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Key Points

» Eigenvalues and Eigenvectors reveal
the core of a process

- Diagonalisation makes computation
simple



ecap

~ Matrices model (nice) processes

» Composition of processes maps to
multiplication of matrices

- Vectors model data

- A basis defines a way of describing
data



What Does It Do?




A Point of View

1 5 3 and 2 0
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Changing Your Point of View

Input » Output

Represent Represent

» The right representation reveals the properties of the
process

» The right representation makes the process easier to
apply



A Good Point of View

Question
What makes a good point of view?

Answers

1. Reversible represented by an invertible matrix
2. Simplifies problem

3. Easy to find

4. Easy to apply

Balancing act:
2<— 3



Repetitive Strain Injury

What to do with processes
Compose them!

—% A —M —>» B —0

aYi%aV,

Middle representation: best for A or B?



When Two Become One

Question
What if A = B?

O=1I

R

Pick point of view best for both input and output of A



Examples

1. Step forward in time.
Population(this year) = k x Population(last year)

What's the population in 10, 20, 100 years time?
Classic Example: Predator—Prey

Pfoxes _ 0.4 0.3 Pfoxes
P rabbits 04 1.2]|P rabbits



Examples

2. Step forward infinitesimally in time.

y(t+ At) = y(t) + Atky(t)
y'(t) = ky(t)

Back to ODEs!



ODEs and Matrices

Simplest ODE
y'(t) = ky(t)

Higher Dimensions
1. More variables:



ODEs and Matrices

Higher Dimensions
2. More derivatives:

y”(t) +2y'(t) + y(t) =0

Prefer low-order to high-order
Declare v(t) = y’(t) so y”(t) = v/(t)

vi(t) = =2v'(t) - y(1)

u’(t) = Au(t)



The Return of the Double Pendulum




Coupled Pendula: The Equations

MaLay, = Fa=—Magsin(ya) — cLay, + k(Vb — Va)
MpLpy, = Fo = —Mpgsin(yp) — cLpy, + K(Va — Vb)
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Coupled Pendula

Setz, =y
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General Solution

Problem - u’(t) = Au(t)
Solution : u(t) = e"u(0)

Question
What does e mean???

Quick Answer
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Scary Formula: Easy Case

Vil -2y -2 000
Y5 -V 0 -1 0 0
Vsl = Of=] 0 0 0 O
Y4 Va4 0 0 0 1
Vel | 2v5] | 0 0 0 O
”y1 ] Er 2l et 0 0 O
Yo age‘t 0 el 0 O
V3l = ds — 0 01 O
V4 age! 0 0 0 €
V5 I 3562t_ 0 0 0 O
Remember

Matrices are not magical: just convenient
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Decoupling

Question

Can we “decouple” a coupled pendulum?
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Experiment: z,(0) = zp(0) = 0, yva(0) = xy,(0)
Consider u, = ya+ypand vy = z5 £+ 7
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Decoupling Remarks

1. Could decouple further — using
2. U, both behave like pendula

3. u, are “virtual”:

» u_: difference of displacement of bobs
> u,: sum of displacement of of bobs

Key Point

Decoupling led to simpler systems (two separate
problems)



Back To Matrices
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YarVYb,Za,Zp < €1,€2,€3,€4

Uy, u-, vy, Vo <— €4 +©€2,81 —€2,83 +€4,63 — €4

Key Point

Second basis is more suited to matrix than first.



Decoupled Basis

Decoupled
What happens to one does not affect the other.

{v4,...,Vn} “decoupled basis” for A

should mean Av; is independent of the other v

AVj:OV1—|—0V2—|—°"—|—/\jVj—|—"’—|—OVn:)\jVj



Diagonalisation

Definition
A matrix Is
diagonalisable
if there is a basis of the space
consisting of eigenvectors of the matrix

Very Important Point
The corresponding eigenvalues need not be unique!



Examples
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Any basis will do!
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Unique up to order and scale




Examples

Cannot be diagonalised

1 1
0 1



Summary

» Square matrices occur in ODEs and
time-step problems

» “Decoupling” simplifies problems

~ Ultimate decoupling: diagonalisable
— basis of eigenvectors

- Not always possible




