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Key Points

I Diagonalisation reveals structure



Recap

I Goal is to find the Right Point of View



Matrices and ODEs

u′(t) = Au(t)

1. u(t) path in “space” (some Rn)
2. u′(t) velocity at t
3. A “process”: position velocity

Note
Not interested in A ◦ A but still want input and output in
same point of view
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Examples

1. A = 1
4

[
5 3
3 5

]
Particles “flee” the origin, faster along y = −x

2. A =

[
0 −2
−2 0

]
Particles head out along y = x but in along y = −x

3. A =

[
0 1
−1 0

]
Particles rotate around origin.

Conclusion
A problem may have “natural” axes.
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Natural axes

Question
What are the “natural axes” and how do we find them?

Vague Definition

“Natural axes” make the problem simpler.
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Pendula (again!)

y ′′a + αay ′a + βaya = γayb

y ′′b + αby ′b + βbyb = γbya

Reminder
I α: friction
I β: gravity (ish)
I γ: coupling

Recall: substitute z? = y ′? to convert to first order.
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In Code

Model

y ′′ + y = 0 (Pendulum)

Simulation: step-by-step approximation yn = y(t0 + n∆t)

yn 7→ yn+1

Calculus: y(t + ∆t) ' y(t) + ∆ty ′(t) need both y and y ′.
Put zn = y ′(t0 + n∆t) so yn+1 = yn + ∆tzn.
Calculus: y ′(t + ∆t) ' y ′(t) + ∆ty ′′(t)
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In Code

yn+1 = yn + ∆tzn

zn+1 = zn −∆tyn from ODE

In practise, add new variables and work with first order

Real Code
a = f / (M * L);

vN = vC + h*a;

thetaN = thetaC + h*vN;



In Code

yn+1 = yn + ∆tzn

zn+1 = zn −∆tyn from ODE

In practise, add new variables and work with first order

Real Code
a = f / (M * L);

vN = vC + h*a;

thetaN = thetaC + h*vN;



In Code

yn+1 = yn + ∆tzn

zn+1 = zn −∆tyn from ODE

In practise, add new variables and work with first order

Real Code
a = f / (M * L);

vN = vC + h*a;

thetaN = thetaC + h*vN;



Coupled Pendula

First Order 
y ′a
y ′b
z′a
z′b

 =


0 0 1 0
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−βa γa −αa 0
γb −βb 0 −αb
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
ya

yb

za

zb



Experiment suggests u± = ya ± yb and v± = y ′a ± y ′b
u′+
u′
−

v ′+
v ′
−

 =


v+

v−
−4u+ − 5v+

−6u− − 5v−


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Decoupled
[
u′+
v ′+

]
=

[
v+

−4u+ − 5v+

]
=

[
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] [
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Can we do better?
Yes! Put w+ = u+ + v+, x+ = 4u+ + v+, w− = 2u− + v−,
x− = 3u− + v− then w ′+ = −4w+

x ′+ = −x+

w ′
−

= −3w−
x ′
−

= −2x−



Decoupled
[
u′+
v ′+

]
=

[
v+

−4u+ − 5v+

]
=

[
0 1
−4 −5

] [
u+

v+

]
[
u′
−

v ′
−

]
=

[
v−

−6u− − 5v−

]
=

[
0 1
−6 −5

] [
u−
v−

]
Can we do better?

Yes! Put w+ = u+ + v+, x+ = 4u+ + v+, w− = 2u− + v−,
x− = 3u− + v− then w ′+ = −4w+

x ′+ = −x+

w ′
−

= −3w−
x ′
−

= −2x−



Decoupled
[
u′+
v ′+

]
=

[
v+

−4u+ − 5v+

]
=

[
0 1
−4 −5

] [
u+

v+

]
[
u′
−

v ′
−

]
=

[
v−

−6u− − 5v−

]
=

[
0 1
−6 −5

] [
u−
v−

]
Can we do better?
Yes! Put w+ = u+ + v+, x+ = 4u+ + v+, w− = 2u− + v−,
x− = 3u− + v− then w ′+ = −4w+

x ′+ = −x+

w ′
−

= −3w−
x ′
−

= −2x−



Decoupled

w+(t) = e−4t , x+(t) = e−t ,w−(t) = e−3t , x−(t) = e−2t

Remark
Physically bizarre but mathematically very simple

w+ = u+ + v+ = ya + yb + za + zb = ya + yb + y ′a + y ′b

Can reconstruct ya , yb from w±, x±
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From the Matrix

w+
1
6


−1
−1

4
4




0 0 1 0
0 0 0 1
−5 1 −5 0

1 −5 0 −5



−1
−1

4
4

 =


4
4

−16
−16

 = −4


−1
−1

4
4


Eigenvectors!
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Solving ODEs
Solve

u′(t) = Au(t)

Easy Case

A =


−4 0 0 0

0 −1 0 0
0 0 −3 0
0 0 0 −2


Solution

u(t) =


µ1e−4t

µ2e−t

µ3e−2t

µ4e−2t

 =


e−4t 0 0 0

0 e−1t 0 0
0 0 e−3t 0
0 0 0 e−2t



µ1

µ2

µ3

µ4


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Solving ODEs — Using Eigenvectors
Solve

u′(t) = Au(t)

Not So Easy Case

A =
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General Method

To Solve
u′(t) = Au(t)

1. Find vi such that Avi = λivi

2. Solution with u(0) = vi is u(t) = e−λi tvi

3. For general v, try to write as v = µ1v1 + · · ·+ µk vk

then
u(t) = µ1e−λ1tv1 + · · ·+ µk e−λk tvk
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Definition
A matrix is

diagonalisable
if there is a basis of the space

consisting of eigenvectors of the matrix
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,
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Unique up to order and scale
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Question
What’s the long-term prognosis?

Answer

A k u0
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The Power of Diagonalisability

To compute A k u0: easy if A is diagonalisable!

If Av = λv then A k v = λk v so

A k

u0 = µ1v1 + · · ·+ µnvn

Example: Predator–Prey

A k u0 = µ1(0.27)k v1 + µ2(1.33)k v2

Easy to spot general trend.
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Obvious Question

Question
When is a matrix diagonalisable?

Nice Answer
Almost always (over C)

Not So Nice Answer
Even if it is, it’s hard to find the eigenvectors.
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An Abelian Diversion

Finding Eigenvectors
1. Find eigenvalues

by solving characteristic equation

2. Solve (A − λI)v = 0

Fundamental Problem of Algebra

Solving equations is hard!

Okay for 2 × 2 or 3 × 3, impractical for higher.
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More Reasonable

Sensible Question
Do the foxes die out?

Key Point

Don’t actually need to know eigenvalues to solve this!

A k u0 = µ1λ
k
1v1 + µ2λ

k
2v2

if |λi | < 1, yes; otherwise, almost certainly not.
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Enough is Enough

Key Point

Partial information about eigenvalues may be enough to
answer the question

Sensible Question
Were the coupled pendula overdamped or underdamped?

Answer
All eigenvalues real and negative so overdamped.
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Summary

I “Right point of view” is “basis of
eigenvectors”.

I Enough eigenvectors simplifies
problems.

I Finding eigenvectors very difficult, so
in practice partial information or
approximations are used.


