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1 Relevance relative to the call for proposals

This project is a Researcher Project based on national and international collaboration of es-
tablished researchers, and having an additional recruitment component in the form of two PhD
fellowships and one PostDoc position.

According to the proposal, the FRIPRO scheme shall promote scientific quality and boldness in
scientific thinking and innovation. The fundamental research problems in the proposed project
are given by foundational issues in statistics, and in particular the long standing problem of
usage of improper priors without a theoretical justification. Further merits of the project are
given by the proposed international collaboration with four well established and world leading
researchers.

2 Aspects relating to the research project

2.1 Background and status of knowledge

2.1.1 Bayesian, fiducial and frequentist statistics

Recent developments of powerful data acquisition technologies has led to a data explosion
which demands a need for efficient methodology and new computing tools for analyzing data
and drawing inference. This has led to an increased importance of statistics in recent decades.

Driven by the increasing demand for statistics, and by an effort of statisticians of multiple
generations, there have been several major ground-breaking advancements in the respective
fields of Bayesian, fiducial and frequentist inferences in recent years. Bayesian computing using
MCMC is now the major computational tool in complex statistical analyses. Furthermore,
there are developed so-called objective Bayesian methods, which are oriented towards the
development of prior distributions that can be used automatically, with solid links to fiducial
and frequentist methods. On the fiducial inference side, there is a surge of renewed interest
and developments; e.g., Fraser’s structural model [11], Dempster-Shafer theory (Dempster [8]),
Hannig’s generalized fiducial inference [13]), and a related approach called inferential models
(Martin and Liu [25]).

Regarding frequentist statistics, there is a current renewed interest in development of confi-
dence distributions, an old concept that has not been fully developed, but with recent advances
(Schweder and Hjort [31], Xie and Singh [39]). Like fiducial distributions, confidence distri-
butions may be seen as frequentist analogues of Bayesian posteriors, and have provided a
platform to associate, compare and combine inferences across the borders of Bayesian, fiducial
and frequentist schools.

Historically, there has been an ongoing controversy between Bayesian and frequentist schools
of inference. In this project it will instead be focused on the possibility of getting the best out
of both paradigms, and also include fiducial inference. The acronym BFF will hence also be
interpreted as “Best Friends Forever”, in accordance with a planned series of BFF workshops
(https://statistics.fas.harvard.edu/bff4).

Still there is a debate among statisticians regarding the use of Bayesian posteriors versus con-
fidence distributions or fiducial distributions. For example, in his discussion of the paper Xie
and Singh [39], C. Robert expresses strong doubts on the use of confidence/fiducial distribu-



Figure 1: Overview of main issues in the project.

tions. Hannig et al.[13] and Taraldsen and Lindqvist [34] on the other hand, finds that methods
based on fiducial distributions turn out to have a good frequentistic performance and suggest
that the fiducial algorithm can be considered as an alternative to the Bayesian algorithm for
construction of good frequentist inference procedures more generally. Efron [10] suggested
that, although being known as “Fisher’s greatest blunder”, fiducial inference may turn out to
be the big hit in the 21th century.

2.1.2 The point of departure of the current project

Figure 1 illustrates the main focus of the current project. Sufficiency, Conditional Monte Carlo
methods, and the combination of these represent the initial results obtained by the key project
researchers (Lindqvist and Taraldsen [21]). In this paper were derived general formulae suitable
for Monte Carlo computation of conditional expectations of functions of a random vector given
a sufficient statistic. The problem of direct sampling from the conditional distribution was
considered in particular. It was shown that the sampling can be done by a simple parameter
adjustment of the original statistical model when the model has a certain pivotal structure, but
that in general a weighted method is needed which involves freely choosing a distribution on the
parameter space. Since this distribution needs not be a probability distribution, this led to the
consideration of improper distributions, and in this connection an interest in Bayesian theory,
where the use of improper prior distributions is common. This motivated the consideration
of a more general theory of probability which includes improper distributions, published in
Taraldsen and Lindqvist [33]. In particular, it was demonstrated how Bayes’ formula can be
justified in an extended probability setting where the axiom of total mass 1 in Kolmogorov’s
axiom is violated.

The above theory is closely related to the approach of Renyi [28], who introduced a general-
ization of the probability space of Kolmogorov motivated by the need to include unbounded
measures, a so-called conditional probability space. This connection is discussed in more detail
in Taraldsen and Lindqvist [36], and motivates and suggests further study of both mathemat-
ical and philosophical aspects.

The study of conditional sampling as part of Lindqvist and Taraldsen [21], led to the connection
to fiducial theory. The initial work in [21] not only motivated the consideration of improper
priors, but also led directly to the concept of a fiducial model. A precise definition is given by
Taraldsen and Lindqvist [34]. It is similar to the concept as used by Hannig et al. [13], and
shares similar ideas with the concept of an inferential model as presented in [25]. A difference
is the reliance on an underlying conditional probability space, and the allowance of extra shape
parameters as in the theory formulated by Fraser [11].

In [34] it is shown that the fiducial distribution in a group model, or more generally a quasigroup
model, determines the optimal equivariant frequentist inference procedures. The proof does



not rely on existence of invariant measures, and generalizes results corresponding to the choice
of the right Haar measure as a Bayesian prior. However, the status of fiducial theory remains
unclear both from a mathematical and a philosophical point of view. The project aims at
further development of both aspects of fiducial theory, see more details later.

Confidence distributions represent one aspect of fiducial arguments, but it might be worthwhile
to consider this as a separate concept (see [39]). The philosophical issues are easier to tackle
in this case since an interpretation can be given in terms similar to frequentistic confidence
intervals. There are, however, many mathematical issues that deserve further study. Tarald-
sen and Lindqvist [37] present a possible definition which seems more amenable to further
generalizations than the definitions used so far in the literature.

2.1.3 Foundations for statistics with improper distributions ([33]) Kolmogorov’s cel-
ebrated axiomatic theory for probability rests on the existence of an underlying probability
space (Ω, E , P ) which is identified with a measurable space equipped with a normalized mea-
sure: P (Ω) = 1.

An important part of the theory before Kolmogorov’s work was the idea that any random
quantity X had associated with it a probability law PX . Kolmogorov included this in the theory
by declaring that the random quantity was identified with a measurable function X : Ω→ ΩX

and the law was defined by PX(A) = P (X ∈ A) = P{ω|X(ω) ∈ A}. Kolmogorov’s axioms can
then be shown to hold also for the sample space (ΩX , EX , PX). With this as a starting point,
the theory of integration and limit theorems had direct application in the theory of probability.

In many applications, including physics and statistics, there is a need for the consideration
of quantities with PX(ΩX) = ∞. This is clearly impossible within the theory of Kolmogorov
and the law PX is hence denoted as improper. Taraldsen and Lindqvist [33, 36] explain that
one possible route for the inclusion of improper laws into statistics is to let the normalization
P (Ω) = 1 be replaced by P (Ω) = ∞. This change has, however, many consequences of both
mathematical and philosophical kind that need further developments and will be addressed in
Project I to be described below. In particular, the connections to related theories presented
by Renyi [27] and Hartigan [14] should be investigated.

2.1.4 The basics of conditional sampling. Taraldsen and Lindqvist [33, 36] provide a
setup that can be a basis for sampling methods that are useful for Bayesian, fiducial and
frequentist statistics. Suppose X,T are ordinary random vectors and we want to sample from
the conditonal distribution X|T = t. The problem is often that using f(x|t) = f(x, t)/f(t)
may not be feasible since (X,T ) does not have a joint density.

Trotter and Tukey [38] solved this by a trick related to importance sampling. A related trick
was suggested by Taraldsen and Lindqvist [35]: Introduce new variables (X∗, T ∗), possibly
improper, so that (X∗|T ∗ = t) ∼ (X|T = t), but (X∗, T ∗) 6∼ (X,T ). This may be done by
letting X∗, T ∗ be given through random quantities U,Θ with X∗ = χ(U,Θ), T ∗ = τ(U,Θ).
Essentially we “fill up” with new dimensions, corresponding to Θ, so that we get an appropriate
joint density of (χ(U,Θ), τ(U,Θ)). A sampling algorithm for (χ(U,Θ)|τ(U,Θ) = t) is given in
[35] and can be applied to a variety of problems as briefly sketched below. The clue is often
to give Θ an improper, σ-finite, distribution:

Conditional sampling given sufficient statistic [21]. Assume that T is sufficient for a param-
eter θ and that X and T under the parameter value θ can be represented as X = χ(U, θ),
T = τ(U, θ), where U has a completely known probability distribution with density f(u) not
depending on θ. Since the conditional distributions (χ(U, θ)|τ(U, θ) = t) do not depend on
θ, the algorithm described above can be used, by giving Θ a suitable (essentially arbitrary)
σ-finite distribution.



Bayesian posterior sampling [35] : In the same setup as above, assume there is given a prior
distribution for θ in the form of a random quantity Θ with a given σ-finite distribution (prior).
Then the posterior distribution given data equals the conditional distribution of Θ given
χ(U,Θ) = t which can be sampled by the general algorithm..

Fiducial sampling [35]: Suppose the equation t = τ(u, θ), called the fiducial equation, is solved
by θ = θ̂(u, t). Then, if U is sampled from the density f(u), the distribution of θ̂(U, t) is
a fiducial distribution, which when θ is one-dimensional coincides with the original fiducial
introduced by Fisher.

2.2 Approaches, hypotheses and choice of method

The project will concentrate on research connected to two main subprojects, named Project I
and Project II, to be further described below. To each project will be connected a PhD
fellowship.

2.2.1 The main projects; topics, methods and challenges

Project I: Theory of improper distributions

The purpose of Project I is to contribute to a mathematically consistent theory of statistics
which includes improper distributions, i.e., positive measures with infinite mass. A sketch
of such a theory is provided by Taraldsen and Lindqvist ([33, 36]). Project I will involve five
defined subtasks to be described below, where the two first concern mathematical/probabilistic
aspects, while the last three concern aspects of practical statistical inference.

I.A. Measure-theoretic treatment of conditional distributions. The main interest in applications
of improper distributions is in terms of conditional distributions, which are proper probability
distributions in this theory. Such a study will follow to a certain extent the standard probability
theoretic approaches, but will be important for further investigations. Problems that should be
addressed are exemplified by conditions for regularity of conditional distributions, conditioning
on sigma-fields, independence, convergence, Markov chains, martingale theory, and finitely
additive measures.

I.B. Topologies of proper and improper measures and their consequences for convergence of
distributions. A major challenge is to develop a mathematically rigorous unified framework
where improper distributions can live side by side with proper ones. This corresponds to
working with a single topolpgy, and then study, in particular, convergence in this topology.
The theory of [33] needs to be extended to such a case, and [36] is a step towards this. The
recent paper Bioche and Druilhet [3] is a relevant point of departure of such a theory. The
authors propose a convergence mode for measures allowing a sequence of probability measures
to have an improper limiting measure and vice versa. The induced topology is similar to the
quotient topology considered in [36]. There are, however, several open problems regarding
topologies and modes of convergence appropriate for different applications.

I.C. Markov Chain Monte Carlo and Gibbs sampling with improper distributions. Hobert and
Casella [15] gave an example showing that the output from Gibbs sampling corresponding to an
improper posterior distribution may still appear perfectly reasonable. Their advice is thus that
before implementing a Gibbs chain one should check that the posterior is proper. Gelfand and
Sahu [12] consider similar problems with Gibbs sampling, focusing on parameter identifiability
and posterior propriety, e.g., for GLMs. This suggests a formal theory for Markov Chains and
in turn for Markov Chain Monte Carlo (MCMC) and Gibbs sampling which involves improper
distributions. A useful point of departure here will be Hobert and Casella [16].

I.D. Marginalization paradoxes. These originate from the paper by Stone and David [32] and



have been discussed by several authors since then (e.g., Jaynes [17], Akaike [1], Chang and
Pollard [6], Taraldsen and Lindqvist [33]). A marginalization paradox involves a disagreement
between two Bayesians who use two different procedures for calculating a posterior in the
presence of an improper prior. The references [6] and [33] agree that the problem is the
conditioning on variables that do not have a well-defined marginal. Akaike [1] has a slightly
different approach, showing that a marginalization paradox is caused by the data dependent
characteristic of an improper prior distribution when viewed as the limit of some proper prior
distributions. The latter view deserves further investigation in connection with the convergence
issues mentioned above.

I.E. Improper distributions as likelihood functions, e.g., Intrinsic Conditional Autoregressive
(ICAR) Models . ICAR models are widely used in spatial statistics and dynamic linear models.
These models are improper versions of conditional autoregressive models. Important special
cases are Gaussian Markov Random Fields (GMRF) and the intrinsic (improper) versions
denoted IGMRF, see Rue and Held [29]. As discussed by Lavine and Hodges [19], the fact that
the intrinsic models correspond to improper distributions, implies that care should be taken
in their use and interpretation. With this as a point of departure, the current subproject will
look more generally into improper spatial models with special emphasis on their validity in
statistical inference.

Project II: Conditional sampling, with applications to Bayesian, fiducial and con-
ditional sampling given sufficient statistics

The ultimate purpose of Project II is to develop practical computational algorithms for deriva-
tion of distribution estimators by Monte Carlo simulation. A main idea is the development of
a basis for “exact” statistical (frequentistic) inference. This involves in particular the study of
confidence distributions, but also conditional Monte Carlo sampling given sufficient statistics.
The power of the latter topic appears to be too little exploited so far, and is an interesting
challenge for the current project. Another challenge regards the possible establishment of a
consistent theory of fiducial statistics, and in particular its connection to the concept of confi-
dence distributions and Bayesian statistics. Presently, there are many different ways of defining
these concepts.

Project II consists of the following subtasks:

II.A. Confidence distributions. The concept of a confidence distribution is not new. It consists
essentially of the consideration of a specific collection of confidence procedures for all levels of
confidence (Cox [7, p. 66]). The interpretation of a confidence distribution in the frequentist
sense is far less controversial than the interpretation of a fiducial distribution. The recent
monograph Schweder and Hjort [31] is an excellent introduction to the field, see also [39]. Still
there is a need for more general theory development for confidence distributions, for example
in situations with nuisance parameters and in high dimensions. Such an approach may be in
the direction of the papers by Bølviken and Skovlund [4] and of Lilleg̊ard and Engen [20]. In
particular, we will consider situations where there is no pivot available. We aim at considering
more general cases, thereby creating exact inference procedures for new situations.

II.B. Fiducial and Bayesian sampling. While it is known that the fiducial coincides with the
posterior in a group model equipped with the right Haar prior, the approach of [35] shows that
this is not a necessary condition. In order to make this rigorous, the underlying probability
space is replaced by a σ-finite measure space and fiducial theory is then presented within this
framework. In the present project we will in particular look for, and compare, alternative
simulation algorithms for Bayesian posteriors and fiducial distributions.

II.C. Fusion learning. Professor Regina Liu, who is one of the international collaborators,



has recently introduced the notion of “fusion learning” as a more informative name than the
well-known “meta-analysis”. The idea is that learning from multiple studies can often be fused
together to yield a more effective overall inference than individual studies alone. A challenge
of the present project is to put this into the new framework of improper distributions.

II.D. Conditional sampling given sufficient statistics. Exact inference in complex models is
often possible by using sufficiency, see [21]. This subproject concerns efficient conditional simu-
lation for particular parametric models with non-trivial conditional distributions (e.g., gamma
distribution, inverse Gaussian distribution, progressively censored exponential distribution).
An important application is to goodness-of-fit testing, see, e.g., Lindqvist and Taraldsen [22]
who apply the theory of [21] in reliability engineering. In general, particular interest will be
in multivariate models, including the multivariate normal. A related approach has been con-
sidered by Langsrud [18]. The present project will also consider regression models including
generalized linear models (GLM). A classical example of exact inference in GLMs is the paper
[26] on exact logistic regression.

An important task is the development of efficient simulation methods. While [21] is concerned
with the development of theoretical formulas, in general for a weighted sampling, the simulation
itself can be a challenging task. It is believed that the use of MCMC and Gibbs methods may
speed up simulation while still relying on the results in [21]. Related references here are
Lockhart et al. [24] and Diaconis and Sturmfels [9].

2.2.2 The PhD and PostDoc projects

PhD I: Will work on Project I, with main emphasis on either tasks I.A-I.B (mathematical) or
I.C-I.E (statistical).

PhD II: Will work on Project II, with main emphasis on either tasks II.A-II.C (parameter
distributions) or II.D (goodness-of-fit and exact inference). The distinction between the two
directions is here, however, somewhat vague. It is expected that this project will lead to
publicly available R-packages.

PostDoc: Will work closely with the key project researchers and collaborators on theoretical
aspects of the project.

2.2.3 Originality and how the project differs from other research

The project aims at developing new and innovative ideas and methods for statistical inference.
A particular aim is in mathematical foundations and mathematical rigor. Next, the project
aims at showing how this rigor is needed, and how it can be implemented and utilized in
statistical methods based on frequentistic as well as Bayesian and fiducial paradigms.

Some of this research is closely related to work by others on confidence distributions (Schweder
and Hjort [30, 31], Xie and Singh [39]) and generalized fiducial inference (Hannig [13]). The
present project, however, treats these topics from a different angle which leads to a comple-
mentation rather than copied theories. Again, our strict adherence to the proper mathematical
treatment of improper distributions, and our original way of simulation, makes the approaches
different.

A related project, currently funded by the Research Council of Norway, is “Focus Driven Sta-
tistical Inference with Complex Data (FocuStat)” led by Professor Nils Lid Hjort at University
of Oslo. The topic of confidence distributions is part of this project, but has also an empha-
sis on model selection and model averaging in parametric, semiparametric and nonparametric
modelling, which is not part of the present project proposal.



3 The project plan, project management, organisation and coopera-
tion

3.1 How the project will be carried out

The key project researchers will be the project manager, Professor Bo Henry Lindqvist, and
Associate Professor Gunnar Taraldsen at Dep. of Mathematical Sciences, NTNU. Their con-
tributions to the area are documented in the present project plan. The project will also involve
four international experts, to be presented below. Nationally, there will be close contact with
the NFR project “FocuStat” at University of Oslo menitoned above. There are also close
connections to work by the group on Bayesian computing at NTNU which was established by
H̊avard Rue.

The project involves two PhD fellowships, which will be connected to Department of Mathe-
matical Sciences, NTNU, with the project manager being the main supervisor while Gunnar
Taraldsen will serve as the co-supervisor. The PhDs will also work closely with the PostDoc
of the project, and with a department-funded PhD-student who will start in fall 2017.

The project will involve two annual visits by the international experts, scheduled for spring
2019 and spring 2020. At the end of the project period, in spring 2021, will be organized a
workshop/conference in the series of BFF conferences.

Further details on the main activities and milestones in the project are given in the grant
application form.

3.2 National and international collaboration and network-building

An important effect of the planned project is to develop national research expertise within
probability and theoretical statistics. The project can hence be seen as a part of a long-term
investment which is necessary if Norway is to be included in international research activities
in mathematical statistics also in the future (see Section 4.1).

The national research expertise is well represented in the project proposal by the key researchers
and of the other members of the Department of Mathematical Sciences at NTNU, see below.
As already mentioned, the research group led by Professor Nils Lid Hjort at University of Oslo
has a natural link to the present project, via their work on confidence distributions.

International research expertise will be represented in the project by four outstanding re-
searchers, all from USA, who have expressed their interest and support to the project:

• James O. Berger, Professor of Statistics, Duke University (berger@stat.duke.edu). Berger
has received numerous awards for his work: Guggenheim Fellowship, the COPSS Pres-
idents’ Award and the R. A. Fisher Lectureship. He is a world leading expert on the
decision theoretic bases of Bayesian inference [2].

• Jan Hannig, Professor of Statistics, Department of Statistics and Operations Research,
The University of North Carolina at Chapel Hill (jan.hannig@unc.edu). Hannig is the
leading expert on the concept Generalized Fiducial Inference [13].

• Regina Y. Liu, Distinguished Professor and Chair of Department of Statistics and Bio-
statistics Rutgers (rliu@stat.rutgers.edu). Liu is Theory and Methods Co-Editor-Elect
in the leading statistical journal (Journal of the American Statistical Association), and
has particularly worked on bootstrap and confidence distributions and their combination
in so-called fusion learning, as well as in large applied projects [23].



• Min-ge Xie, Distinguished Professor of Statistics and Director of Rutgers Office of Sta-
tistical Consulting, Rutgers University (mxie@stat.rutgers.edu). Xie has done important
work on distribution estimators, particularly confidence distributions [39].

The key researchers recently gave an invited talk at the Harvard BFF4 Workshop, and this
lead to interesting ongoing e-mail discussions with other speakers, Teddy Seidenfeld (Carnegie
Mellon University), Glenn Shafer (Rutgers Business School, Dempster-Shafer calculus), Daniel
Roy (University of Toronto, Foundations of statistics), and Ryan Martin (North Carolina State
University, inferential models), who all expressed their interest and support to the project. This
also applies to Professor Pierre Druilhet (Université Clermont Auvergne, France, Bayesian
statistics).

The union of the expertise of the involved participants certainly represents a considerable
knowledge capital, and their contributions will be essential for the possibility of building further
international network activity within mathematical statistics.

3.2.1 Expertise, infrastructure and other resources from the applicant institution

The group of statistics at the Department of Mathematical Sciences, NTNU, has recently been
given the top grade by NFR’s international research evaluation (see Section 4.1). The group’s
research covers a fairly broad spectrum of activities, ranging from population dynamics and
industrial statistics to computational and theoretical statistics. The group of Bayesian com-
putation established by Professor H̊avard Rue, is world leading in its field, and is furthermore
linked to the computational part of the present project via Bayesian sampling and use of
improper priors.

The group of statistics at NTNU has currently 15 permanent full positions, 1 temporary full
position, 3 adjoint positions (20%), 14 PhD-students and 2 post-docs. The PhD-positions
which are part of the present project proposal will during the project period have a 100%
appointment at the Department of Mathematical Sciences. The department has its own PhD-
program, with statistics being one major subtopic. The courses at PhD-level needed for the
obligatory course part of the PhD-study are provided on regular basis. The PhD-students
of the current proposal will be part of an advanced professional environment of employees as
described above, where both teaching and research are highly rated. The group of statistics
also has a regular seminar, and the project will contribute to this.

3.3 Budget

Budget information is included in the grant application form.

4 Key perspectives and compliance with strategic documents

4.1 Compliance with strategic documents

The research in mathematics at Norwegian universities has recently been evaluated ([5]). De-
partment of Mathematical Sciences at NTNU, and the statistics group in particular, was given
the highest possible score in this report. The report [5, p. 19] includes the observation that it
seems important also to support research in fundamental theoretical statistics. The Committee
advises departments and research councils to consider strengthening research in probability,
both as a foundation for statistics and stochastic analysis, and because of its general mathe-
matical interest. This project will contribute substantially to theoretical statistics, also in the
form of researcher training and education in the form of two PhD positions.

The strategy of NTNU is to become an outstanding university, by international standards, by
having world-class academic environments as well as seeking collaboration with other leading



knowledge communities in the world. The current project, based in the statistcs group at
NTNU, will contribute to this goal.

4.2 Relevance to society

Mathematics is an important part of human culture, and this project aims at further develop-
ment of this treasure for our society. Statistics represents a science which relies on mathematics,
and with considerable importance in the modeling of real world problems of relevance to the
general society.

4.3 Environmental perspectives

Statistics provides the language for much of the current discussion regarding the global cli-
mate status. It is important to have a precise language to avoid spurious conclusions, and to
substantiate the core of the problem.

4.4 Ethical aspects

There are no major negative ethical issues relating to the proposed research activities.

4.5 Gender issues

The PhD positions adheres to the Norwegian Governments policy of balanced ethnicity, age and
gender. Persons with immigrant background will be encouraged to apply. NTNU’s objective
is to increase the number of females in scientific positions. Female applicants will therefore be
encouraged to apply.

5 Dissemination and communication of results

5.1 Communication with users

Research findings will be communicated in recognised scientific journals and international
conferences and workshops.

5.2 Dissemination plan

See grant application form.
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