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Comparing observations and models

• Ensure they represent the same thing
• Comparison is useless unless uncertainties in 

observations and models are taken into account 
(representation errors)

• Data assimilation does that in a systematic way
• DA can be used for:

- Forecasting
- Study what real ocean has done over time period
- Model parameter estimation
- Systematic model improvement



What is data assimilation?

The solution is a pdf!

Bayes theorem:



What are representation errors?

Extra uncertainty that arises in data assimilation
because model and observations have different 
representation of reality.



How do they arise in DA? 

Start from Bayes Theorem:

Representation differences between model and 
observations, so representation errors, arise in 
the likelihood, not in the prior!



What does the likelihood mean? 

Observation equation:

However, the observations do appear as                    
in Bayes Theorem, with each possible model state x
as given, not the truth xt. 

Interpretation:                 is the likelihood of that 
observation when the truth would be given by x.

t
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Now use:

Relation between scales

Introduce the high-resolution variable in observation space 

is the instrument error
is the representation error
is the convolution of the two



Gaussian errors

For Gaussian instrument and representation errors 
we find: 

Using                               we  can perform the integration: 



How can we calculate Co ?

Use a whole set of observations:

And calculate their statistics (e.g. mean and variance)
Note that we need the statistics of y given the average
over the model grid box: 
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Warning:

Hence one should not take the variance of all 
observations but the variance of those observations 
that have an average equal to H(x)!



Superobbing

Can’t we just assimilate the average of the observations
so do superobbing?

Yes , but the representation error is still there!!!
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Variance of the mean

It is crucial to realise that we have to see each observation
itself as a realisation of the model box average, so
we have to condition this variance on the model state!

Assume that each of the observations has variance,
conditoned on the model state, of:

And the representation error is correlated with 
correlation coefficient      between any two observations.



!"#$"%&'()#*+(,-.'#*//$%0

1'%&'(2'()$%34

5*(,-.'#*//$%0($,(678()#''(*)(#'.#','%9"9$*%('##*#,:(
6*9'(9;"9($)(! $%&#'",',(9;'(#'.#','%9"9$*%('##*#
#'+"$%,("%3(/'&*+',(9;'(3*+$%"%9(9'#+<

=>%3''3(",,$+$?"9$%0(9;'(+'"%(*#("??(*/,'#@"9$*%,(0$@',
9;'(,"+'(#',-?9(",(",,$+$?"9$*%('"&;(,'."#"9'?A:B



Nonlinear DA: Standard Particle filter

Ensemble size has to grow with exp(Ny) to avoid degeneracy.
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Transportation particle filters



Particle flows
The particles are propagated in artificial time s via 

The question is: How to choose the vector flow field            ?

The corresponding pdf of x evolves via the Liouville equation

with                                    and 

Flow field should reduce distance between              and               .

fs(x)
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@ps(x)

@s
= �rx · (ps(x)fs(x))
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p0(x) = p(x)
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ps(x) = p(x|y)
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dx

ds
= fs(x)
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<latexit sha1_base64="wI+pmFembUCmNw7k6GaLEDV/JRg=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBHqpeyKoMeiF48V7Ae0S8mm2TY2myxJVixL/4MXD4p49f9489+YtnvQ1gcDj/dmmJkXJoIb63nfaGV1bX1js7BV3N7Z3dsvHRw2jUo1ZQ2qhNLtkBgmuGQNy61g7UQzEoeCtcLRzdRvPTJtuJL3dpywICYDySNOiXVSM+mZytNZr1T2qt4MeJn4OSlDjnqv9NXtK5rGTFoqiDEd30tskBFtORVsUuymhiWEjsiAdRyVJGYmyGbXTvCpU/o4UtqVtHim/p7ISGzMOA5dZ0zs0Cx6U/E/r5Pa6CrIuExSyySdL4pSga3C09dxn2tGrRg7Qqjm7lZMh0QTal1ARReCv/jyMmmeV32v6t9dlGvXeRwFOIYTqIAPl1CDW6hDAyg8wDO8whtS6AW9o4956wrKZ47gD9DnDweWjsE=</latexit><latexit sha1_base64="wI+pmFembUCmNw7k6GaLEDV/JRg=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBHqpeyKoMeiF48V7Ae0S8mm2TY2myxJVixL/4MXD4p49f9489+YtnvQ1gcDj/dmmJkXJoIb63nfaGV1bX1js7BV3N7Z3dsvHRw2jUo1ZQ2qhNLtkBgmuGQNy61g7UQzEoeCtcLRzdRvPTJtuJL3dpywICYDySNOiXVSM+mZytNZr1T2qt4MeJn4OSlDjnqv9NXtK5rGTFoqiDEd30tskBFtORVsUuymhiWEjsiAdRyVJGYmyGbXTvCpU/o4UtqVtHim/p7ISGzMOA5dZ0zs0Cx6U/E/r5Pa6CrIuExSyySdL4pSga3C09dxn2tGrRg7Qqjm7lZMh0QTal1ARReCv/jyMmmeV32v6t9dlGvXeRwFOIYTqIAPl1CDW6hDAyg8wDO8whtS6AW9o4956wrKZ47gD9DnDweWjsE=</latexit><latexit sha1_base64="wI+pmFembUCmNw7k6GaLEDV/JRg=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBHqpeyKoMeiF48V7Ae0S8mm2TY2myxJVixL/4MXD4p49f9489+YtnvQ1gcDj/dmmJkXJoIb63nfaGV1bX1js7BV3N7Z3dsvHRw2jUo1ZQ2qhNLtkBgmuGQNy61g7UQzEoeCtcLRzdRvPTJtuJL3dpywICYDySNOiXVSM+mZytNZr1T2qt4MeJn4OSlDjnqv9NXtK5rGTFoqiDEd30tskBFtORVsUuymhiWEjsiAdRyVJGYmyGbXTvCpU/o4UtqVtHim/p7ISGzMOA5dZ0zs0Cx6U/E/r5Pa6CrIuExSyySdL4pSga3C09dxn2tGrRg7Qqjm7lZMh0QTal1ARReCv/jyMmmeV32v6t9dlGvXeRwFOIYTqIAPl1CDW6hDAyg8wDO8whtS6AW9o4956wrKZ47gD9DnDweWjsE=</latexit><latexit sha1_base64="wI+pmFembUCmNw7k6GaLEDV/JRg=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBHqpeyKoMeiF48V7Ae0S8mm2TY2myxJVixL/4MXD4p49f9489+YtnvQ1gcDj/dmmJkXJoIb63nfaGV1bX1js7BV3N7Z3dsvHRw2jUo1ZQ2qhNLtkBgmuGQNy61g7UQzEoeCtcLRzdRvPTJtuJL3dpywICYDySNOiXVSM+mZytNZr1T2qt4MeJn4OSlDjnqv9NXtK5rGTFoqiDEd30tskBFtORVsUuymhiWEjsiAdRyVJGYmyGbXTvCpU/o4UtqVtHim/p7ISGzMOA5dZ0zs0Cx6U/E/r5Pa6CrIuExSyySdL4pSga3C09dxn2tGrRg7Qqjm7lZMh0QTal1ARReCv/jyMmmeV32v6t9dlGvXeRwFOIYTqIAPl1CDW6hDAyg8wDO8whtS6AW9o4956wrKZ47gD9DnDweWjsE=</latexit>

p(x|y)
<latexit sha1_base64="DeO6poq5XoXG9BtAEUPi4NzDWxE=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHosevFYwX5Au5Rsmm1js8mSZMVl7X/w4kERr/4fb/4b03YP2vpg4PHeDDPzgpgzbVz32ymsrK6tbxQ3S1vbO7t75f2DlpaJIrRJJJeqE2BNORO0aZjhtBMriqOA03Ywvp767QeqNJPizqQx9SM8FCxkBBsrteLq41N62i9X3Jo7A1omXk4qkKPRL3/1BpIkERWGcKx113Nj42dYGUY4nZR6iaYxJmM8pF1LBY6o9rPZtRN0YpUBCqWyJQyaqb8nMhxpnUaB7YywGelFbyr+53UTE176GRNxYqgg80VhwpGRaPo6GjBFieGpJZgoZm9FZIQVJsYGVLIheIsvL5PWWc1za97teaV+lcdRhCM4hip4cAF1uIEGNIHAPTzDK7w50nlx3p2PeWvByWcO4Q+czx88fo7k</latexit><latexit sha1_base64="DeO6poq5XoXG9BtAEUPi4NzDWxE=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHosevFYwX5Au5Rsmm1js8mSZMVl7X/w4kERr/4fb/4b03YP2vpg4PHeDDPzgpgzbVz32ymsrK6tbxQ3S1vbO7t75f2DlpaJIrRJJJeqE2BNORO0aZjhtBMriqOA03Ywvp767QeqNJPizqQx9SM8FCxkBBsrteLq41N62i9X3Jo7A1omXk4qkKPRL3/1BpIkERWGcKx113Nj42dYGUY4nZR6iaYxJmM8pF1LBY6o9rPZtRN0YpUBCqWyJQyaqb8nMhxpnUaB7YywGelFbyr+53UTE176GRNxYqgg80VhwpGRaPo6GjBFieGpJZgoZm9FZIQVJsYGVLIheIsvL5PWWc1za97teaV+lcdRhCM4hip4cAF1uIEGNIHAPTzDK7w50nlx3p2PeWvByWcO4Q+czx88fo7k</latexit><latexit sha1_base64="DeO6poq5XoXG9BtAEUPi4NzDWxE=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHosevFYwX5Au5Rsmm1js8mSZMVl7X/w4kERr/4fb/4b03YP2vpg4PHeDDPzgpgzbVz32ymsrK6tbxQ3S1vbO7t75f2DlpaJIrRJJJeqE2BNORO0aZjhtBMriqOA03Ywvp767QeqNJPizqQx9SM8FCxkBBsrteLq41N62i9X3Jo7A1omXk4qkKPRL3/1BpIkERWGcKx113Nj42dYGUY4nZR6iaYxJmM8pF1LBY6o9rPZtRN0YpUBCqWyJQyaqb8nMhxpnUaB7YywGelFbyr+53UTE176GRNxYqgg80VhwpGRaPo6GjBFieGpJZgoZm9FZIQVJsYGVLIheIsvL5PWWc1za97teaV+lcdRhCM4hip4cAF1uIEGNIHAPTzDK7w50nlx3p2PeWvByWcO4Q+czx88fo7k</latexit><latexit sha1_base64="DeO6poq5XoXG9BtAEUPi4NzDWxE=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHosevFYwX5Au5Rsmm1js8mSZMVl7X/w4kERr/4fb/4b03YP2vpg4PHeDDPzgpgzbVz32ymsrK6tbxQ3S1vbO7t75f2DlpaJIrRJJJeqE2BNORO0aZjhtBMriqOA03Ywvp767QeqNJPizqQx9SM8FCxkBBsrteLq41N62i9X3Jo7A1omXk4qkKPRL3/1BpIkERWGcKx113Nj42dYGUY4nZR6iaYxJmM8pF1LBY6o9rPZtRN0YpUBCqWyJQyaqb8nMhxpnUaB7YywGelFbyr+53UTE176GRNxYqgg80VhwpGRaPo6GjBFieGpJZgoZm9FZIQVJsYGVLIheIsvL5PWWc1za97teaV+lcdRhCM4hip4cAF1uIEGNIHAPTzDK7w50nlx3p2PeWvByWcO4Q+czx88fo7k</latexit>



A ‘distance’ measure: KL divergence
The KL divergence between the present pdf and the posterior is 
given by:

The change in KL due to the flow field                is given by

We need to find the flow field that maximizes this change:
Complex optimization problem for the flow field…

fs(x)
<latexit sha1_base64="z02aMt//0Wo0nwuhPxiGgLdfHOk=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBHqpeyKoMeiF48V7Ae0S8mm2TY2myxJVixL/4MXD4p49f9489+YtnvQ1gcDj/dmmJkXJoIb63nfaGV1bX1js7BV3N7Z3dsvHRw2jUo1ZQ2qhNLtkBgmuGQNy61g7UQzEoeCtcLRzdRvPTJtuJL3dpywICYDySNOiXVSM+qZytNZr1T2qt4MeJn4OSlDjnqv9NXtK5rGTFoqiDEd30tskBFtORVsUuymhiWEjsiAdRyVJGYmyGbXTvCpU/o4UtqVtHim/p7ISGzMOA5dZ0zs0Cx6U/E/r5Pa6CrIuExSyySdL4pSga3C09dxn2tGrRg7Qqjm7lZMh0QTal1ARReCv/jyMmmeV32v6t9dlGvXeRwFOIYTqIAPl1CDW6hDAyg8wDO8whtS6AW9o4956wrKZ47gD9DnD/gtjrc=</latexit><latexit sha1_base64="z02aMt//0Wo0nwuhPxiGgLdfHOk=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBHqpeyKoMeiF48V7Ae0S8mm2TY2myxJVixL/4MXD4p49f9489+YtnvQ1gcDj/dmmJkXJoIb63nfaGV1bX1js7BV3N7Z3dsvHRw2jUo1ZQ2qhNLtkBgmuGQNy61g7UQzEoeCtcLRzdRvPTJtuJL3dpywICYDySNOiXVSM+qZytNZr1T2qt4MeJn4OSlDjnqv9NXtK5rGTFoqiDEd30tskBFtORVsUuymhiWEjsiAdRyVJGYmyGbXTvCpU/o4UtqVtHim/p7ISGzMOA5dZ0zs0Cx6U/E/r5Pa6CrIuExSyySdL4pSga3C09dxn2tGrRg7Qqjm7lZMh0QTal1ARReCv/jyMmmeV32v6t9dlGvXeRwFOIYTqIAPl1CDW6hDAyg8wDO8whtS6AW9o4956wrKZ47gD9DnD/gtjrc=</latexit><latexit sha1_base64="z02aMt//0Wo0nwuhPxiGgLdfHOk=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBHqpeyKoMeiF48V7Ae0S8mm2TY2myxJVixL/4MXD4p49f9489+YtnvQ1gcDj/dmmJkXJoIb63nfaGV1bX1js7BV3N7Z3dsvHRw2jUo1ZQ2qhNLtkBgmuGQNy61g7UQzEoeCtcLRzdRvPTJtuJL3dpywICYDySNOiXVSM+qZytNZr1T2qt4MeJn4OSlDjnqv9NXtK5rGTFoqiDEd30tskBFtORVsUuymhiWEjsiAdRyVJGYmyGbXTvCpU/o4UtqVtHim/p7ISGzMOA5dZ0zs0Cx6U/E/r5Pa6CrIuExSyySdL4pSga3C09dxn2tGrRg7Qqjm7lZMh0QTal1ARReCv/jyMmmeV32v6t9dlGvXeRwFOIYTqIAPl1CDW6hDAyg8wDO8whtS6AW9o4956wrKZ47gD9DnD/gtjrc=</latexit><latexit sha1_base64="z02aMt//0Wo0nwuhPxiGgLdfHOk=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBHqpeyKoMeiF48V7Ae0S8mm2TY2myxJVixL/4MXD4p49f9489+YtnvQ1gcDj/dmmJkXJoIb63nfaGV1bX1js7BV3N7Z3dsvHRw2jUo1ZQ2qhNLtkBgmuGQNy61g7UQzEoeCtcLRzdRvPTJtuJL3dpywICYDySNOiXVSM+qZytNZr1T2qt4MeJn4OSlDjnqv9NXtK5rGTFoqiDEd30tskBFtORVsUuymhiWEjsiAdRyVJGYmyGbXTvCpU/o4UtqVtHim/p7ISGzMOA5dZ0zs0Cx6U/E/r5Pa6CrIuExSyySdL4pSga3C09dxn2tGrRg7Qqjm7lZMh0QTal1ARReCv/jyMmmeV32v6t9dlGvXeRwFOIYTqIAPl1CDW6hDAyg8wDO8whtS6AW9o4956wrKZ47gD9DnD/gtjrc=</latexit>

= �
Z

ps(x)
h
(rx log p(x|y))T fs(x) +rxfs(x)

i
dx

<latexit sha1_base64="hpahaPSiutDml4MnJV8TAd1JY6U="></latexit><latexit sha1_base64="hpahaPSiutDml4MnJV8TAd1JY6U="></latexit><latexit sha1_base64="hpahaPSiutDml4MnJV8TAd1JY6U="></latexit><latexit sha1_base64="hpahaPSiutDml4MnJV8TAd1JY6U="></latexit>

KL(ps) =

Z
ps(x) log

✓
ps(x)

p(x|y)

◆
dx

<latexit sha1_base64="VujXYqLbxK5ia9/KnMhZazArCCg="></latexit><latexit sha1_base64="VujXYqLbxK5ia9/KnMhZazArCCg="></latexit><latexit sha1_base64="VujXYqLbxK5ia9/KnMhZazArCCg="></latexit><latexit sha1_base64="VujXYqLbxK5ia9/KnMhZazArCCg="></latexit>

dKL(fs) = lim
✏!1

KL(ps+✏)�KL(ps)

✏
<latexit sha1_base64="e2LyunmDUVPKKBv361i0ySn3zLw="></latexit><latexit sha1_base64="e2LyunmDUVPKKBv361i0ySn3zLw="></latexit><latexit sha1_base64="e2LyunmDUVPKKBv361i0ySn3zLw="></latexit><latexit sha1_base64="e2LyunmDUVPKKBv361i0ySn3zLw="></latexit>



The change in KL due to the flow field

fs
<latexit sha1_base64="I1IjiBP2NEFQAmKf9DbblL5f/iY=">AAAB6nicdVDLSsNAFL2pr1pfVZduBovgKiSlTeuu6MZlRfuANpTJdNIOnUzCzEQooZ/gxoUibv0id/6N04egogcuHM65l3vvCRLOlHacDyu3tr6xuZXfLuzs7u0fFA+P2ipOJaEtEvNYdgOsKGeCtjTTnHYTSXEUcNoJJldzv3NPpWKxuNPThPoRHgkWMoK1kW7DgRoUS47tlsueV0eOXatWXOfCEMerVrwqcm1ngRKs0BwU3/vDmKQRFZpwrFTPdRLtZ1hqRjidFfqpogkmEzyiPUMFjqjys8WpM3RmlCEKY2lKaLRQv09kOFJqGgWmM8J6rH57c/Evr5fqsO5nTCSppoIsF4UpRzpG87/RkElKNJ8agolk5lZExlhiok06BRPC16fof9Iu267hN5VS43IVRx5O4BTOwYUaNOAamtACAiN4gCd4trj1aL1Yr8vWnLWaOYYfsN4+AcOUjh0=</latexit><latexit sha1_base64="I1IjiBP2NEFQAmKf9DbblL5f/iY=">AAAB6nicdVDLSsNAFL2pr1pfVZduBovgKiSlTeuu6MZlRfuANpTJdNIOnUzCzEQooZ/gxoUibv0id/6N04egogcuHM65l3vvCRLOlHacDyu3tr6xuZXfLuzs7u0fFA+P2ipOJaEtEvNYdgOsKGeCtjTTnHYTSXEUcNoJJldzv3NPpWKxuNPThPoRHgkWMoK1kW7DgRoUS47tlsueV0eOXatWXOfCEMerVrwqcm1ngRKs0BwU3/vDmKQRFZpwrFTPdRLtZ1hqRjidFfqpogkmEzyiPUMFjqjys8WpM3RmlCEKY2lKaLRQv09kOFJqGgWmM8J6rH57c/Evr5fqsO5nTCSppoIsF4UpRzpG87/RkElKNJ8agolk5lZExlhiok06BRPC16fof9Iu267hN5VS43IVRx5O4BTOwYUaNOAamtACAiN4gCd4trj1aL1Yr8vWnLWaOYYfsN4+AcOUjh0=</latexit><latexit sha1_base64="I1IjiBP2NEFQAmKf9DbblL5f/iY=">AAAB6nicdVDLSsNAFL2pr1pfVZduBovgKiSlTeuu6MZlRfuANpTJdNIOnUzCzEQooZ/gxoUibv0id/6N04egogcuHM65l3vvCRLOlHacDyu3tr6xuZXfLuzs7u0fFA+P2ipOJaEtEvNYdgOsKGeCtjTTnHYTSXEUcNoJJldzv3NPpWKxuNPThPoRHgkWMoK1kW7DgRoUS47tlsueV0eOXatWXOfCEMerVrwqcm1ngRKs0BwU3/vDmKQRFZpwrFTPdRLtZ1hqRjidFfqpogkmEzyiPUMFjqjys8WpM3RmlCEKY2lKaLRQv09kOFJqGgWmM8J6rH57c/Evr5fqsO5nTCSppoIsF4UpRzpG87/RkElKNJ8agolk5lZExlhiok06BRPC16fof9Iu267hN5VS43IVRx5O4BTOwYUaNOAamtACAiN4gCd4trj1aL1Yr8vWnLWaOYYfsN4+AcOUjh0=</latexit><latexit sha1_base64="I1IjiBP2NEFQAmKf9DbblL5f/iY=">AAAB6nicdVDLSsNAFL2pr1pfVZduBovgKiSlTeuu6MZlRfuANpTJdNIOnUzCzEQooZ/gxoUibv0id/6N04egogcuHM65l3vvCRLOlHacDyu3tr6xuZXfLuzs7u0fFA+P2ipOJaEtEvNYdgOsKGeCtjTTnHYTSXEUcNoJJldzv3NPpWKxuNPThPoRHgkWMoK1kW7DgRoUS47tlsueV0eOXatWXOfCEMerVrwqcm1ngRKs0BwU3/vDmKQRFZpwrFTPdRLtZ1hqRjidFfqpogkmEzyiPUMFjqjys8WpM3RmlCEKY2lKaLRQv09kOFJqGgWmM8J6rH57c/Evr5fqsO5nTCSppoIsF4UpRzpG87/RkElKNJ8agolk5lZExlhiok06BRPC16fof9Iu267hN5VS43IVRx5O4BTOwYUaNOAamtACAiN4gCd4trj1aL1Yr8vWnLWaOYYfsN4+AcOUjh0=</latexit>

dKL = hrKL, fsi
<latexit sha1_base64="mCdAYtO6Jn8Hyy5AqbUfpzLW0Mk=">AAACC3icbZC7SgNBFIZn4y3GW9TSZkgQLCTsiqCFStBGSIoI5gLZEGZnZ5Mhs7PLzFkhhPQ2voqNhSK2voCdb+Mk2UITfxj4+M85nDm/Fwuuwba/rczS8srqWnY9t7G5tb2T391r6ChRlNVpJCLV8ohmgktWBw6CtWLFSOgJ1vQGN5N684EpzSN5D8OYdULSkzzglICxuvmCX6niS+wKFsAFdiXxBMGV6nHQ1dhVvNeHq26+aJfsqfAiOCkUUapaN//l+hFNQiaBCqJ127Fj6IyIAk4FG+fcRLOY0AHpsbZBSUKmO6PpLWN8aBwfB5EyTwKeur8nRiTUehh6pjMk0NfztYn5X62dQHDeGXEZJ8AknS0KEoEhwpNgsM8VoyCGBghV3PwV0z5RhIKJL2dCcOZPXoTGSckxfHdaLF+ncWTRASqgI+SgM1RGt6iG6oiiR/SMXtGb9WS9WO/Wx6w1Y6Uz++iPrM8fCjKZJw==</latexit><latexit sha1_base64="mCdAYtO6Jn8Hyy5AqbUfpzLW0Mk=">AAACC3icbZC7SgNBFIZn4y3GW9TSZkgQLCTsiqCFStBGSIoI5gLZEGZnZ5Mhs7PLzFkhhPQ2voqNhSK2voCdb+Mk2UITfxj4+M85nDm/Fwuuwba/rczS8srqWnY9t7G5tb2T391r6ChRlNVpJCLV8ohmgktWBw6CtWLFSOgJ1vQGN5N684EpzSN5D8OYdULSkzzglICxuvmCX6niS+wKFsAFdiXxBMGV6nHQ1dhVvNeHq26+aJfsqfAiOCkUUapaN//l+hFNQiaBCqJ127Fj6IyIAk4FG+fcRLOY0AHpsbZBSUKmO6PpLWN8aBwfB5EyTwKeur8nRiTUehh6pjMk0NfztYn5X62dQHDeGXEZJ8AknS0KEoEhwpNgsM8VoyCGBghV3PwV0z5RhIKJL2dCcOZPXoTGSckxfHdaLF+ncWTRASqgI+SgM1RGt6iG6oiiR/SMXtGb9WS9WO/Wx6w1Y6Uz++iPrM8fCjKZJw==</latexit><latexit sha1_base64="mCdAYtO6Jn8Hyy5AqbUfpzLW0Mk=">AAACC3icbZC7SgNBFIZn4y3GW9TSZkgQLCTsiqCFStBGSIoI5gLZEGZnZ5Mhs7PLzFkhhPQ2voqNhSK2voCdb+Mk2UITfxj4+M85nDm/Fwuuwba/rczS8srqWnY9t7G5tb2T391r6ChRlNVpJCLV8ohmgktWBw6CtWLFSOgJ1vQGN5N684EpzSN5D8OYdULSkzzglICxuvmCX6niS+wKFsAFdiXxBMGV6nHQ1dhVvNeHq26+aJfsqfAiOCkUUapaN//l+hFNQiaBCqJ127Fj6IyIAk4FG+fcRLOY0AHpsbZBSUKmO6PpLWN8aBwfB5EyTwKeur8nRiTUehh6pjMk0NfztYn5X62dQHDeGXEZJ8AknS0KEoEhwpNgsM8VoyCGBghV3PwV0z5RhIKJL2dCcOZPXoTGSckxfHdaLF+ncWTRASqgI+SgM1RGt6iG6oiiR/SMXtGb9WS9WO/Wx6w1Y6Uz++iPrM8fCjKZJw==</latexit><latexit sha1_base64="mCdAYtO6Jn8Hyy5AqbUfpzLW0Mk=">AAACC3icbZC7SgNBFIZn4y3GW9TSZkgQLCTsiqCFStBGSIoI5gLZEGZnZ5Mhs7PLzFkhhPQ2voqNhSK2voCdb+Mk2UITfxj4+M85nDm/Fwuuwba/rczS8srqWnY9t7G5tb2T391r6ChRlNVpJCLV8ohmgktWBw6CtWLFSOgJ1vQGN5N684EpzSN5D8OYdULSkzzglICxuvmCX6niS+wKFsAFdiXxBMGV6nHQ1dhVvNeHq26+aJfsqfAiOCkUUapaN//l+hFNQiaBCqJ127Fj6IyIAk4FG+fcRLOY0AHpsbZBSUKmO6PpLWN8aBwfB5EyTwKeur8nRiTUehh6pjMk0NfztYn5X62dQHDeGXEZJ8AknS0KEoEhwpNgsM8VoyCGBghV3PwV0z5RhIKJL2dCcOZPXoTGSckxfHdaLF+ncWTRASqgI+SgM1RGt6iG6oiiR/SMXtGb9WS9WO/Wx6w1Y6Uz++iPrM8fCjKZJw==</latexit>

dKL
<latexit sha1_base64="YZEu84vwOtzTzl1yxh/c+O9Ju0A=">AAAB63icdVDLSsNAFJ3UV62vqks3g0VwVZIY2roruhF0UcE+oA1lMpm0Q2cmYWYilNBfcONCEbf+kDv/xklbQUUPXDiccy/33hMkjCpt2x9WYWV1bX2juFna2t7Z3SvvH3RUnEpM2jhmsewFSBFGBWlrqhnpJZIgHjDSDSaXud+9J1LRWNzpaUJ8jkaCRhQjnUvh9Q0clit29bxRc70atKu2XXdcJydu3TvzoGOUHBWwRGtYfh+EMU45ERozpFTfsRPtZ0hqihmZlQapIgnCEzQifUMF4kT52fzWGTwxSgijWJoSGs7V7xMZ4kpNeWA6OdJj9dvLxb+8fqqjhp9RkaSaCLxYFKUM6hjmj8OQSoI1mxqCsKTmVojHSCKsTTwlE8LXp/B/0nGrjuG3XqV5sYyjCI7AMTgFDqiDJrgCLdAGGIzBA3gCzxa3Hq0X63XRWrCWM4fgB6y3T640jf8=</latexit><latexit sha1_base64="YZEu84vwOtzTzl1yxh/c+O9Ju0A=">AAAB63icdVDLSsNAFJ3UV62vqks3g0VwVZIY2roruhF0UcE+oA1lMpm0Q2cmYWYilNBfcONCEbf+kDv/xklbQUUPXDiccy/33hMkjCpt2x9WYWV1bX2juFna2t7Z3SvvH3RUnEpM2jhmsewFSBFGBWlrqhnpJZIgHjDSDSaXud+9J1LRWNzpaUJ8jkaCRhQjnUvh9Q0clit29bxRc70atKu2XXdcJydu3TvzoGOUHBWwRGtYfh+EMU45ERozpFTfsRPtZ0hqihmZlQapIgnCEzQifUMF4kT52fzWGTwxSgijWJoSGs7V7xMZ4kpNeWA6OdJj9dvLxb+8fqqjhp9RkaSaCLxYFKUM6hjmj8OQSoI1mxqCsKTmVojHSCKsTTwlE8LXp/B/0nGrjuG3XqV5sYyjCI7AMTgFDqiDJrgCLdAGGIzBA3gCzxa3Hq0X63XRWrCWM4fgB6y3T640jf8=</latexit><latexit sha1_base64="YZEu84vwOtzTzl1yxh/c+O9Ju0A=">AAAB63icdVDLSsNAFJ3UV62vqks3g0VwVZIY2roruhF0UcE+oA1lMpm0Q2cmYWYilNBfcONCEbf+kDv/xklbQUUPXDiccy/33hMkjCpt2x9WYWV1bX2juFna2t7Z3SvvH3RUnEpM2jhmsewFSBFGBWlrqhnpJZIgHjDSDSaXud+9J1LRWNzpaUJ8jkaCRhQjnUvh9Q0clit29bxRc70atKu2XXdcJydu3TvzoGOUHBWwRGtYfh+EMU45ERozpFTfsRPtZ0hqihmZlQapIgnCEzQifUMF4kT52fzWGTwxSgijWJoSGs7V7xMZ4kpNeWA6OdJj9dvLxb+8fqqjhp9RkaSaCLxYFKUM6hjmj8OQSoI1mxqCsKTmVojHSCKsTTwlE8LXp/B/0nGrjuG3XqV5sYyjCI7AMTgFDqiDJrgCLdAGGIzBA3gCzxa3Hq0X63XRWrCWM4fgB6y3T640jf8=</latexit><latexit sha1_base64="YZEu84vwOtzTzl1yxh/c+O9Ju0A=">AAAB63icdVDLSsNAFJ3UV62vqks3g0VwVZIY2roruhF0UcE+oA1lMpm0Q2cmYWYilNBfcONCEbf+kDv/xklbQUUPXDiccy/33hMkjCpt2x9WYWV1bX2juFna2t7Z3SvvH3RUnEpM2jhmsewFSBFGBWlrqhnpJZIgHjDSDSaXud+9J1LRWNzpaUJ8jkaCRhQjnUvh9Q0clit29bxRc70atKu2XXdcJydu3TvzoGOUHBWwRGtYfh+EMU45ERozpFTfsRPtZ0hqihmZlQapIgnCEzQifUMF4kT52fzWGTwxSgijWJoSGs7V7xMZ4kpNeWA6OdJj9dvLxb+8fqqjhp9RkaSaCLxYFKUM6hjmj8OQSoI1mxqCsKTmVojHSCKsTTwlE8LXp/B/0nGrjuG3XqV5sYyjCI7AMTgFDqiDJrgCLdAGGIzBA3gCzxa3Hq0X63XRWrCWM4fgB6y3T640jf8=</latexit>

�rKL
<latexit sha1_base64="tOqlShC+JhhBgxfkACKh7NyM8V0=">AAAB8XicbZBNS8NAEIYnftb6VfXoZbEIXiyJCHosehH0UMF+YBvKZLtpl242YXcjlNB/4cWDIl79N978N27bHLT1hYWHd2bYmTdIBNfGdb+dpeWV1bX1wkZxc2t7Z7e0t9/Qcaooq9NYxKoVoGaCS1Y33AjWShTDKBCsGQyvJ/XmE1Oax/LBjBLmR9iXPOQUjbUeTzsSA4Hk9q5bKrsVdyqyCF4OZchV65a+Or2YphGThgrUuu25ifEzVIZTwcbFTqpZgnSIfda2KDFi2s+mG4/JsXV6JIyVfdKQqft7IsNI61EU2M4IzUDP1ybmf7V2asJLP+MySQ2TdPZRmApiYjI5n/S4YtSIkQWkittdCR2gQmpsSEUbgjd/8iI0ziqe5fvzcvUqj6MAh3AEJ+DBBVThBmpQBwoSnuEV3hztvDjvzsesdcnJZw7gj5zPH3X+kBw=</latexit><latexit sha1_base64="tOqlShC+JhhBgxfkACKh7NyM8V0=">AAAB8XicbZBNS8NAEIYnftb6VfXoZbEIXiyJCHosehH0UMF+YBvKZLtpl242YXcjlNB/4cWDIl79N978N27bHLT1hYWHd2bYmTdIBNfGdb+dpeWV1bX1wkZxc2t7Z7e0t9/Qcaooq9NYxKoVoGaCS1Y33AjWShTDKBCsGQyvJ/XmE1Oax/LBjBLmR9iXPOQUjbUeTzsSA4Hk9q5bKrsVdyqyCF4OZchV65a+Or2YphGThgrUuu25ifEzVIZTwcbFTqpZgnSIfda2KDFi2s+mG4/JsXV6JIyVfdKQqft7IsNI61EU2M4IzUDP1ybmf7V2asJLP+MySQ2TdPZRmApiYjI5n/S4YtSIkQWkittdCR2gQmpsSEUbgjd/8iI0ziqe5fvzcvUqj6MAh3AEJ+DBBVThBmpQBwoSnuEV3hztvDjvzsesdcnJZw7gj5zPH3X+kBw=</latexit><latexit sha1_base64="tOqlShC+JhhBgxfkACKh7NyM8V0=">AAAB8XicbZBNS8NAEIYnftb6VfXoZbEIXiyJCHosehH0UMF+YBvKZLtpl242YXcjlNB/4cWDIl79N978N27bHLT1hYWHd2bYmTdIBNfGdb+dpeWV1bX1wkZxc2t7Z7e0t9/Qcaooq9NYxKoVoGaCS1Y33AjWShTDKBCsGQyvJ/XmE1Oax/LBjBLmR9iXPOQUjbUeTzsSA4Hk9q5bKrsVdyqyCF4OZchV65a+Or2YphGThgrUuu25ifEzVIZTwcbFTqpZgnSIfda2KDFi2s+mG4/JsXV6JIyVfdKQqft7IsNI61EU2M4IzUDP1ybmf7V2asJLP+MySQ2TdPZRmApiYjI5n/S4YtSIkQWkittdCR2gQmpsSEUbgjd/8iI0ziqe5fvzcvUqj6MAh3AEJ+DBBVThBmpQBwoSnuEV3hztvDjvzsesdcnJZw7gj5zPH3X+kBw=</latexit><latexit sha1_base64="tOqlShC+JhhBgxfkACKh7NyM8V0=">AAAB8XicbZBNS8NAEIYnftb6VfXoZbEIXiyJCHosehH0UMF+YBvKZLtpl242YXcjlNB/4cWDIl79N978N27bHLT1hYWHd2bYmTdIBNfGdb+dpeWV1bX1wkZxc2t7Z7e0t9/Qcaooq9NYxKoVoGaCS1Y33AjWShTDKBCsGQyvJ/XmE1Oax/LBjBLmR9iXPOQUjbUeTzsSA4Hk9q5bKrsVdyqyCF4OZchV65a+Or2YphGThgrUuu25ifEzVIZTwcbFTqpZgnSIfda2KDFi2s+mG4/JsXV6JIyVfdKQqft7IsNI61EU2M4IzUDP1ybmf7V2asJLP+MySQ2TdPZRmApiYjI5n/S4YtSIkQWkittdCR2gQmpsSEUbgjd/8iI0ziqe5fvzcvUqj6MAh3AEJ+DBBVThBmpQBwoSnuEV3hztvDjvzsesdcnJZw7gj5zPH3X+kBw=</latexit>
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fs(x) = !K(x, á), fs(á)"F
<latexit sha1_base64="za4jNYIBeSdV/jNrkrvuCo8PpIo="></latexit><latexit sha1_base64="za4jNYIBeSdV/jNrkrvuCo8PpIo="></latexit><latexit sha1_base64="za4jNYIBeSdV/jNrkrvuCo8PpIo="></latexit><latexit sha1_base64="za4jNYIBeSdV/jNrkrvuCo8PpIo="></latexit>

dKL(x) = �
Z

ps(x)
h
(rx log p(x|y))T fs(x) +rxfs(x)

i
dx

<latexit sha1_base64="VbZWP6TDeoXNskWSQ+3KuQ8XoY4="></latexit><latexit sha1_base64="VbZWP6TDeoXNskWSQ+3KuQ8XoY4="></latexit><latexit sha1_base64="VbZWP6TDeoXNskWSQ+3KuQ8XoY4="></latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="eSxteOr1wKvbhhvlUksTiylgNKY="></latexit><latexit sha1_base64="eSxteOr1wKvbhhvlUksTiylgNKY="></latexit><latexit sha1_base64="Bjy4vOTAlL8Wh9lygK/LlffPL8o="></latexit><latexit sha1_base64="VbZWP6TDeoXNskWSQ+3KuQ8XoY4="></latexit><latexit sha1_base64="VbZWP6TDeoXNskWSQ+3KuQ8XoY4="></latexit><latexit sha1_base64="VbZWP6TDeoXNskWSQ+3KuQ8XoY4="></latexit><latexit sha1_base64="VbZWP6TDeoXNskWSQ+3KuQ8XoY4="></latexit><latexit sha1_base64="VbZWP6TDeoXNskWSQ+3KuQ8XoY4="></latexit><latexit sha1_base64="VbZWP6TDeoXNskWSQ+3KuQ8XoY4="></latexit>

! KL = "
!

ps(x) [K (x!, x)! x logp(x!|y) + ! x K (x!, x)] dx!

<latexit sha1_base64="4FtKhvmAHDzqvicLCjmtttvRMYc=">AAACRHicbVDLSsNAFJ34tr6qLt0MFrFFLYkICiKIbgRdKFgVkhAm00k7dDIJMzeSUv04N36AO7/AjQtF3IrTB+LrwMDhnHO5c0+YCq7Bth+toeGR0bHxicnC1PTM7FxxfuFCJ5mirEYTkairkGgmuGQ14CDYVaoYiUPBLsPWYde/vGZK80SeQztlfkwakkecEjBSUHQ9SUJB8PEJ3sMb2OMScBrocl7xBIvAPS7nq+t5BfdjQY49kTRwatSbdgWvfelfOcUbTfC93Xq+GhRLdtXuAf8lzoCU0ACnQfHBqyc0i5kEKojWrmOn4HeIAk4Fuy14mWYpoS3SYK6hksRM+51eCbd4xSh1HCXKPHNET/0+0SGx1u04NMmYQFP/9rrif56bQbTjd7hMM2CS9hdFmcCQ4G6juM4VoyDahhCquPkrpk2iCAXTe8GU4Pw++S+52Kw6dtU52yrtHwzqmE BLaBmVkYO20T46Qqeohii6Q0/oBb1a99az9Wa996ND1mBmEf2A9fEJnkattw==</latexit><latexit sha1_base64="4FtKhvmAHDzqvicLCjmtttvRMYc=">AAACRHicbVDLSsNAFJ34tr6qLt0MFrFFLYkICiKIbgRdKFgVkhAm00k7dDIJMzeSUv04N36AO7/AjQtF3IrTB+LrwMDhnHO5c0+YCq7Bth+toeGR0bHxicnC1PTM7FxxfuFCJ5mirEYTkairkGgmuGQ14CDYVaoYiUPBLsPWYde/vGZK80SeQztlfkwakkecEjBSUHQ9SUJB8PEJ3sMb2OMScBrocl7xBIvAPS7nq+t5BfdjQY49kTRwatSbdgWvfelfOcUbTfC93Xq+GhRLdtXuAf8lzoCU0ACnQfHBqyc0i5kEKojWrmOn4HeIAk4Fuy14mWYpoS3SYK6hksRM+51eCbd4xSh1HCXKPHNET/0+0SGx1u04NMmYQFP/9rrif56bQbTjd7hMM2CS9hdFmcCQ4G6juM4VoyDahhCquPkrpk2iCAXTe8GU4Pw++S+52Kw6dtU52yrtHwzqmE BLaBmVkYO20T46Qqeohii6Q0/oBb1a99az9Wa996ND1mBmEf2A9fEJnkattw==</latexit><latexit sha1_base64="4FtKhvmAHDzqvicLCjmtttvRMYc=">AAACRHicbVDLSsNAFJ34tr6qLt0MFrFFLYkICiKIbgRdKFgVkhAm00k7dDIJMzeSUv04N36AO7/AjQtF3IrTB+LrwMDhnHO5c0+YCq7Bth+toeGR0bHxicnC1PTM7FxxfuFCJ5mirEYTkairkGgmuGQ14CDYVaoYiUPBLsPWYde/vGZK80SeQztlfkwakkecEjBSUHQ9SUJB8PEJ3sMb2OMScBrocl7xBIvAPS7nq+t5BfdjQY49kTRwatSbdgWvfelfOcUbTfC93Xq+GhRLdtXuAf8lzoCU0ACnQfHBqyc0i5kEKojWrmOn4HeIAk4Fuy14mWYpoS3SYK6hksRM+51eCbd4xSh1HCXKPHNET/0+0SGx1u04NMmYQFP/9rrif56bQbTjd7hMM2CS9hdFmcCQ4G6juM4VoyDahhCquPkrpk2iCAXTe8GU4Pw++S+52Kw6dtU52yrtHwzqmE BLaBmVkYO20T46Qqeohii6Q0/oBb1a99az9Wa996ND1mBmEf2A9fEJnkattw==</latexit><latexit sha1_base64="4FtKhvmAHDzqvicLCjmtttvRMYc=">AAACRHicbVDLSsNAFJ34tr6qLt0MFrFFLYkICiKIbgRdKFgVkhAm00k7dDIJMzeSUv04N36AO7/AjQtF3IrTB+LrwMDhnHO5c0+YCq7Bth+toeGR0bHxicnC1PTM7FxxfuFCJ5mirEYTkairkGgmuGQ14CDYVaoYiUPBLsPWYde/vGZK80SeQztlfkwakkecEjBSUHQ9SUJB8PEJ3sMb2OMScBrocl7xBIvAPS7nq+t5BfdjQY49kTRwatSbdgWvfelfOcUbTfC93Xq+GhRLdtXuAf8lzoCU0ACnQfHBqyc0i5kEKojWrmOn4HeIAk4Fuy14mWYpoS3SYK6hksRM+51eCbd4xSh1HCXKPHNET/0+0SGx1u04NMmYQFP/9rrif56bQbTjd7hMM2CS9hdFmcCQ4G6juM4VoyDahhCquPkrpk2iCAXTe8GU4Pw++S+52Kw6dtU52yrtHwzqmE BLaBmVkYO20T46Qqeohii6Q0/oBb1a99az9Wa996ND1mBmEf2A9fEJnkattw==</latexit>

dKL = !" KL, f s#
<latexit sha1_base64="llZPGIjEqnVPgEunV13+dL+WbY0=">AAACG3icbVBNS8NAEN3U7/oV9ehlsQgepCRF0ItQ9CLoQcGq0JQy2U7apZtN2N0IJfR/ePGvePGgiCfBg//GbZuDWh/M8Hhvht15YSq4Np735ZRmZufmFxaXyssrq2vr7sbmjU4yxbDBEpGouxA0Ci6xYbgReJcqhDgUeBv2T0f+7T0qzRN5bQYptmLoSh5xBsZKbbfWOb+gxzQQGBnbQXYF0kBCKICeX+zTqK1poHi3Z101cdtuxat6Y9Bp4hekQgpctt2PoJOwLEZpmACtm76XmlYOynAmcFgOMo0psD50sWmphBh1Kx/fNqS7VunQKFG2pKFj9edGDrHWgzi0kzGYnv7rjcT/vGZmoqNWzmWaGZRs8lCUCWoSOgqKdrhCZsTAEmCK279S1gMFzNg4yzYE/+/J0+SmVvW9qn91UKmfFHEskm2yQ/aITw5JnZyRS9IgjDyQJ/JCXp1H59l5c94noyWn2Nkiv+B8fgPYFp9x</latexit><latexit sha1_base64="llZPGIjEqnVPgEunV13+dL+WbY0=">AAACG3icbVBNS8NAEN3U7/oV9ehlsQgepCRF0ItQ9CLoQcGq0JQy2U7apZtN2N0IJfR/ePGvePGgiCfBg//GbZuDWh/M8Hhvht15YSq4Np735ZRmZufmFxaXyssrq2vr7sbmjU4yxbDBEpGouxA0Ci6xYbgReJcqhDgUeBv2T0f+7T0qzRN5bQYptmLoSh5xBsZKbbfWOb+gxzQQGBnbQXYF0kBCKICeX+zTqK1poHi3Z101cdtuxat6Y9Bp4hekQgpctt2PoJOwLEZpmACtm76XmlYOynAmcFgOMo0psD50sWmphBh1Kx/fNqS7VunQKFG2pKFj9edGDrHWgzi0kzGYnv7rjcT/vGZmoqNWzmWaGZRs8lCUCWoSOgqKdrhCZsTAEmCK279S1gMFzNg4yzYE/+/J0+SmVvW9qn91UKmfFHEskm2yQ/aITw5JnZyRS9IgjDyQJ/JCXp1H59l5c94noyWn2Nkiv+B8fgPYFp9x</latexit><latexit sha1_base64="llZPGIjEqnVPgEunV13+dL+WbY0=">AAACG3icbVBNS8NAEN3U7/oV9ehlsQgepCRF0ItQ9CLoQcGq0JQy2U7apZtN2N0IJfR/ePGvePGgiCfBg//GbZuDWh/M8Hhvht15YSq4Np735ZRmZufmFxaXyssrq2vr7sbmjU4yxbDBEpGouxA0Ci6xYbgReJcqhDgUeBv2T0f+7T0qzRN5bQYptmLoSh5xBsZKbbfWOb+gxzQQGBnbQXYF0kBCKICeX+zTqK1poHi3Z101cdtuxat6Y9Bp4hekQgpctt2PoJOwLEZpmACtm76XmlYOynAmcFgOMo0psD50sWmphBh1Kx/fNqS7VunQKFG2pKFj9edGDrHWgzi0kzGYnv7rjcT/vGZmoqNWzmWaGZRs8lCUCWoSOgqKdrhCZsTAEmCK279S1gMFzNg4yzYE/+/J0+SmVvW9qn91UKmfFHEskm2yQ/aITw5JnZyRS9IgjDyQJ/JCXp1H59l5c94noyWn2Nkiv+B8fgPYFp9x</latexit><latexit sha1_base64="llZPGIjEqnVPgEunV13+dL+WbY0=">AAACG3icbVBNS8NAEN3U7/oV9ehlsQgepCRF0ItQ9CLoQcGq0JQy2U7apZtN2N0IJfR/ePGvePGgiCfBg//GbZuDWh/M8Hhvht15YSq4Np735ZRmZufmFxaXyssrq2vr7sbmjU4yxbDBEpGouxA0Ci6xYbgReJcqhDgUeBv2T0f+7T0qzRN5bQYptmLoSh5xBsZKbbfWOb+gxzQQGBnbQXYF0kBCKICeX+zTqK1poHi3Z101cdtuxat6Y9Bp4hekQgpctt2PoJOwLEZpmACtm76XmlYOynAmcFgOMo0psD50sWmphBh1Kx/fNqS7VunQKFG2pKFj9edGDrHWgzi0kzGYnv7rjcT/vGZmoqNWzmWaGZRs8lCUCWoSOgqKdrhCZsTAEmCK279S1gMFzNg4yzYE/+/J0+SmVvW9qn91UKmfFHEskm2yQ/aITw5JnZyRS9IgjDyQJ/JCXp1H59l5c94noyWn2Nkiv+B8fgPYFp9x</latexit>



Particle implementation
The evolution equation for each particle is now

This leads to an iterative scheme

until 

dxi

ds
= fs(xi) = �rKL(xi)
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x(j)
i = x(j�1)

i � ✏rKL
⇣
x(j�1)
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|rKL(x)| < ✏KL
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Convergence

LU, Lu and Nolan (2018) proof that:

1. The large N limit converges to

2. This PDE is well-posed and has unique solution

3. This solution converges to posterior pdf for large s limit.

@tps = r · [ps (rhK, psi � hK, psr log p(x|y)i)]
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!""#$%&'%()*+,-.+/'$0



!"#$%&'()*'+,)%-)./0)&"1(



!"#$%&'()*"+$,))-... /+0*$%10"%2,)))345.
6,,)72#028,$1)"81$#7$+)$7$#9):();"<#=>



!"#$%&'("#'

) *+,-./$-+,/0&'./1,/.-2,#/(#/$"03-+(#4/"1',+5-.("#'/-#6/0"6,%'7

) 8-.-/-''(0(%-.("#/0,+4,'/(#9"+0-.("#/9+"0/"1',+5-.("#'/-#6/
0"6,%'/(#/0"'./$"#'('.,#./:-;

) <=,/"$,-#/6-.- >-''(0(%-.("#/3+"1%,0/$-#/1,/=(4=%;/#"#%(#,-+7

) ?-+.($%,/@%":'/.+-#'3"+./'-03%,'/9+"0/.=,/3+("+/."/'-03%,'/9+"0/
.=,/3"'.,+("+/

) <=,/(.,+-.(5,/0-33(#4/?@/('/+"1&'./(#/%":>."/(#.,+0,6(-., >
6(0,#'("#-%/';'.,0'7/A,/-+,/:"+2(#4/"#/.=,/ +,-%/$-',B

) !"'./,C&(5-%,#./."/D8E-+/"#/,-$=/3-+.($%,7/
) F"6,%/,++"+/$"5-+(-#$,/! ('/,'',#.(-%7


