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The basics of Fock spaces

Let u¢, t > 0, be the family of Gaussian measures on C":

1 22
(Wt)”e t dz.

due(z) =

For p € (1,00) set

LIf:J = Lp((cnnUQt/p)'
The Fock spaces are defined as Ff := L? N Hol(C"), that is f € Hol(C") is
in FP iff

2
Ll

fe”2c € LP(C").



Fock spaces: The standard reference

The standard reference on Fock

spaces (and operator theory on them) is:
Kehe Zhu: Analysis

on Fock spaces, 2012, Springer Verlag.
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The basics of Fock spaces

e FF is a closed subspace of L
~~ Consequence of Cauchy's integral formula
~» Cauchy's integral formula actually gives a stronger implication,
which we defer for a moment.

e F2 is a Hilbert space with the inner product

(f,g)t= - f(z)g(z) dut(z).

e (FF) = F] under the above inner product (with equivalent norms),
where % + % =1.
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The standard basis

For a € Nj set

1
el(z) = z% zeC"
(2) Valtlel
Then, {el; o € NJ} is a Schauder basis for Ff, being orthonormal in F2.
In particular, P[z1, ..., zm] is dense in FP.
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Let f € Hol(C") and r > 0. Then, Cauchy's integral formula yields

1 n
f(z) = ) /P(Z,r) f(w) dw, everyze C".
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The reproducing kernel structure

Let f € Hol(C") and r > 0. Then, Cauchy's integral formula yields

1 n
f(z) = ) /P(Z,r) f(w) dw, everyze C".

Here, P(z,r) := D(z,r) x --- x D(z,r) is the polydisc. Thus,

@ 5 [ 1w dw
P(z,r)
W2
s/ F(w)le™ 5 dw
P(z,r)

olwl? 1/p w2 1/q
[f(w)[Pe™ 2 dw e 2 dw
cn P(z,r)

S flle

IN



The reproducing kernel structure

This shows that point evaluation are continuous linear functionals on Ff.
In particular, F2 is a reproducing kernel Hilbert space:



The reproducing kernel structure

This shows that point evaluation are continuous linear functionals on Ff.

In particular, F? is a reproducing kernel Hilbert space: By Riesz’
representation theorem, there exist K € F2 such that

f(z) = (f,K!);, zeC"



The reproducing kernel structure

This shows that point evaluation are continuous linear functionals on Ff.

In particular, F? is a reproducing kernel Hilbert space: By Riesz’
representation theorem, there exist K € F2 such that

f(z) = (f,KL):, zeC"
One can show that the reproducing kernel functions K! are given by

Ki(w) = e .



The reproducing kernel structure

This shows that point evaluation are continuous linear functionals on Ff.
In particular, F? is a reproducing kernel Hilbert space: By Riesz’
representation theorem, there exist K € F2 such that

f(z) = (f,KL):, zeC"
One can show that the reproducing kernel functions K! are given by
Ki(w) = e .
Explicit computations show that K! € FF for any p. In particular,
f(z) = {f. K2)e

extends to any f € Ff.
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The reproducing kernel structure

A neat thing to know is the following: Every A € £(FF) is actually an
integral operator:

Af(z) = (Af, KL= (f,A'KL),

_ /@ F(w)A KE(w) dye(w)
= /n F(w)(A*KE KL) e dpe(w)
_ / FW)(AKS, KE)e dpe(w).

This will turn out useful later!
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Intermezzo: The Bargmann transform

The Bargmann transform is the isometric isomorphism B; : L2(R") — F?2

given by
2 n/4 X-Z XX zZ-Z
Bif(z) = (ﬂ't) /n f(x)ec® ~ ¢ ¢ dx.

The inverse can be explicitly written as

2 n/4 XZ__XX__ZZ
60— (2) [ 6@ F dua)

How do the F? spaces transform under B;1?

Theorem (Bargmann, Feichtinger, Grochenig, Toft)

B; ! is an isometric isomorphism from FP to the modulation space MPP. J
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Operators on Fock spaces

The orthogonal projection P; : L2 — F2 is given by

P:f(z) = )t = (f, P:KL):

(P,
(f,
/ * dpue(w).

Theorem

P:, considered as the above integral operator, gives a bounded projection
from L} onto Ff.
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Operators on Fock spaces
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Operators on Fock spaces

For appropriate f : C" — C, say f € L>(C"), the Toeplitz operator
T} € L(FY) is given by

Tig = Pi(fg).
We will also encounter the Berezin transform: For A € L(Ff), set
A(z) = (AkL, )+

Here, k; is the normalized reproducing kernel:

KI(w) wz_ 2l

W)= Jhar =0

A A is injective!
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The Weyl operators W} (z € C") are given by
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Operators on Fock spaces

The Weyl operators W} (z € C") are given by

W;g(w) = kx(w)g(w — 2).
They are isometric on Ff and satisfy (W})* = W?, and

_ilm(z-w)
WEWE = e "5

z+w:*

Finally, we will encounter the parity operator Uf(z) = f(—z).

12



The group actions

On the classical side, QHA in the Fock space picture works completely
analogous on L(C") = L}(R?") and L>®(C") = L>(R?"), respectively.
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The group actions

On the classical side, QHA in the Fock space picture works completely
analogous on L(C") = L}(R?") and L>®(C") = L>(R?"), respectively.
On the “quantum side”, we will use the group action of C" on L(F}) by

az(A) = WIAWE .
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fi € F, gj € F{ such that
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Nuclear operators

An operator A € L(FF) is called nuclear, write A € N'(FF), if there are
fi € Ff, gj € F{ such that

o0
> lfillerligilles < o (1)

Jj=1
and

Zth 2)

N(FF) is a normed ideal in £L(FF) under the norm
[Ally = inf{(1); f;, g satisfy (2)}.
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Nuclear operators

An operator A € L(FF) is called nuclear, write A € N'(FF), if there are
fi € Ff, gj € F{ such that

o0
> lfillerligilles < o (1)

Jj=1
and

=3 _(h.g)ef; @

N(FF) is a normed ideal in £L(FF) under the norm

[Ally = inf{(1); f;, g satisfy (2)}.
N(FF) comes with the nuclear trace:

tr(A) = 3 (f, ).

14
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already know: For f, g € L}(C") and A, B € N(F}) we set

Fra(e) = [ fwalz—w) dw,

FrA — /f(w)aW(A) dw,
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|
QHA on the Fock space

The standard operations of QHA are now defined similarly to what we
already know: For f, g € L}(C") and A, B € N(F}) we set

Fra(e) = [ fwalz—w) dw,

fxA = / f(w)ayw(A) dw,
Axf = fxA,
AxB(z) = tr(AWfUBUW?!)).

15
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QHA on the Fock space

On this level, all the properties of QHA we have encountered in the
Schrodinger picture carry over. Almost all properties follow the same
proof. One notable exception: The properties of A x B,

[Ax B[ < (mt)"[|Allw ]| B,
/ A B(2) dz = (nt)"tr(A)tr(B),

need a new proof (unless p = 2, then the same proof can be utilized).
Idea: Verify the identity by direct computations for A= f ® g1 and

B =f ® go, where f;,gj € P|z1,...,zn]. This is done by somewhat
lengthy computations involving the reproducing kernel structure. Then,
use that finite rank operators are dense in N'(F}) and polynomials are
dense in Ff.

16



]
QHA on the Fock space

Since F} is reflexive, we can identify N (F) = L(FF) under the trace
duality:

17



|
QHA on the Fock space

Since F} is reflexive, we can identify N (F) = L(FF) under the trace
duality: Given A € L(FP),

B tr(AB)

is a bounded linear functional on N'(Ff), and this is all of N(FF)'.

17



|
QHA on the Fock space

Since F} is reflexive, we can identify N (F) = L(FF) under the trace
duality: Given A € L(FP),

B tr(AB)

is a bounded linear functional on N'(Ff), and this is all of N(FF)'.
In particular, we can continue the convolution operators of QHA to one
factor being in L>°(C") or L(FF) by the same duality arguments.
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As in the Schrodinger picture, we consider the strongly continuous
elements of the group actions:
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QHA on the Fock space

As in the Schrodinger picture, we consider the strongly continuous
elements of the group actions:

Co:={f e L™®(C"); z+— ay(f)is || - [[so-cont.}
= BUC(C")
CPti={Ac L(FP);z+ az(A)is | - ||op-cont.}
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Correspondence Theory

Let Dy C L°(C") and Dy C L(FF) be a-invariant. (Do, D;) is said to be
a pair of Corresponding Spaces if:

N(FP)*Do € D1, N(FF)* D1 C D.

Besides some general properties of such pairs, R. F. Werner proved that
there is a 1:1 correspondence between certain spaces on the classical and
operator side in the above sense. For this, recall that A € N'(Ff) is called
a regular operator if span{a;(A); z € C"} is dense in N(FF).
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The Correspondence Theorem

Theorem (R.F. Werner, 1984)

e If Dy C BUC(C") is a closed and a-invariant subspace, then there is
exactly one closed, a-invariant subspace D1 C Cf’t such that Dy and
D1 are corresponding spaces.

e IfD; C Cf’t is a closed and «a-invariant subspace, then there is
exactly one closed, a-invariant subspace Dy C BUC(C") such that Dy
and D; are corresponding spaces.

o Let A be a regular operator. Then, the corresponding spaces above
are given by

D1:A*Do, D():A*Dl

o Let A be a regular operator, Dy, D1 as above and f € BUC(C"),
B e Cf’t. Then, we have:

feDye AxfeDy, BeDi< BsxAcTD,.
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(1®1)*f = (nt)"T}.
In particular, Tf € CP'*! Further, for A € L(Ff):
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Since the Berezin transform
L(F{) — L=(C")
A A=(181)A

is injective,
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|
Toeplitz operators and QHA

The connection between Toeplitz operators and QHA is now given as
follows: For f € L>(C") it is:

(1®1)*f = (nt)"T}.
In particular, Tf € CP'*! Further, for A € L(Ff):
(101)xA=A.
Since the Berezin transform
L(FE) — L=(C7)
A A=(181)A
is injective, its pre-dual
LY(C") = N(FP)
fo(1®1l)xf

has dense range.

21
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It is not hard to see that
{@®1)xf, f € [H(CM} cspan{a,(1®1); z€ C"}.
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the Correspondence Theorem:

Theorem (Correspondence Theorem - Toeplitz operator version)
Let A € CP" and Dy C BUC(C") an a-invariant and closed subspace.
Then,

Ac TP (Do) & A€ Dy.

Here, we used the notation

TP (Do) := {T}t € L(FF); f € Do}

lin
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Toeplitz operators and QHA

It is not hard to see that
{@®1)xf, f € [H(CM} cspan{a,(1®1); z€ C"}.

Hence, the operator 1 ® 1 is regular. This shows the Toeplitz version of
the Correspondence Theorem:

Theorem (Correspondence Theorem - Toeplitz operator version)
Let A € CP" and Dy C BUC(C") an a-invariant and closed subspace.
Then,

Ac TP (Do) & A€ Dy.

Here, we used the notation

TP (Do) := {T}t € L(FF); f € Do}

lin

Let us give some simple applications of QHA to the theory of Toeplitz

operators!
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Toeplitz operators and QHA

We set TPt :=Alg{ T} € L(F]); f € L>(C")} c Pt
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Toeplitz operators and QHA

We set TPt .= Alg{ T} € L(FF); f € L>(C")} c cPt.

Theorem (J. Xia '15, RF '20)
It is

TPt = T (BUC(C")).

lin
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Toeplitz operators and QHA

We set TPt .= Alg{ T} € L(FF); f € L>(C")} c cPt.
Theorem (J. Xia '15, RF '20)
It is

TPt = TR (BUC(CM).

lin

Proof.

Let Ac TPt Then, A= (1®1) %A e BUC(C"), hence
A € TPHBUC(CM).
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|
Toeplitz operators and QHA

We set TPt :=Alg{ T} € L(F}); f € L>(C")} c cP*.
Theorem (J. Xia '15, RF '20)

It is
TP = THH(BUC(CM). )
Proof.
Let A€ TPt Then, A= (1®1)*A e BUC(C"), hence
A e TPHBUC(C™). O

The initial proof by Xia only worked for p = 2 and filled a somewhat
lengthy, very technical paper?

1J. Xia: Localization and the Toeplitz algebra on the Bergman space, 2015, J. Funct. Anal. 269:781-814
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Note that the previous result implies that 7Pt = Cf’t!
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Toeplitz operators and QHA

Note that the previous result implies that 7Pt = Cf’t!

Theorem (W. Bauer, J. Isralowitz '12)
Let A€ L(FF). Then,

AecK(FP) < Ae TPt and A e G(C").
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Proof.
QHA shows that T} € K(Ff) whenever f € C(C).
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Proof.

QHA shows that T} € K(Ff) whenever f € C.(C"). Hence, we obtain
T (Go(C™) € K(FP).

lin

Further, A € Co(C") whenever A € K(FF): This is because k! 5 0 as
|z| — oo. Since K(FF) C CP*, we obtain that

K(FP) = Ti (Go(C™).

Now, apply the Correspondence Theorem to finish the proof. O

Note that this argument involving the Correspondence Theorem is also
significantly shorter than the original proof?

2w, Bauer, J. Isralowitz: Compactness characterization of operators in the Toeplitz algebra of the Fock space Flg, 2012, J.
Funct. Anal. 263:1323-1355
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QHA and Toeplitz operators

There are several other things QHA can contribute to the theory of

Toeplitz operators. Now we want to ask: What can Toeplitz operators
provide to the theory of QHA?
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then:
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Werner's original paper contains a long list off properties that are
“correspondence invariant”. Nevertheless, he struggled with one particular
property:
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QHA and Toeplitz operators

There are several other things QHA can contribute to the theory of
Toeplitz operators. Now we want to ask: What can Toeplitz operators
provide to the theory of QHA?

There are several simple properties that “go through the correspondence”:
If Dy € BUC(C"), Dy C CP* closed, a-invariant corresponding spaces,
then:
@ Dg is U-invariant iff Dy is U-invariant;
e Dy is self-adjoint iff Dy is self-adjoint (p = 2);
@ Dy contains 1 iff Dy contains 1;
° ...
Werner's original paper contains a long list off properties that are
“correspondence invariant”. Nevertheless, he struggled with one particular
property:
It would be particularly interesting with what qualifications (if any)
“a C*-algebra” can be added to the above list.
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QHA and Toeplitz operators

Theorem (RF '20, S. Wu - X. Zhao '21)

Let Dy C BUC(C") be closed and a-invariant. Then, the following are
equivalent:

27




|
QHA and Toeplitz operators

Theorem (RF '20, S. Wu - X. Zhao '21)

Let Dy C BUC(C") be closed and a-invariant. Then, the following are
equivalent:

@ Dy is a Banach algebra;

27




|
QHA and Toeplitz operators

Theorem (RF 20, S. Wu - X. Zhao '21)

Let Dy C BUC(C") be closed and a-invariant. Then, the following are
equivalent:

@ Dy is a Banach algebra;

o T2"(Do) is a Banach algebra for all p and all t > 0;

27




|
QHA and Toeplitz operators

Theorem (RF 20, S. Wu - X. Zhao '21)

Let Dy C BUC(C") be closed and a-invariant. Then, the following are
equivalent:

@ Dy is a Banach algebra;
o T2"(Do) is a Banach algebra for all p and all t > 0;

° ,izn’t(Do) is a Banach algebra for all t > 0.

27




QHA and Toeplitz operators

Theorem (RF '20, S. Wu - X. Zhao '21)

Let Dy € BUC(C") be closed and a-invariant subalgebra. Further, let
To C Dy be closed and a-invariant. Then, the following are equivalent:

28




QHA and Toeplitz operators

Theorem (RF '20, S. Wu - X. Zhao '21)

Let Dy € BUC(C") be closed and a-invariant subalgebra. Further, let

To C Dy be closed and a-invariant. Then, the following are equivalent:
@ 1y is an ideal in Dy;

28




QHA and Toeplitz operators

Theorem (RF '20, S. Wu - X. Zhao '21)

Let Dy € BUC(C") be closed and a-invariant subalgebra. Further, let

To C Dy be closed and a-invariant. Then, the following are equivalent
@ 1y is an ideal in Dy;

o TP¥(Zo) is a left- or right-ideal in T2 (Do) for all p and all t > 0;

28




QHA and Toeplitz operators

Theorem (RF '20, S. Wu - X. Zhao '21)

Let Dy € BUC(C") be closed and a-invariant subalgebra. Further, let

To C Dy be closed and a-invariant. Then, the following are equivalent:
@ 1y is an ideal in Dy;

° ﬂﬁ’t(lo) is a left- or right-ideal in ﬂﬁ,’t(Do) for all p and all t > 0;
o 77’_2",1:(10) is a left- or right-ideal in 77,.2,7’t(D0) for all t > 0;

28




QHA and Toeplitz operators

Theorem (RF '20, S. Wu - X. Zhao '21)

Let Dy € BUC(C") be closed and a-invariant subalgebra. Further, let
To C Dy be closed and a-invariant. Then, the following are equivalent:
@ 1y is an ideal in Dy;
o TP¥(Zo) is a left- or right-ideal in T2 (Do) for all p and all t > 0;
° 77,.2,7’t(Io) is a left- or right-ideal in 77,.2,7’t(D0) for all t > 0;

For an improvement of the theorem, we introduce the following group
action of Ry on L>°(C"):

nf(z) =~f(Az), A>0.
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Theorem (RF '20, S. Wu - X. Zhao '21)

Let Dy € BUC(C") be closed and a-invariant subalgebra. Further, let
To C Dy be closed and a-invariant. Then, the following are equivalent:

@ 7y is an ideal in Dy;
° ﬂﬁ’t(lo) is a left- or right-ideal in ﬂﬁ,’t(po) for all p and all t > 0;
o 77’_2",t(10) is a left- or right-ideal in 77,.2,7’t(D0) for all t > 0;

For an improvement of the theorem, we introduce the following group
action of Ry on L>°(C"):

nf(z) =~f(Az), A>0.

We say that a subspace Dy C L>°(C") is d-invariant if 65f € Dy whenever
f € Dy, A > 0.
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mn

29



|
QHA and Toeplitz operators

Theorem (RF '21)

Let Dy C BUC(C") be closed and both a- and §-invariant. Then, TFAE:
@ Dy is a Banach algebra;
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mn

o TP (Dy) is a Banach algebra for all p and all t > 0

lin
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QHA and Toeplitz operators

Theorem (RF '21)

Let Dy C BUC(C") be closed and both a- and §-invariant. Then, TFAE:
@ Dy is a Banach algebra;

° 77i2,;t°(170) is a Banach algebra for one tq > 0.
o TP""(Dy) is a Banach algebra for all p and all t >0

If further Ty C Dy is closed and both «- and §-invariant, then TFAE:

@ 1y is an ideal in Dy;
° /I.zn’to (Zo) is an ideal (left or right) in 77,-2"’t° (Do) for one ty > 0;

o TPN(TZo) is an ideal in T ¥ (Do) for all p and all t > 0;
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QHA and Toeplitz operators

Theorem (RF 20, S. Wu - X. Zhao '21)

Let Dy C BUC(C") be closed and a-invariant. Then, the following are
equivalent:

@ Dy is a Banach algebra;
° ﬂﬁ’t(Do) is a Banach algebra for any p and all t > 0;

° ,izn’t(Do) is a Banach algebra for all t > 0.
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QHA and Toeplitz operators

Let us sketch the proof of one of the statements. We want to show that if
Do is an a-invariant closed subalgebra of BUC(C"), then T,2*(Dy) is a
Banach algebra.
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QHA and Toeplitz operators

Let us sketch the proof of one of the statements. We want to show that if
Dy is an a-invariant closed subalgebra of BUC(C"), then T, (Dp) is a

Banach algebra.
We present the proof of Wu and Zhao? in the context of QHA.

Recall that each A € L(FF) is an integral operator:
AR(2) = [ Fw)(AKS: KE): du(w)

There is a well-known formula on the kernel for the product of integral
operators:

bas(w.2) = | k(. )k (€.2) ().

3S. Wu and X. Zhao: Toeplitz algebras over Fock and Bergman spaces, arXiv:2105.03950
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QHA and Toeplitz operators

Hence, for A, B € L(FF), AB is given as an integral operator with integral
kernel

ban(w.2) = | (AKG, KE)oBKE, KE)o dn(c).
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Hence, for A, B € L(FF), AB is given as an integral operator with integral
kernel

ban(w.2) = | (AKG, KE)oBKE, KE)o dn(c).
Comparing this expression with the Berezin transform of AB, it is not hard

to see that the Berezin transform of AB can be computed as

AR 1 t ot t ot
AB(Z) = W /C‘H<Akz, k§>t<Bk§7 kz>t df
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QHA and Toeplitz operators

Now, for A € T2 (D) and f € Dy:

AT(2)
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QHA and Toeplitz operators

Now, for A € T2 (D) and f € Dy:
ATHz) = / (AKE, KEY o TEKE, KE), dig
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QHA and Toeplitz operators

Now, for A € T2 (D) and f € Dy:
/(C (AR, KE)((TERE, KE) ¢ de
= AR (TE k)

_ / (AWEL, WEKE) ( TEWEKE, WET), de

1%

AT(2)

Observe that

(AW ky, Woky,)e = A (KL, ® kL, )(2)
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QHA and Toeplitz operators

Now, for A € T2 (D) and f € Dy:
/(C (AR, KE)((TERE, KE) ¢ de
= AR (TE k)

= [ AL W (TEWEKE Wi

1%

AT(2)

Observe that

(AW ky, Woky,)e = A (KL, ® kL, )(2)

(and similarly for the other inner product), hence

<AW(t.)17 W(t.)kgt>ta (Tf W(t.)k5t7 W(t.)1>t € Do.
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QHA and Toeplitz operators

Since we assumed that Dy is an algebra,

(AW(t.)l, W(t.)k§t>t (Tf W(t.)kgta W(t.)1> € Do
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QHA and Toeplitz operators

Since we assumed that Dy is an algebra,
Further, we have the estimate
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Since we assumed that Dy is an algebra,
Further, we have the estimate
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QHA and Toeplitz operators

We therefore obtain
AT? :/ (AWE)L, WEKE) e TEWE KE WE L) de

and the right-hand side exists as a Bochner integral in Dy.
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QHA and Toeplitz operators

We therefore obtain
AT? :/ (AWE)L, WEKE) e TEWE KE WE L) de

and the right-hand side exists as a Bochner integral in Dy. Hence, by the

Correspondence Theorem, AT} € 77,-,,’t(170)- Analogously, one can show

that TEA € TP (Do). Therefore, T (Do) is an algebra.

lin
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Thank you for your attention!
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