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0 . Overview of talk

mutation : M-M

{ X. to Xzot . . Xn→ Y
, Otho . . .to/n

✓

tors - A = { torsion classes in mod A3
1ET ⇒ UET

Aim : Hasse Hors -A) - vertices = too-A
- arrows = minimal

inclusions

knowin : Hasse (ff - has - A) E Hassectors -A)
"controlled " by mutation of 2- them

sitting complexes P in kblproj A)

+ od£n*p,



T=genHTP) 2 genHTmCPD
4 minimal

today : Hassel tes - A) " controlled
"

by
mutation of 2- term oosiltmg complexed
in

k%wsAhmoudfg§modA
T=

to

Hold
1- =

↳ HYC) I
↳
HTMKD

←
minimal inclusion



⑦ Introduction Fix a field 1k .

• Fix a finite -dimensional K- algebra A

tors - A = {torsion classes in modA3 , UET ⇒
UET

Definition : Let A be an abelian category .

A pair of full subcategories IT
,
F)

is called a torsion pair it

(1) HOMA IT , F) = 0 ATE T
,
FEF

(2) V-XEAJ-s.es . o→tlX) →X→XH×) →0
A

T
A

torsion class→ → F

torsion - free class

• Hassectors - A) = quiver with vertices -_ tors - A

arrows = minimal inclusions



Examples : ①
Hasseffors - A) :

. modA

A=kk¥%cy
,
yay ./↳

.

I 1
• •

↳
.
1103

② A = IK11 2) ,
IK7E

Hasse#B- A)
:modA •

→
.

I
•1. "
÷:*:c:|•←•i.I

↳ Go}



Definitions : ① Tetons - A is called fundorially
finite if HE mod A 3-a night

and a left T - approximation
XEMODA

T → X X↳ Te ET

⇒
'¥1 *

• ff - tors- A = { fundorially finite torsion classes }

② PE kblproj A) is called a sitting complex if

Homkbcpnja, CP , PCD)
- O t 0 and thick = Kbfpnj A)

• 2- silt -A { basic 2 - term sitting complexes}

Definition /proposition Mihara- Iyama 20123

Let F- XOTQ be a sitting complex with Xindewmp .

Consider the triangle
y- outs × → YG3

with f a right caddQ) - approximation of X . Then

µ
-

CP7-7QQ is a sitting complex called an
irreducible right mutation of P writ . add IQ7

'



• Q12 -silt - A) quiver with vertices = 2-silt - A

and arrows = irreducible right mutation

Theorem [Adachi - Iyama - Aiden 20143 :

There is an isomorphism of P0 sets :

Hasse ( ff - toB- A) QI 2- silt - A)

gen HTP)
- p

{Xfm daft Hip)n→X3

mind:"
T =

gun HYP) 2 gen Holm D)
←
minimal inclusion .



② Gatting mutation is
I.

Definition : A complex C E Kbanj A) is called

•sitting if Homx CCI, CfiD= O ti > offsets I
-product ofand thick ( prod C) = kbllnj A) . copies of C

t
all ⑦ ands of products

indexed by I

of copies of C

• C~D.pt Prod C = ProdD

• 2- Gsiht A ÷ 92- term •sitting complexes3h

-heorem✓ [Wei -Zhang 2016
, Crawley - Bovey 19943

There is a bijection
tors A 2- Cos.tt A
↳
H4C)- C
Ii

{ XE modAIHOMACX , Hold)= 03 Kbllnj A)
11

Definition FALSV) : Let CEK be a

•sitting complex and EE Podc closed

under products .



If 7Etc a minimal right E- approx

of C , then

G-→ E -4C → G-f)

yields a •sitting complex rice) G0E

called the right mutation of court E

• Question : what is irreducible mutation ?

For any indecomposabk X such that

C = XTOQ
, we can consider E.= Prod QEPODC

• Problem : Does there exist a minimal right
④rodQ) - approximation of C ?

In general , the answer is re , but we

will be more precise about which sets

{ yield mutations in the next section
.



Example : A = IK11 2) ,
lK=K

Moda •

,J
•

↳
•1. ÷

,:*:*
\ •

←
•

i.I
V. Go}

a-Phifer a-

adyic
¥'e PCIPHIKD uns c egsa% SID

peg
'

= SHAQ

⇒ Mind (c) ~ Q ④ Sofa

Indlpnd C) =fsxCoJkES3U ftp.CSYUSG3

lndlprodm-KD-ssafdlaeskrtsvsspf.is/pe8u1o33UfG3



③ Irreducible costing mutation

Let D1A) ÷ DIMODA) unbounded derived cat .
of Mod A

• sitting and costing complexes
↳ t - structure in DLA)

( ie .
torsion pair E- this in D1A) with

UCIIEU)
↳ Heart At :=mUfD is abelian and
7 function Hf :DA)→At cohomologi.cat .

Examples : ① ModAEDIA) in degree zero
Ho : DLA)→ MODA tooth cohomology

② P sitting complex in Kblproj A) ED1A)

Hp : = Pt⇒ = { XEDIA) I Hom a) CP,XfiD=0 Tito}
Denote Hop : D1A) → ftp.

Note : Hp Mod- B
,
B- Endo ,a) IP) f- d. ahg

Hop : Addis ⇒ Add Hop = Pnjttp .



③ C •sitting in Kbllnj A) CD1A)
He :=
'⇒

C = {XEDIA) ) Hom
,#
IX
,
CH1-0TH03

Denote HL : D1A)→ He .

Note : HL : Pndc→ Prod HEK) = Inj He

Hc Grothendieck abelian .

④ Let Ht be the heart of a t
-structure

,

t= IT
, F) a torsion pair in At

Ht ÷ 9 XEDIAII HIM EF, Ht HIET , HE ¥ , ,o}
HRS - tilt of Ht wrt t .

Chappel- Reiter- small



Theorem [ Koenig-Yang 2013) : F- QOTXEKYPNJA)
→ HF1X) Eproj Hip indewmp .

sitting , Xindewmp .

Let s = top Hoplx) and let

t ÷ Fcs to)
,
s
to)= Fitts ,

f) in Hp

Then

sitting → HMP)
= Ht

c- HRS -tilt

theorem LALSVJ : Let C
,
DE Kbllnj A) be

•sitting complexes . TFAE :

① D~µIK) wrt some Ee Rode

② HD = At where t= LT, F) is some

hereditary torsion pair oftinitgtypein
He .

u

F closed underTalked under a tiny



Examine : Let cekbllnj A) be a •sitting
complex and suppose SE He is a

finitely presented simple object . Then

t := ( Fitts
,
Sto) is a hereditary torsion

pair of finite type in He → 7 mutation

M5K) .

Definition :(today) : Cekbllnj A) , Sfp

simple in Hc . We will call list) an

irreducible right mutation of C.

• Ql2- Cos ill-A) := quiver
vertices : 2- Cosiht A
'

arrows : irreducible

right mutation

Them LALSV) : 7 isomorphism of poets :

Hasse ( too - A) QI 2- Cosiht A)
↳
H4C) c- C



ftp.omog.no#.m:::.F=CogenHYD
A mod A

T =

''
HTC) 2

to
HTMJCC))

← minimal inclusion .


