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Key Points

~ Orthogonality separates “interesting”
from “boring” canonically

-~ Split space using projections



Recap

~ Implement angles via dot product

>

n
u'v=uev={(uyv)= Z ny
=1

~ Orthogonal = at right angles

~ Orthogonal complement = all stuff as
far away as possible.



Orthogonality

Definition
The
orthogonal complement

of a subspace V C X"
is the subset V+ C 12" defined by

Vt={ueR":veu=0VYveV}

u, v are
orthogonal
if
Uev=20
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Splitting: The Easy Part

Lemma

1. V* is a subspace
2. ifx=v+uwithv eV andu e V* then this is unique

Proof.

1.ve(u+Aw)=veu+Avew=0+A0=0
2.Vv+u=Vv +U —v-Vv =U-uU
Sov—-veVtandv-v eV
So v — Vv’ is orthogonal to everything in V including
itself!
Thusv—-v =0sov =vandu =u
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Splitting: the Hard Part

Lemma

Every x € 12" can be written as v + u withv € V and
uevt.

Proof.
Postponed. ..
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Back To Matrices ... via Spans

Two Ways to Describe

1. Say what’s there W = Span(wy, ..., w,)
2. Say what isn’t W = Span(wy, ..., wp)*

1. Constructive, but issues with uniqueness
W = everything of form a;w; + aswo + --- + a,w,

2. Gives tests, redundancies not an issue

W = everything satisfying w; e v =0
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Relation to Matrices

Two Interesting Subspaces

1. Actual outputs: ColSpan(A) = Span(ay, ay, ..

2. “Stuff we don’t see”: Null(A) = {x: Ax =0}
(null space of A)

r’ r1Tox
r’ ex
A=|2|, Ax=|?2
-

rex

SoAx=0c=rjex=0, allj

Null(A) = Span(ry, ..., rm)*

.,apn)
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Null(A) ColSpan(A)

Null(A) = Span(r;)*

ColSpan(A)* =?
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Four Interesting Subspaces

1. Actual outputs: ColSpan(A)
2. “Stuff we don’t see”: Null(A)
3. Row Space:
RowSpan(A) = Span(ry,ra,...,rn) = ColSpan(AT)

RowSpan(A) = Null(A)*

4. “Stuff we can’t reach”: ColSpan(A)*

ColSpan(A)* = RowSpan(A™)* = Null(A™)

» Rows of A = Columns of AT
» Columnsof A =Rowsof AT
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Example

123 _
A_l246] A=

1 2
2 4]
3 6
> ColSpan(A) = Span ([3],[3].[5]) = Span([3])
Null(A) = {[¥] : x +2y + 32 = 0,2x + 4y + 62 = 0}
=span([T].[7])
> RowSpan(A)=CoISpan(AT)=Span([ ],[ ])z
soan([ 1)
R NUull(AT) ={[}]: x + 2y = 2x + 4y = 3x + 6y = 0}
= Span ([7])

WN =
=N

e



In Pictures

RowSpan(r)) =
ColSpan(A™ A Null(AT)
P /\‘ -~
» »
Null(A) ColSpan(A) =

RowSpan(AT)



Splittings: How To

Goal

Split x € IR" into Xy + Xy, Xy € V, Xy € V*.



Splittings: How To

Goal

Split x € IR" into Xy + Xy, Xy € V, Xy € V*.

Key ldea
If V.= ColSpan(A) then VT = Null(A+)



Splittings: How To

Goal

Split x € IR" into Xy + Xy, Xy € V, Xy € V*.

Key ldea
If V.= ColSpan(A) then VT = Null(A+)

X = Xy + Xyt



Splittings: How To

Goal

Split x € IR" into Xy + Xy, Xy € V, Xy € V*.

Key ldea
If V.= ColSpan(A) then VT = Null(A+)

ATX = ATXV -+ ATXVT



Splittings: How To

Goal

Split x € IR" into Xy + Xy, Xy € V, Xy € V*.

Key ldea
If V.= ColSpan(A) then VT = Null(A+)

ATXx=ATXxy



Splittings: How To

Goal

Split x € IR" into Xy + Xy, Xy € V, Xy € V*.

Key ldea
If V.= ColSpan(A) then VT = Null(A+)

ATx=ATAy



Splittings: How To

Goal

Split x € IR" into Xy + Xy, Xy € V, Xy € V*.

Key ldea
If V.= ColSpan(A) then VT = Null(A+)

ATx=ATAy

Strategy
Solve ATx = AT Ay (using GE!) and then x,, = Ay.
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Minor Quibbles

1. What if y not unique?

Know that ATAy; = ATAy..

Is this enough to show that Ay; = Ay,?

Yes! Because Null(A™) = ColSpan(A)*.

Ayq — Ayz = A(Y1 — ¥2) € ColSpan(A)

but AT(Ayy; — Ay,) =0so

Ay1 — Ay, € NUull(AT) = ColSpan(A)*

So Ay, — Ay, is orthogonal to itself, hence 0.
2. What about x.?

Xy1r = X — Xy
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Projection

Definition
ForV C R"
the map x — xy is called the

orthgonal projection
of kK" onto V.

Notation: P,
Basic Properties

1. Linear: Py(X 4+ Ay) = Py(x) + APv(y)
2. ldempotent: Py (Py(x)) = Pv(x)

3. “Actual outputs”is V

4. “Stuff ignored” is V+
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An Example

1 2
2 4
3 6

A:

1
V = ColSpan(A) X= H
0
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An Example

1 2 1

A=|2 4 V = ColSpan(A) x=|2

3 6 0
Question

What is the orthogonal projection of x onto V?
5] [14 28
10|~ [28 s6|Y

1
5 1 2 5
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Make A Good Choice

» If A with ColSpan(A) = V is known, use it.

» Otherwise, have freedom to choose “nice” A.
Choose wisely!

From the OMD
“Nice” means “lots of zeros”
But zeros where?

Question: Find xy
Method: Solve ATAy = ATx
by using GE starting with ATA
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Zeros in the Right Place

Nice Matrices
Want zeros in ATA because that’s the input to GE.

n n

(ATA)k = Y (AT)(A)i = Y (A)i(Adx = a » 3

j=1 j=1
Matrix Multiplication and Dot Product

Entries of ATA are dot products of the columns of Al

» ATA square matrix.
» Simplest possible square matrix: /,
» ATAy = A"xreally easy if ATA =[]
1 ifi=k

> ATA:I,,<:> a,'Oak:(S,'j: 0 ifitk
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Orthogonal Bases

Start with V

Find A such that ColSpan(A) =V
Equivalently, find a4, ..., a, such that
Span(ay,...,a,) =V

Best if minimal: want basis

Better yetif ATA = [,: want a; e a; = §;

v

v

v

v

v

Definition
A collection of vectors v4, ...,V is
orthonormal
if they are pairwise orthogonal and unit length:
Ve Vj = 6’/
An

orthonormal basis
for a subspace V is a basis that is orthonormal.
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Example

1/ 1/ 1T 12
L) =12 15[ =1/2
Ll 1 =1 -1
ol [=12] (=12 12

But not [

l and

b

'0.4 [
_0.6 _

0.6
0.4

—-0.6
0.4
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In Use

» if columns of A are orthonormal:
ATx = ATAy has solutiony = ATx
so “interesting” part of x is AATx
AATX = ajajX+--- +apa;X
“interesting” part of x is Y./ ;(x e a;)a;

v

\4

v

v



Summary

~ Orthogonality leads to nice splittings

~ Orthogonality + matrices often
involves transposes

~ Find splittings by using GE to solve
Ax=ATAy

~ Orthogonal bases simplify things
considerably



