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Yesterday’s lecture

Yesterday we introduced and studied
@ the inner product,
@ the length of a vector,
@ orthogonality and orthogonal sets in R”,
@ the orthogonal complement of a subspace,
@ orthogonal bases and orthonormal bases,
@ orthogonal matrices.
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Today’s lecture

Today we shall introduce and study
@ orthogonal projections,
@ the Gram-Schmidt process,
@ QR factorization.
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Orthogonal complements

Let W be a subspace of R".
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Orthogonal complements

Let W be a subspace of R”. The set of all vectors z that are
orthogonal to W is called the orthogonal complement of W
and is denoted by W-+.
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Orthogonal complements

Let W be a subspace of R”. The set of all vectors z that are
orthogonal to W is called the orthogonal complement of W
and is denoted by W-+.

W+ is a subspace of R".
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The orthogonal complements of
Row(A) and Col(A)

Let Abe an m x n matrix. Then
@ (Row(A))L = Nul(A).
@ (Col(A))* = Nul(A").
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Orthogonal sets and bases

@ A set of vectors {vy,...,Vv,} in R" is said to be an
orthogonal set if each pair of distinct vectors from the set
is orthogonal, that is, if v; - v; = 0 whenever i # j.
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Orthogonal sets and bases

@ A set of vectors {vy,...,Vv,} in R" is said to be an
orthogonal set if each pair of distinct vectors from the set
is orthogonal, that is, if v; - v; = 0 whenever i # j.

@ An orthogonal basis for a subspace W of R” is a basis
for W that is also an orthogonal set.

@ {vy,...,Vp} is an orthogonal basis for W if and only if
{vy,...,Vp} is an orthogonal set and
Span{viy,...,vp} = W.
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Orthogonal sets and bases

@ A set of vectors {vy,...,Vv,} in R" is said to be an
orthogonal set if each pair of distinct vectors from the set
is orthogonal, that is, if v; - v; = 0 whenever i # j.

@ An orthogonal basis for a subspace W of R” is a basis
for W that is also an orthogonal set.

@ {vy,...,Vp} is an orthogonal basis for W if and only if
{vy,...,Vp} is an orthogonal set and
Span{viy,...,vp} = W.

Theorem 5

Let B = {v1,...,V,} be an orthogonal basis for a subspace
W of R" and lety be in W.
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Orthogonal sets and bases

@ A set of vectors {vy,...,Vv,} in R" is said to be an
orthogonal set if each pair of distinct vectors from the set
is orthogonal, that is, if v; - v; = 0 whenever i # j.

@ An orthogonal basis for a subspace W of R” is a basis
for W that is also an orthogonal set.

@ {vy,...,Vp} is an orthogonal basis for W if and only if
{vy,...,Vp} is an orthogonal set and
Span{viy,...,vp} = W.

Theorem 5

Let B = {v1,...,V,} be an orthogonal basis for a subspace
W of R" and lety be in W. Then the coordinates ¢, ..., C,
of y relative to B is given by ¢; = 21

vV
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Orthonormal sets and bases

@ An orthonormal setis an orthogonal set of unit vectors.
@ {vy,...,Vvp}is an orthonormal set if and only if

1 ifi=j

Vi-Vj= P
! 0 ifi#]
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Orthonormal sets and bases

@ An orthonormal setis an orthogonal set of unit vectors.

@ {vy,...,Vvp}is an orthonormal set if and only if
Vi -Vj= 1 !f I :j.
0 ifi#]

@ An orthonormal basis for a subspace W of R" is a basis
for W that is also an orthonormal set.

@ {vy,...,Vp} is an orthonormal basis for W if and only if
{Vv1,...,Vp} is an orthonormal set and
Span{vy,...,v,} = W.
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Orthonormal sets and bases

@ An orthonormal setis an orthogonal set of unit vectors.

@ {vy,...,Vvp}is an orthonormal set if and only if
1 ifi=j
Vi -Vj= .
0 ifi#]

@ An orthonormal basis for a subspace W of R" is a basis
for W that is also an orthonormal set.

@ {vy,...,Vp} is an orthonormal basis for W if and only if
{Vv1,...,Vp} is an orthonormal set and
Span{vy,...,v,} = W.

@ If B={vy,...,Vv,} be an orthonormal basis for a
subspace W of R” and y is in W, then the coordinates
c1,...,Cpof yrelative to Bis givenby ¢, =y - v;,.
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Matrices with orthonormal
columns

Theorem 6

An m x n matrix U has orthonormal columns if and only if
UTU 5 In.
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Matrices with orthonormal
columns

Theorem 6
An m x n matrix U has orthonormal columns if and only if
UTU 5 In.

Theorem 7
Let U be an m x n matrix with orthonormal columns and let x
and y be in R". Then

Q@ (Ux)-(Uy)=x"y.

Q | Ux|| = [|x]|.

Q (Ux)-(Uy)=0ifandonlyif x -y = 0.
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Orthogonal matrices

NTNU
Norwegian University of
Science and Technology

www.ntnu.no ‘\ TMA4115 - Calculus 3, Lecture 26, page 9




Orthogonal matrices

A square matrix with orthonormal columns is called an
orthogonal matrix.
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Orthogonal matrices

A square matrix with orthonormal columns is called an
orthogonal matrix.

A square matrix U is orthogonal if and only if U is invertible
and U~" = U'.
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Orthogonal projections
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Orthogonal projections

@ Let u and y be vectors in R” and assume that u £ 0.
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Orthogonal projections

@ Let u and y be vectors in R” and assume that u £ 0.
@ Let L = Span{u}.
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Orthogonal projections

@ Let u and y be vectors in R” and assume that u £ 0.
@ Let L = Span{u}.
@ The vector proj, y = {Tuis called the orthogonal

projection of y onto L (or onto u).
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Orthogonal projections

@ Let u and y be vectors in R” and assume that u £ 0.

@ Let L = Span{u}.

@ The vector proj, y = {Tuis called the orthogonal
projection of y onto L (or onto u).

@ If z=y — proj, y, then z is orthogonal to u and

y =proj, y +z.
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Orthogonal projections

@ Let u and y be vectors in R” and assume that u £ 0.

@ Let L = Span{u}.

@ The vector proj, y = {Tuis called the orthogonal
projection of y onto L (or onto u).

@ If z=y — proj, y, then z is orthogonal to u and
y = proj y +z.

@ The vector z =y — proj, y is called the component of y
orthogonal to L (or to u).
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Orthogonal projections

@ Let u and y be vectors in R” and assume that u £ 0.

@ Let L = Span{u}.

@ The vector proj, y = {Tuis called the orthogonal
projection of y onto L (or onto u).

@ If z=y — proj, y, then z is orthogonal to u and
y = proj y +z.

@ The vector z =y — proj, y is called the component of y
orthogonal to L (or to u).

@ ||z| is called the distance from y to L.
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Example

1 . Let us compute the distance from
y to the line through u and the origin.

Lety = g] and u =
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Solution
The line through u and the origin is the line L = Span{u}.
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Solution
The line through u and the origin is the line L = Span{u}.

1113

proj, y = ﬁu =5 {1
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Solution
The line through u and the origin is the line L = Span{u}.

1l BE

rojy = > — ufz1

so the distance fromy to L is

ly — proj, y|| = H [_33{/221 H

—/(3/2 + (~8/2) = V/8/2 =

Nk
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The orthogonal decomposition
theorem

Let W be a subspace of R" and let y be in R".
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The orthogonal decomposition
theorem

Let W be a subspace of R" and let y be in R".

@ Theny can be written uniquely in the formy =w +z
where wis in W and z is in W+.
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The orthogonal decomposition
theorem

Let W be a subspace of R" and let y be in R".
@ Theny can be written uniquely in the formy =w +z
where wis in W and z is in W-.
Q If {uy,..., up} is an orthogonal basis for W, then
W= U+ U andz =y — w.
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The orthogonal decomposition
theorem

Let W be a subspace of R" and let y be in R".
@ Theny can be written uniquely in the formy =w +z
where wis in W and z is in W-.
Q If {uy,...,u,} is an orthogonal basis for W, then

—_ Yy y-Up — v _
W= ggUn e U andz=y —w.

The vector w = ¥%tuy + - - + {2 -u,, is called the orthogonal

Up-Up

projection of y onto W and is denoted by proj,, y.
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Proof of Theorem 8

Let {uy,...,u,} be an orthogonal basis for W and let

_ yu YUp
W= us Uy us + + up-upup'
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Proof of Theorem 8

Let {uy,...,u,} be an orthogonal basis for W and let
Thenwisin W.
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Proof of Theorem 8

Let {uy,...,u,} be an orthogonal basis for W and let
. -u
w = Xluy +---+ﬁup.

Thenwisin W. Letz=y —w.
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Proof of Theorem 8

Let {uy,...,u,} be an orthogonal basis for W and let
W= U g,

Thenwisin W. Letz=y —w. Then
Z-Uy=Y- U, —Y- U, =0foreachk,sozisin W-.
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Proof of Theorem 8

Let {uy,...,u,} be an orthogonal basis for W and let
W= U g,

Thenwisin W. Letz=y —w. Then
Z-Uy=Y- U, —Y- U, =0foreachk,sozisin W-.
Suppose y = W' + 2’ where w' is in W and 2’ is in W+.
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Proof of Theorem 8

Let {uy,...,u,} be an orthogonal basis for W and let

W= U g,

Thenwisin W. Letz=y —w. Then
Z-Uy=Y- U, —Y- U, =0foreachk,sozisin W-.
Suppose y = W' + 2’ where w' is in W and 2’ is in W+. Then
W —W =2 —zisbothin W andin W+,
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Proof of Theorem 8

Let {uy,...,u,} be an orthogonal basis for W and let

W= U g,

Thenwisin W. Letz=y —w. Then
Z-Uy=Y- U, —Y- U, =0foreachk,sozisin W-.
Suppose y = W' + 2’ where w' is in W and 2’ is in W+. Then
w— W =2 —zisbothin Wandin W+, so

w-w=2 -z2=0,
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Proof of Theorem 8

Let {uy,...,u,} be an orthogonal basis for W and let

W= U g,

Thenwisin W. Letz=y —w. Then
Z-Uy=Y- U, —Y- U, =0foreachk,sozisin W-.
Suppose y = W' + 2’ where w' is in W and 2’ is in W+. Then
w— W =2 —zisbothin Wandin W+, so

w—-w =2 —2z =0, from which it follows that w = w’ and
z=12.
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The best approximation theorem

Theorem 9

Let W be a subspace of R”, let y be in R”, and let
W = proj,, y.
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The best approximation theorem

Theorem 9

Let W be a subspace of R”, let y be in R”, and let

W = proj,, y.

Then w is the closest point in W to y in the sense that
ly —w|| < |ly — x|| for all x in W distinct from w.
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Proof of Theorem 9

Let x be a vector in W distinct from w.
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Proof of Theorem 9

Let x be a vector in W distinct from w. Thenw — xisin W
andy —wisin W+,
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Proof of Theorem 9

Let x be a vector in W distinct from w. Then w — xis in W
andy —wisin W+, sow — x and y — w are orthogonal.
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Proof of Theorem 9

Let x be a vector in W distinct from w. Then w — xis in W
andy —wisin W+, sow — x and y — w are orthogonal.

It follows that

I

ly = x[[* = [I(y — w) + (w —x)||* = [ly — w]]* + lw — x||*.
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Proof of Theorem 9

Let x be a vector in W distinct from w. Then w — xis in W
andy —wisin W+, sow — x and y — w are orthogonal.
It follows that

ly = x||* = [I(y — w) + (W = x)||* = [ly — w||* + [|w — x]||*.

Since x # w, it follows that ||w — x|| > 0, and thus that
ly — wi| < [ly —x]|.
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Example

2 -2 1
Letuy=|5|,u,=1|1],y=|2],and
—1 1 3

W = Span{ui, u,}. Let us find the closest point in W to y.
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Solution
The closest point in W to y is proj,, Y.
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Solution

The closest pointin W to y is proj,, y. We have that
u; - ux =0, so {uy,u,} is an orthogonal basis for W.
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Solution

The closest pointin W to y is proj,, y. We have that
u; - u; =0, so {uy, u,} is an orthogonal basis for W. It
follows that

V U U+ y-u

- Uy U - Uo
32
30 | _4
-2/5
2
1/5

U,

projy y =

A
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Orthogonal projections onto
orthonormal bases
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Orthogonal projections onto
orthonormal bases

Theorem 10

Let {uy,...,u,} be an orthonormal basis for a subspace W
of R" and let y be in R".
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Orthogonal projections onto
orthonormal bases

Theorem 10

Let {uy,...,u,} be an orthonormal basis for a subspace W
of R" and let y be in R".

Q@ Then proj,, y = (Y- un)uy + -+ + (Y - Up)Up.
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Orthogonal projections onto
orthonormal bases

Theorem 10

Let {uy,...,u,} be an orthonormal basis for a subspace W
of R" and let y be in R".

Q@ Then proj,, y = (Y- un)uy + -+ + (Y - Up)Up.
@ If U=[uy...up), then proj, y = UUTy.
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Proof of Theorem 10
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Proof of Theorem 10

Let {uy,...,u,} be an orthonormal basis for W.
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Proof of Theorem 10

Let {uy,...,u,} be an orthonormal basis for W. Then
ux - ux = 1 for each k,
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Proof of Theorem 10

Let {uy,...,u,} be an orthonormal basis for W. Then

ux - ux = 1 for each k, so

Projy ¥ = gl + -+ gmE U = (Y - Up)Uy + -+ (Y - Up)Up
for each y in R".
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Proof of Theorem 10

Let {uy,...,u,} be an orthonormal basis for W. Then
ux - ux = 1 for each k, so
Projy ¥ = gl + -+ gmE U = (Y - Up)Uy + -+ (Y - Up)Up

for each y in R".
Let U=[uy...up.
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Proof of Theorem 10

Let {uy,...,u,} be an orthonormal basis for W. Then
ux - ux = 1 for each k, so
Projy ¥ = gl + -+ gmE U = (Y - Up)Uy + -+ (Y - Up)Up

foreachy in R".
Let U =[uy...up]. Then

u; -y
UUTY = [uy ... up][ug ... up] "y = [uy ... up]
Up -y
= (Y- u)us + -+ (Y- Up)up = proj,, y
for eachy in R".
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Example

2 -2 1
Letuy=|5|,u,=1|1],y=|2],and
—1 1 3

W = Span{uq, u.}. Let us use Theorem 10 to find the
closest pointin W toy.

NTNU
Norwegian University of
Science and Technology

\ TMA4115 - Calculus 3, Lecture 26, page 21

www.ntnu.no \



Solution

NTNU
Norwegian University of
Science and Technology

A4115 - Calculus 3, Lecture 26, page 22



Solution

|u]|2 = uy -uy; = 30 and ||uz||?2 = uy - Uy = 6,
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Solution

|uq]|2 = uy -uy = 30 and ||uz||? = u, - U, = 6, so
2/v/30 7 [-2/V6

{ { 5/\/@] , [ 1/\/€] } is an orthonormal basis for W.
—-1/v/30] | 1/V6
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Solution

Jui]® = uy - uy =30 and [|uz||* = uz - u; = 6, SO

2/v/30 7 [-2/V6
{ { 5/\/@] , [ 1/\/€] } is an orthonormal basis for W.
—-1/v/30] | 1/V6
2/v/30 —2/\/6
Let U= | 5/v/30 1/%].
-1/v/30 1/V6
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Solution

Then
2/v/30  —2/v6] ,
r /v/30 5/v/30 —1/v30
wr-| s e 5% R G
s [24 0 —12
=—|0 3 o0
301 42 0 6
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Solution

Then
2/v/30  —2/v6] ,
r /v/30 5/v/30 —1/v30
wt= _51//\/3_:?_0 1;@][2/\/5 1/v6 1/\@}
;24 0 -12
——| 0 3 o0
301 42 0 6
24 0 -12] [1 —2/5
soprojWyUUTy;—o[ 0 30 O ] [2]{ 2 ]
12 0 6 | |3 1/5
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An algorithm for producing an
orthogonal basis for a subspace of
Rn
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An algorithm for producing an
orthogonal basis for a subspace of
Rn

Let {X1,...,X,} be a basis for a subspace W of R".
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An algorithm for producing an
orthogonal basis for a subspace of
Rn

Let {X1,...,X,} be a basis for a subspace W of R".

@ Let v, =x; and W; = Span{v,}.
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An algorithm for producing an
orthogonal basis for a subspace of
Rn

Let {X1,...,X,} be a basis for a subspace W of R".

@ Let v, =x; and W; = Span{v,}.

Q Let vy = X2 — projy, Xz = Xz —
Wo = Span{V1 , Vg}.

Xo-V4
Vi-V4

v; and
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An algorithm for producing an
orthogonal basis for a subspace of
Rn
Let {X1,...,X,} be a basis for a subspace W of R".
@ Let v, =x; and W; = Span{v,}.
Q Let v, =Xz — projy, Xo = Xo —
Wo = Span{V1 , Vg}.
© If appropriate, scale v, to simplify later calculations.

v; and
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An algorithm for producing an
orthogonal basis for a subspace of
Rn
Let {X1,...,X,} be a basis for a subspace W of R".
@ Let v, =x; and W; = Span{v,}.
Q Let v, =Xz — projy, Xo = Xo —
Wo = Span{V1 , Vg}.
© If appropriate, scale v, to simplify later calculations.
Q Letvs = X3 — projy, Xs = Xz — 271V — (52V2, let

V{-V4 Vo-Vo

W5 = Span{vy, vo,v3}, and scale vs to S|mpI|fy later
calculations (if appropriate).

v, and
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An algorithm for producing an
orthogonal basis for a subspace of
Rn
© Continue like this and produce vectors vy, Vs, ..., V,
where, for 1 < k < p, vk is an appropriate multiple of

— i —x, —XeViy o XkVeet
Xk — PrOJspangvy,....vi_1} Xk = Xk ViV Vi Vi1 Vg1

Vi_q.
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An algorithm for producing an
orthogonal basis for a subspace of
Rn
© Continue like this and produce vectors vy, Vs, ..., V,
where, for 1 < k < p, vk is an appropriate multiple of

— i —x, —XeViy o XkVeet
Xk — PrOJspangvy,....vi_1} Xk = Xk ViV Vi Vi1 Vg1

Vi_q.

@ Then {v4,...v,} is an orthogonal basis for W.

NTNU
Norwegian University of
Science and Technology

‘\ TMA4115 - Calculus 3, Lecture 26, page 25

www.ntnu.no



The Gram-Schmidt process
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The Gram-Schmidt process

Let {x1,...,X,} be a linearly independent subset of R". Let
Vi = X4
X2V
Vo — Xp — 2 Vq
Vi - Vy
Xp - V4 Xp - Vp_1
Vp = Xk — P P Y
V4 - V4 Vp—1-Vp—_1

NTNU

Norwegian University of

Science and Technology
\

www.ntnu.no \

TMA4115 - Calculus 3, Lecture 26, page 26



The Gram-Schmidt process

Let {x1,...,X,} be a linearly independent subset of R". Let
Vi = X4
X2V
Vo — Xp — 2 Vq
Vi - Vy
Xp -V Xp - Vp
Vp = Xk — P 1\,1_..._"—”1\,’)_1
V4 - V4 Vp—1-Vp—_1
Then {vy,...,Vp} is an orthogonal set, and
Span{vy,...,Vc} = Span{Xy,...,Xc} for1 < k <p.
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Proof of Theorem 11
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Proof of Theorem 11
Let Wi = Span{xy,...,xx} foreach1 < k <p.
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Proof of Theorem 11

Let Wi = Span{xy,...,xx} foreach1 < k < p. Then {v,}is
an orthogonal basis for W;.
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Proof of Theorem 11

Let Wi = Span{xy,...,xx} foreach1 < k < p. Then {v,}is
an orthogonal basis for W;.

Suppose that 1 < k < pand that {vy,...,V,}isan
orthogonal basis for W.
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Proof of Theorem 11

Let Wi = Span{xy,...,xx} foreach 1 < k < p. Then {v} is
an orthogonal basis for W;.

Suppose that 1 < k < pand that {vy,..., vk} is an
orthogonal basis for Wy. Then Vi1 = Xky1 — Projy, Xg.1is
orthogonal to W and in W4,
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Proof of Theorem 11

Let Wi = Span{xy,...,xx} foreach 1 < k < p. Then {v} is
an orthogonal basis for W;.

Suppose that 1 < k < pand that {vy,..., vk} is an
orthogonal basis for Wy. Then Vi1 = Xky1 — Projy, Xg.1is
orthogonal to Wy and in W1, so {v1,...,Vk 1} isan
orthogonal set in W 1.
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Proof of Theorem 11

Let Wi = Span{xy,...,xx} foreach1 < k < p. Then {v,}is
an orthogonal basis for W;.

Suppose that 1 < k < pand that {vy,..., vk} is an
orthogonal basis for Wy. Then Vi1 = Xky1 — Projy, Xg.1is
orthogonal to Wy and in W1, so {v1,...,Vk 1} isan
orthogonal set in Wy 1. Since dim(W.1) = k + 1, it follows
that {vy,..., v} is an orthogonal basis for Wi .
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Proof of Theorem 11

Let Wi = Span{xy,...,xx} foreach 1 < k < p. Then {v} is
an orthogonal basis for W;.

Suppose that 1 < k < pand that {vy,..., vk} is an
orthogonal basis for Wy. Then Vi1 = Xky1 — Projy, Xg.1is
orthogonal to Wy and in W1, so {v1,...,Vk 1} isan
orthogonal set in Wj.+. Since dim(W.1) = k + 1, it follows
that {vy,..., v} is an orthogonal basis for Wi .

It follows that {vq, ..., v} is an orthogonal basis for W for all
1< k<p.
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Example

1 0 0
Let x; = 1 , Xo = 1 , X3 = ?,and
1 1 1

W = Span{xy, Xz, X3}.
Let us find an orthogonal basis for W.
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Solution

{X1,X2, X3} is linearly independent and therefore a basis for
w.
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Solution

{X1,X2, X3} is linearly independent and therefore a basis for
W. Let vi = x4 and W; = Span{v,} = Span{x}.
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Solution

{X1,X2, X3} is linearly independent and therefore a basis for
W. Let vi = x4 and W; = Span{v,} = Span{x}.

Let
-3

|
ENT®

Vo = Xo — Projy, Xz = Xp — 3501V =
1 Vi{-V4q

_L_I._Lo

’
’
’
’

A=
—_ i
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Solution

{X1,X2, X3} is linearly independent and therefore a basis for
W. Let vi = x4 and W; = Span{v,} = Span{x}.

Let
0 1 -3
. B xovivy |1 3 (1) 1] 1
VgZXg—prOjW1X2—X2—WV1— 1 — 1z 1 =2 1 ;
1 1 1
-3
, 1
vV, = 4v, = 11
1
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Solution

{X1,X2, X3} is linearly independent and therefore a basis for
W. Let vi = x4 and W; = Span{v,} = Span{x}.

Let
0 1 -3
H Xo-V4 1 3 1 1 1
Vo =Xo —Projw, X2 =Xo =5 Vi = |4 2 [q| T2 |1 |
1 1 1
-3
, 1
vV, = 4vp = 1 , and
1

W, = Span{vy, v,} = Span{vy, vo} = Span{x;, Xz}.
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Solution

Let
V3 = X3 — Projy, Xs
x3 v1 X3 - V5
= X3 v BRVARTAL
2 2
0 1 -3
0 2 |1 2 |1
1 4 |1 12 | 1
1 1 1
1
K
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Solution (cont.)

0
—2
1
1

and v; = 3v3 =
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Solution (cont.)

0
, -2
and v = 3vz = A Then
1
1 -3 0
{vy, v, v} = 1 , 1 . is an orthogonal basis
1 1

for W.
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The QR factorization

If Ais an m x n matrix with linearly independent columns,
then A can be factored as A = QR, where
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The QR factorization

If Ais an m x n matrix with linearly independent columns,
then A can be factored as A = QR, where

@ Qis an m x n matrix whose columns form an
orthonormal basis for Col(A),
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The QR factorization

If Ais an m x n matrix with linearly independent columns,
then A can be factored as A = QR, where

@ Qis an m x n matrix whose columns form an
orthonormal basis for Col(A),

@ Ris an n x nupper triangular invertible matrix with
positive entries on its diagonal.

NTNU
Norwegian University of
Science and Technology

www.ntnu.no ‘\ TMA4115 - Calculus 3, Lecture 26, page 32



Proof of Theorem 12
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Proof of Theorem 12

Let A= [xy...X,] and let {vq,...,v,} be an orthogonal set
such that Span{vy,..., vk} = Span{xy, ..., Xk} for each
1< k<p.
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Proof of Theorem 12

Let A= [xy...X,] and let {vq,...,v,} be an orthogonal set
such that Span{vy,..., vk} = Span{xy, ..., Xk} for each
1< k<p.

Then we have for each 1 < k < p that there exist scalars
Nk, Pk, - - -, Tk such that X, = 1,V + ... N Vk.
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Proof of Theorem 12

Let A=[x;...x,] and let {v4,...,v,} be an orthogonal set
such that Span{vy,..., vk} = Span{xy, ..., Xk} for each

1< k<p.

Then we have for each 1 < k < p that there exist scalars
Nk, Pk, - - -, Tk such that X, = 1,V + ... N Vk.

We must have that ry # 0 because otherwise x, would be in
Span{vi,..., vk} = Span{X,..., Xx } which would
contradict the assumption that {xs, ..., X,} is linearly
independent.
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Proof of Theorem 12

Let A=[x;...x,] and let {v4,...,v,} be an orthogonal set
such that Span{vy,..., vk} = Span{xy, ..., Xk} for each

1< k<p.

Then we have for each 1 < k < p that there exist scalars

Nk, Pk, - - -, Tk such that X, = 1,V + ... N Vk.

We must have that ry # 0 because otherwise x, would be in
Span{vi,..., vk} = Span{X,..., Xx } which would
contradict the assumption that {xs, ..., X,} is linearly
independent.

We may assume that ri, > 0, because if ri < 0, then we can
replace v by —v, and ri by —r«, and then r > 0.
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Proof of Theorem 12 (cont.)

ry 2 ... nNp
o ... Iop
Let Q=[vqy...v,Jand R = ]

0O 0 ... Iy
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Proof of Theorem 12 (cont.)

ry 2 ... nNp

lo ... I
Let Q=[vi...vpJand R = 2_2 2
0O 0 ... Iy

Then QR = [X;...X,] = A.
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Example

Let us find a QR factorization of A =

—_ ok -
_ a a0
- =2 OO
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Solution

1 0 0 1
1 1 0 1
Letxi = | 1| Xe= | [ Xe= |, Vi=73 |{],

1 1 1 1

[3 0
R L2

Vem T |1 Ve T Ve |
1 1
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Solution (cont.)

Then A = [X1 X2 X3], and {vy, V2, Vv3} is an orthonormal set
such that
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Solution (cont.)

Soifwelet Q=[vyVvov3] = and

N I— ROl = RO = Nl =
===/
R s s
|
S=51-5lb ©

, then QR = Ais a QR factorization of A.

o m|§m|m

Ry

I
o omN
Slssl~ —
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Problem 6 from June 2010

Let A be the following matrix; find a basis for each of the
spaces Nul(A), Col(A), (Col(A))+, and Row(A).

120 1 2 1
A=|13 61 0 2 -1
4 82 -2 0 —4
0

Find the orthogonal projection of [0] on to Col(A).
1
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Solution
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Solution

We start by reducing A to its reduced echelon form.

NTNU
Norwegian University of
Science and Technology

www.ntnu.no TMA4115 - Calculus 3, Lecture 26, page 40



Solution
We start by reducing A to its reduced echelon form.

120 1 2 1 120 1 2 1
361 0 2 -1/-5]001 -3 -4 —4|—

4 82 -2 0 -4 002 -6 -8 -8

120 1 2 1
001 -3 -4 —4
000 0 0 O
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Solution

([-2] [-1] [-2] [—-1])
1 0 0 0
0 3 4 4 . .
We see that ol 111 1ol'!lo is a basis for
0 0 1 0
L L0 O] O] | 1])
Nul(A),
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Solution

([-2 -1 -2 -1
1 0 0 0
We see that 8 , ? , g , g is a basis for
0 0 1 0
L L0 O] O] | 1])
1 0
Nul(A), that { [3] [1] } is a basis for Col(A),
4 2
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Solution (cont.)

az 01)
2 0
and that ? , _13 is a basis for Row(A).
2| |-4
\ _1_ __4_ /
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Solution (cont.)

X1
X2 | isin (Col(A))* if and only if

:x1+3X2+4X3:Oand

= Xo + 2x3 = 0.
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Solution (cont.)

X1
X2 | isin (Col(A))* if and only if

:x1+3xg+4x3:0and

= Xo + 2x3 = 0.

X3
We reduce the coefficient matrix of the system
X1 —|—3X2+4X3 =0
Xo + 2X3 =0
NTNU . _—
to its reduced echelon form. B Soomes e Techmaloms
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Solution (cont.)
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Solution (cont.)
R

2 2
We see that (Col(A))+ = Span { [2] } o) { [2] } isa
1 1

basis for (Col(A))*.
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Solution (cont.)

0
The orthogonal projection of [0 | on to (Col(A))! is
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Solution (cont.)

0
The orthogonal projection of [0 | on to (Col(A))! is

1
0

ol =

:

2 2
—] [2] :% {2] so the orthogonal projection of

[0 0 2 -2
O} on to Col(A) is [0] -3 [2] =1 [2 ]
1 1 1 8
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Problem 5 from June 2011

Let V be the column space of the matrix

1 3 0 1
2 1 5 -3
1 -1 -2 1

-

Find the nearest point in V to b (that is, the orthogonal
projection of b on to V).

and let

NTNU
Norwegian University of
Science and Technology

www.ntnu.no

\

\ TMA4115 - Calculus 3, Lecture 26, page 46



Solution
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Solution

We start by reducing the matrix to an echelon form.
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Solution

We start by reducing the matrix to an echelon form.

i 3 0 1 13 0 1 13 0 1
2 1 5 -3—-/0 -5 &5 -5|—=-1|01 -1 1

-1 -1 -2 1 0 2 -2 2 00 0 O
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Solution

We start by reducing the matrix to an echelon form.

1 3 0 1] 13 0 1 13 0 1
2 1 5 -3—-/0 -5 &5 -5|—=-1|01 -1 1

-1 -1 -2 1] 0 2 -2 2 00 0 O

1] 3
Weseethat{{Z , {1 ]} is a basis for V.
—1| -1

NTNU
Norwegian University of
Science and Technology

www.ntnu.no ‘\ TMA4115 - Calculus 3, Lecture 26, page 47



Solution

We start by reducing the matrix to an echelon form.

1 3 0 1] 13 0 1 13 0 1
2 1 5 -3—-/0 -5 &5 -5|—=-1|01 -1 1
00

-1 -1 -2 1] 0o 2 -2 2 0 0
1] 3

We see that 2,1 is a basis for V. We then find
—1| -1

an orthogonal basis for V by using the Gram-Schmidt

AT
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Solution (cont.)

B (L RERTN

1 2
SO { [ 2 ] , [1] } is an orthogonal basis for V.
—1 0
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Solution (cont.)

We then have that

oiy b - HH 1, E”?] p
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Problem 5 from December 2010

Let V C R* be the solution space of the linear system

X+y—z+w=0
X+2y—-2z4+w=0
@ Find an orthogonal basis for V.

@ Find the orthogonal projection of b = onto V.

— otk

1

© Find an orthogonal basis for R* in which the first two first
basis vectors are the once we found in (1).
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Solution
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Solution

We start by reducing the coefficient matrix of the system to
its reduced echelon form.
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Solution

We start by reducing the coefficient matrix of the system to
its reduced echelon form.

11 -1 1 11 -1 1 10 0 1
12 21 701 =10 7|01 -10
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Solution

We start by reducing the coefficient matrix of the system to
its reduced echelon form.

11 -1 -1 1 10 0 1
12—21 —1o_>o1—1o
-1 0
We see that 8 , 1 is a basis for V and that it is
1 0
orthogonal.
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Solution (cont.)

The orthogonal projection of bon to V' is

1 [ 11 [o

1 0 1 |1

1 (0] [-1 1 [1] [o 0

1 1 0 1] (0] |4 1
7 [—11 | 0| " To] To] [1| |1

0 0 1 1| 1] LO 0

o |0 1|1

1 1 0] [0]
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Solution (cont.)

Let A be the coefficient matrix of the system.
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Solution (cont.)

Let A be the coefficient matrix of the system. Then

17 70
V- = (Nul(A))* = Row(4) = Span{ [of .| " [ 1,
1| |o
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Solution (cont.)

Let A be the coefficient matrix of the system. Then

17 70
V- = (NUl(A))* = Row(4) = Span{ 0| . | " | 1. 50
1| |o

is an orthogonal basis for R*.
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Plan for next week
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Plan for next week

Wednesday we shall look at
@ least-squares problems,
@ applications to linear models.

Sections 6.5-6.6 in “Linear Algebras and Its Applications”
(pages 360-375).
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Plan for next week

Wednesday we shall look at
@ least-squares problems,
@ applications to linear models.

Sections 6.5-6.6 in “Linear Algebras and Its Applications”
(pages 360-375).
Thursday we shall introduce and study

@ symmetric matrices,

@ quadratic forms.

Sections 7.1-7.2 in “Linear Algebras and Its Applications”
(pages 393—407).
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