
Problems with Powers, pt II

Problems in R

ab

not defined for all a,b ∈ R!
Works for:
I a ∈ (0,∞), b ∈ R
I a ∈ Rr{0}, a ∈ Z
I a ∈ R, a ∈N

But not necessarily unique:

41/2 =

2
−2

So we proceed with caution!



Defining Power

How do we define:
ab?

Lots of ways. . .

One way:
ab B eb ln(a)

Advantages
I Reduces problem to ln and powers of e.
I Shows why ab only defined for a > 0:

ln(a) only defined for a > 0
Strategy
I Define ew for as many w ∈ C as possible
I Define ln(z) for as many z ∈ C as possible
I Define zw B ew ln(z)



Solving f ′ = if

The Double Derivative Trick: If f(t) satisfies f ′ = if then it
also satisfies

f ′′ = if ′ = iif = −f

Solutions:
f(t) = csin(t) + dcos(t)

Key Step: c,d ∈ C!

I f(0) = 1 d = 1
I f ′(0) = if(0) = i c = i

Solution:
f(t) = cos(t) + isin(t)



Pretty Pictures

R

iR

−2 + i
3 + i

1 + i2
+(3 + i)

−

Addition, Subtraction



Not Just Pretty Pictures

z 7→ ez



Summary

I The complex plane let’s us see
what’s happening

I Can use knowledge of 2 to help with
C

I ez makes sense
I ln(z) makes sense — multi-valued!
I z1/n makes sense — multi-valued!
I These have nice geometric pictures.


