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Explanation

You hold yourself like this,
You hold yourself like that,
By hook and crook
you try to look
both angular and flat
Patience, Gilbert and Sullivan
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Key Points

- Angles lead to geometry

- Geometry leads to rigid structure
~ Rigid structure leads to splittings
» Splittings lead to simplifications
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Recap

» Structure of vectors:
- Add
- Scale
- Zero
» Structure of vectors used to examine
matrices
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Geometry

. second to the right, and straight on till

Straight?

From the OED
2. a. Not crooked; free from curvature, bending, or angularity.
b. straight line: a line uniform in direction throughout its length;
3. Direct, undeviating.

a. Of a way or course: Leading directly to its destination; not
deviating or circuitous.

Key Point
Measure deviations using angles
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morning. . .
Peter Pan

Question
What does “straight” mean, in Neverland?
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Angles
Goal
Measure angles between vectors.
Warning

» This is additional structure!

» Many ways to do it.
Constraints
Stick to what we know: the geometry of the plane.
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Planar Geometry

\9

A
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Higher Dimensions

Dimension 2
> Ang(91,92) = 7'[/2
- ang (e[ Z3]) =0

Dimension n
> Ang(e,-, ej') = 7'(/2

» Ang (e,-, cos(@)e,-+sin(6)e,-) 0

Question
More general vectors?
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Two Problems

Difficulties
1. Ang(u,v) =7
2. Ang(ey,—eq) = =m?
3. Ang(eq,0) =77
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Scaled Angles

Solutions
1. Ang(u,v) =7
Ang(u,v) = Ang(u,es) — Ang(e4, V)
2. Ang(ey,—eq) = =m?
Work with cos Ang
3. Ang(ey,0) =77
Work with scaled cosines: ScAng(e, tu) = tScAng(eq, u)
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In Formulae

—1 «
ScAng (e4,[}]) = ScAng (61,[ ‘/_\H(z—I—}/ZC(l)s(tan (¢ ))])
x2+y2 sin(tan =1 (v/x))

= VX yESoAng (e, [ S 1)
= Ty cos (Ang (e, [0 )
= VX2 + y2cos (tan 7' (v/x))
X
- mﬁ
=X
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Angle From e

Ang (ez, [y]) = Ang (ez,e1) — Ang (e1,[y])
=7/2—Ang (e1,[y])
Sohng ea,[549]) = cos (o ez, [ )
= cos (72— Ang (1, [ 533} ]))
= cos (72— 0)
= sin(0)
ScAng (ez, [y]) =y
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Scaled Angles
y— lCOS(Q)l, v [co_s()]

sin(0) sin()
Ang(u, ) Ang(u,eq) — Ang(ey, V)
cos Ang(u, v) = cos (Ang (u,eq) Ang(e1,v))

= cos (Ang(u, eq)) cos (Ang(ey, V))
+ sin (Ang(u, e1)) sin (Ang(e1, v))
= cos (Ang(u, eq)) cos (Ang(eq, V))
+ cos (Ang(u, ez)) cos (Ang(ez, v))
= ScAng(u, e{)ScAng(e+, V)
+ ScAng(u, e2)ScAng(es, v)
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General Formula

Scaled Angle in 22

ScAng (|;1] , [;j) — X1Xa + V1Y

Scaled Angle in 122

ai b1
ScAng|| :f,

n
:a1b1+"'+anbn:ZanI
an| |bn j=1
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Notation

xey, Xy, (XY)
dot product or inner product

xT:[x1 Xp - xn]
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Interaction with Matrices

Definition
The
transpose
of a matrix is its
reflection
in a diagonal mirror

1231' 1 4
15 6] =|%°
3 6
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Transposes

Lemma

(Ax)ey =xe(ATy)
More generally,
(AB) = BTAT
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Splittings

Situation
VCR"

» V “interesting” stuff

» Prefer to work in 2" — easier to “see”
» Easy to go from V to IR"

» Can we go back again?

Question
Is there some set of “boring” stuff so that

Everything = Interesting + Boring

and we can “forget” the boring stuff to go back to the
“‘interesting” stuff.
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Mathematical Splittings

Want: U C 2" such that

» Every vector, x, in 2" can be uniquely written as v + u with
veV,uelU
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Key Idea

» Vis “interesting” stuff
» U should be “as far away from V as possible”

V'

Which is “furthest” from this line?
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Orthogonality

Definition
The
orthogonal complement
of a subspace V C IR"
is the subset V+ C 2" defined by

Vt={ueR":veu=0¥veV)}

VT is everything orthogonal to everything in V
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Splitting: The Easy Part

Lemma

1. V* is a subspace
2. ifx=v+uwithv eV andu e V* then this is unique

Proof.

1.ve(u+ Aw)=veu+Avew=0+10=0

2. v+u=Vv+U =v-Vv =U-uU
Sov—-veVtandv-v eV
So v — Vv’ is orthogonal to everything in V including itself!
Thusv-v' =0sov =vandu =u
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Splitting: the Hard Part

Lemma

Every x € IR" can be written asv +u withv e V andu € V*.

Proof.
Postponed...
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Back To Matrices ... via Spans
Two Ways to Describe

1. Say what'’s there W = Span(wj, ..., wp)
2. Say what isn't W = Span(wy, ..., wp)*

1. Constructive, but issues with uniqueness

W = everything of form a;w; + a,w, + --- + a,w,

2. Gives tests, redundancies not an issue

W = everything satisfying wje v =0
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Relation to Matrices
Two Interesting Subspaces

1. Actual outputs: ColSpan(A) = (ay,ay,...,an)
2. “Stuff we don’t see”: Null(A) = {x: Ax =0}

(null space of A)
rT o X
rT o X
I, eXx

Null(A) = Span(ry, ..., Fm)*

=~ =
N = o

r

34 ...

SoAx=0c=rjex=0, allj
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Four Interesting Subspaces
1. Actual outputs: ColSpan(A)

2. “Stuff we don’t see”: Null(A)

3. Row Space:
RowSpan(A) = Span(ry,r,...,rn) = ColSpan(AT)

RowSpan(A) = Null(A)*

4. “Stuff we can’t reach”: ColSpan(A)*

ColSpan(A)* = RowSpan(AT)* = Null(AT)

» Rows of A = Columns of AT
» Columns of A = Rows of AT
Andrew Stacey (NTNU)
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Example

» ColSpan(A)

A:ll 23] AT _

2 4 6

= Span ([2],[31.[5])

1 2
2 4

3 6

= Span ([3])

Null(A) = {[Z] :X+2y+3z2=0,2x+4y + 6z = O}

~soan([7].[7)

) = ColSpan(AT) = Span [ 2], [1]) =

» RowSpan(A

span({]
_ Null(A -

.

1
2
3
")
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{Iyl: x+2y =2x+4y =

an([7])
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3x + 6y =0}
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Summary

» Dot/Inner products model angles

~ Most important angle: /2 (“orthogonal”)

» Orthogonal Complement: Stuff “far away”
from us

» Space splits into “interesting” and
“boring”

~ Different types of description “span”
versus “complement”

- Matrices get four subspaces:
Null(A), Null(AT), RowSpan(A) =
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JUITJ A I\I_\ }, JUITJ Al I\I_\} —

RowSpan(A ")

Null(A) = RowSpan(A)+,
Null(AT) = ColSpan(A)"




