e sin(bt) is
W(t) =y1(t)ya(t) — y2(t)y1 (1)
=e? cos(bt)(ae® sin(bt) + be? cos(bt))
— e? sin(bt)(ae® cos(bt) — be? sin(bt))
—be?® cos?(bt) + be?3 sin®(bt)

NTNU
Norwegian University of
Science and Technology

www.ntnu.no ‘\ TMA4115 - Calculus 3, Lecture 4, Jan 24, page 38




Complex roots

The Wronskian of y;(t) = e® cos(bt) and y» = e sin(bt) is
W(t) =y1(t)ya(t) — ya(t)yi(t)
=e? cos(bt)(ae® sin(bt) + be? cos(bt))
— e? sin(bt)(ae® cos(bt) — be? sin(bt))
—be?® cos?(bt) + be?3 sin®(bt)
=be?® +£ 0
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Complex roots

The Wronskian of y;(t) = e® cos(bt) and y» = e sin(bt) is
W(t) =y1(t)ya(t) — y2(t)y1 (1)
=e? cos(bt)(ae® sin(bt) + be? cos(bt))
— e? sin(bt)(ae® cos(bt) — be? sin(bt))
—be?® cos?(bt) + be?3 sin®(bt)
—be?a £ 0
so y; and y» forms a fundamental set of solutions, and every

solution of y” 4+ py’ + qy = 0 has the form
cie® cos(bt) + c,e sin(bt) where ¢; and ¢, are constants.
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Example

Let us find the general solution to the second-order
differential equation y” + 2y’ + 2y = 0.
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Example

Let us find the general solution to the second-order
differential equation y” + 2y’ + 2y = 0.
The characteristic polynomial is A% + 2\ + 2,
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Example

Let us find the general solution to the second-order
differential equation y” + 2y’ + 2y = 0.

The characteristic polynomial is A2 + 2\ + 2, and the
characteristic roots are

\ = —2i2\/4—8 = 2kt —223.:2i — 14+
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Example

Let us find the general solution to the second-order
differential equation y” + 2y’ + 2y = 0.
The characteristic polynomial is A2 + 2\ + 2, and the

characteristic roots are
)\ — —Zi\/ —2:t 4 _ 242i 1 :|:I

2
It foIIows that the general solution is
y(t) = cre~tcos(t) + c.etsin(t).
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Repeated roots

If o> — 4q = 0, then the characteristic polynomial \2 + pA + g
just have one root A = —p/2.
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Repeated roots

If o> — 4g = 0, then the characteristic polynomial \? 4+ p\ + g
just have one root A = —p/2.

The function y;(t) = e is a solution to the differential
equation y” + py’ + qy = 0.
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Repeated roots

If o> — 4g = 0, then the characteristic polynomial \? 4+ p\ + g
just have one root A = —p/2.

The function y;(t) = e is a solution to the differential
equation y” + py’ + qy = 0.

Let yo(t) = te*.
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Repeated roots

If o> — 4g = 0, then the characteristic polynomial \? 4+ p\ + g
just have one root A = —p/2.

The function y;(t) = e is a solution to the differential
equation y” + py’ + qy = 0.

Let y»(t) = te*. Then yi(t) = e + e,
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Repeated roots

If o> — 4g = 0, then the characteristic polynomial \? 4+ p\ + g
just have one root A = —p/2.

The function y;(t) = e is a solution to the differential
equation y” + py’ + qy = 0.

Let y»(t) = te*. Then yi(t) = e + e,

yy(t) = xeM + xeM 4+ M2t
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Repeated roots

If o> — 4g = 0, then the characteristic polynomial \? 4+ p\ + g
just have one root A = —p/2.

The function y;(t) = e is a solution to the differential
equation y” + py’ + qy = 0.

Let y»(t) = te*. Then yi(t) = e + e,

yy(t) = xeM + xeM + N2teM and

Y2 (t) + pya(t) + qya(t)
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Repeated roots

If o> — 4g = 0, then the characteristic polynomial \? 4+ p\ + g
just have one root A = —p/2.

The function y;(t) = e is a solution to the differential
equation y” + py’ + qy = 0.

Let y»(t) = te*. Then yi(t) = e + e,

yy(t) = xeM + xeM + N2teM and

vy (8) + pya(t) + qya(t) = 20eM + N2teM + p(eM + AteM) + gte™
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Repeated roots

If o> — 4g = 0, then the characteristic polynomial \? 4+ p\ + g
just have one root A = —p/2.

The function y;(t) = e is a solution to the differential
equation y” + py’ + qy = 0.

Let y»(t) = te*. Then yi(t) = e + e,

yy(t) = xeM + xeM + N2teM and

vy (8) + pya(t) + qya(t) = 20eM + N2teM + p(eM + AteM) + gte™
= 2\ + p)eM + (N2 + pA + q)te!
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Repeated roots

If o> — 4g = 0, then the characteristic polynomial \? 4+ p\ + g
just have one root A = —p/2.

The function y;(t) = e is a solution to the differential
equation y” + py’ + qy = 0.

Let y»(t) = te*. Then yi(t) = e + e,

yy(t) = xeM + xeM + N2teM and

vy (8) + pya(t) + qya(t) = 20eM + N2teM + p(eM + AteM) + gte™

= 2\ + p)eM + (N2 + pA + q)te!
=0.
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Repeated roots

If o> — 4g = 0, then the characteristic polynomial \? 4+ p\ + g
just have one root A = —p/2.

The function y;(t) = e is a solution to the differential
equation y” + py’ + qy = 0.

Let y»(t) = te*. Then yi(t) = e + e,

yy(t) = xeM + xeM + N2teM and

vy (8) + pya(t) + qya(t) = 20eM + N2teM + p(eM + AteM) + gte™
= 2\ + p)eM + (N2 + pA + q)te!
=0.

So y» is a solution to the differential equation

y "+ Py "+ qy = 0. B ﬁmigian University of

Science and Technology

\
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Repeated roots

The Wronskian of y;(t) = e’ and y»(t) = teM is

W(t) =y1(t)ya(t) — ya(t)y1(t)
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Repeated roots

The Wronskian of y;(t) = e’ and y»(t) = teM is

W(t) =y1(t)ya(t) — ya()y1 (1)
=eM(eM + AteM) — AeMteM
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Repeated roots

The Wronskian of y;(t) = e’ and y»(t) = teM is

W(t) =y1(t)ya(t) — ya(t)y1(t)
=eM(eM + AteM) — AeMteM
262/\t # O
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Repeated roots

The Wronskian of y;(t) = e* and y»(t) = te* is
W(t) =y (t)ys(t) — y2(t)y1(1)
=eM(eM + AteM) — AeMteM
:eZ)‘t # O
so y; and y» forms a fundamental set of solutions, and every

solution of y” + py’ + qy = 0 has the form c¢;e* + cyte
where ¢, and ¢, are constants.
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Example

Let us find the general solution to the second-order
differential equation y” — 2y’ + y = 0.
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Example

Let us find the general solution to the second-order
differential equation y” — 2y’ + y = 0.
The characteristic polynomial is A — 2\ + 1,
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Example

Let us find the general solution to the second-order

differential equation y” — 2y’ + y = 0.
The characteristic polynomial is A2 — 2\ + 1, and the

characteristic roots are )\ = 244 V24‘4 =1.
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Example

Let us find the general solution to the second-order
differential equation y” — 2y’ + y = 0.

The characteristic polynomial is A2 — 2\ + 1, and the
characteristic roots are \ = 254=4 — 1,

It follows that the general solution is y(t) = cie! + cote'.
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Exercise 4.3.26

Find the solution to the initial value problem

10y” —y' =3y =0, y(0) =1, y'(0) = 0.
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Solution

The characteristic polynomial is 10)\2 — \ — 3,
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Solution

The characteristic polynomial is 10\ — X\ — 3, and the

- 12/20
_ AEV/14120 1411
characteristic roots are \ = 50 = 50 1 0/20
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Solution

The characteristic polynomial is 10\ — X\ — 3, and the

. 12/20
characteristic roots are \ = =120 — 11 /

—10/20
It follows that the general solution to the equation
10y” —y' — 3y =0is y(t) = ¢;&3/5 + cr e 12,
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Solution

The characteristic polynomial is 10\ — X\ — 3, and the

characteristic roots are \ = £vI+120 _ 1211 12/20
—10/20

It follows that the general solution to the equation

10y” —y' — 3y =0is y(t) = ¢;&3/5 + cr e 12,

Let y(t) = c1€%/5 + cre /2.
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Solution

The characteristic polynomial is 10\ — X\ — 3, and the

characteristic roots are \ = =120 — 11 12/20
~10/20

It follows that the general solution to the equation

10y” —y' — 3y =0is y(t) = ¢;&3/5 + cr e 12,

Let y(t) = ¢1€*/5 + c,e~/2. Then

y'(t) = (3/5)c1€®/° — (c2/2)e7 "2,
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Solution

The characteristic polynomial is 10\ — X\ — 3, and the

characteristic roots are \ = =120 — 11 12/20
~10/20

It follows that the general solution to the equation

10y” —y' — 3y =0is y(t) = ¢;&3/5 + cr e 12,

Let y(t) = ¢1€*/5 + c,e~/2. Then

y'(t) = (3/5)cie®/® — (c2/2)e7"/2, y'(0) = 3c1/5 — /2,
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Solution

The characteristic polynomial is 10\ — X\ — 3, and the
12/20
—-10/20

It follows that the general solution to the equation

10y” —y' —3y =0is y(t) = ¢1€%/5 + e 1/2.

Let y(t) = ¢1€*/5 + c,e~/2. Then

y'(t) = (3/5)c1€3/° — (c2/2)e 2, y'(0) = 3¢y /5 — ¢2/2, and
y(0) = ¢y + co.

characteristic roots are \ = 1*@ = 1?31
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Solution

The characteristic polynomial is 10\ — X\ — 3, and the

- 12/20
characteristic roots are A = H:\/QJW = H2:31 /
~10/20

It follows that the general solution to the equation

10y” —y' — 3y =0is y(t) = ¢;&3/5 + cr e 12,

Let y(t) = ¢1€%/5 + coe /2. Then

y'(t) = (3/5)c1€3/° — (c2/2)e 2, y'(0) = 3¢y /5 — ¢2/2, and
y(0) = ¢y + co.

So y is a solution to the initial value problem if and only if
¢+ c=1and 3¢ /5—-¢c,/2=0.
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Solution

The solution to the linear system

ci+c =1
3C1/5—CQ/2:O

isci =5/11and ¢, = 6/11,
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Solution

The solution to the linear system

ci+c =1
3C1/5—CQ/2:O

is ¢y =5/11 and ¢; = 6/11, so the solution to the initial value
problem

10y” —y' =38y =0, y(0) =1, y'(0) = 0.
is y(t) = (5/11)e®/5 + (6/11)e"/2,
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Plan for next week

Wednesday we shall
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Plan for next week

Wednesday we shall
@ study harmonic motions,
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Plan for next week

Wednesday we shall
@ study harmonic motions,

@ study solutions of second-order linear inhomogeneous
differential equations,
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Plan for next week

Wednesday we shall
@ study harmonic motions,

@ study solutions of second-order linear inhomogeneous
differential equations,

@ look at the method of undetermined coefficients.
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Plan for next week

Wednesday we shall
@ study harmonic motions,

@ study solutions of second-order linear inhomogeneous
differential equations,

@ look at the method of undetermined coefficients.
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@ study solutions of second-order linear inhomogeneous
differential equations,

@ look at the method of undetermined coefficients.

Section 4.4 and 4.5 (pages Iv—Ixxii).
Thursday we shall

@ look at variation of parameters,
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Plan for next week

Wednesday we shall
@ study harmonic motions,

@ study solutions of second-order linear inhomogeneous
differential equations,

@ look at the method of undetermined coefficients.

Section 4.4 and 4.5 (pages Iv—Ixxii).
Thursday we shall

@ look at variation of parameters,
@ study forced harmonic motions.
Section 4.6 and 4.7 (pages Ixxii—Ixxxvi).
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